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Preface
Dear colleagues,

represents an interface between modelers and practitioners, university and economy, developers and users and encompasses a wide variety of different physical and numerical approaches in theory and practice.

This is now the fourth time we get together to share our
enthusiasm for the mathematical treatment of electromagnetic methods in geophysics. On behalf of the Gerald W.
Hohmann Memorial Trust for Research and Teaching in
Applied Geophysics we would like to welcome you to
the 4th International Symposium on Three-Dimensional
Electromagnetics. We have had three highly successful
meetings in Ridgefield, CT, USA (1995), Salt Lake City,
UT, USA (1999), and Adelaide, Australia (2003). We are,
thus, very proud to host 3DEM-4 in Freiberg to continue
this line of important events and hope that this meeting
will be as successful as its predecessors. At the time of
printing, almost 90 scientists from more than 20 countries
all around the world have registered for 3DEM-4.

This hardcopy printout might appear a little antiquated but
sometimes old fashioned things are just practical. It serves
as an onsite guide through the meeting (without having to
have your notebook computer on your knees) and reflects
the most important points of each contribution to keep in
mind. After the meeting, just put it in your shelf right next
to the other 3DEM-books to continue this series of scientific exchange in EM. Of course, for your convenience
we offer a state-of-the-art electronic version including colored figures in pdf format at our 3DEM-4 homepage for
download and rapid search.

We have the impression that right now we are facing a
very dynamic phase in the development of EM methods
partially being fueled by economic needs. So, we can feel
the ‘New Horizons’ coming up which has become our attribute to 3DEM-4. After focusing on applications in the
Adelaide meeting 2003 ‘3D EM at Work’, this meeting,
therefore, intends to emphasize the methodological side
again.

We hope that you enjoy the morning oral sessions as much
as the afternoon poster sessions. Posters are as important
as orals and are given a large room to underscore their
importance. We intend to have open discussions after the
talks and beer with the posters to free your mind. Moreover, Freiberg’s historical and cultural setting including
the 82nd Bach Festival of the New Bach Society should
provide the right environment to celebrate science.

As a participant of the first 3DEM meeting in Ridgefield,
I (Klaus) gladly picked up the slogan ‘Equations are welcome’. However, we extended it to ‘Equations are as welcome as applications’ to emphasize the importance of both
sides. So, applications, case studies and alternative developments are as numerous in 3DEM-4 as methodological
contributions to forward and inverse modeling as well as
resolution and data analysis. The symposium, therefore,

Finally, we would like to thank the Technical Co-Chairs,
the Committee, our student helpers and co-workers, the
sponsors and all the attendees and contributors for making
this symposium a vivid meeting point for the international
EM community. We hope you enjoy your stay in Saxony.
Klaus Spitzer and Ralph-Uwe Börner
General Co-Chairs
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S UMMARY
Forward transient electromagnetic modeling requires the numerical solution of a linear constant-coefficient initial-value
problem for the quasi-static Maxwell equations. After discretization in space this problem reduces to a large system
of ordinary differential equations, which is typically solved using finite-difference time-stepping. We compare standard
time-stepping schemes such as the explicit and unconditionally stable Du Fort-Frankel scheme with the more recent
Runge-Kutta Chebyshev methods, which are designed specifically for parabolic initial value problems, with Krylov subspace techniques for the explicit solution of the initial value problem using the matrix exponential. Besides the classic
Arnoldi/Lanczos approximation we also consider restarted Arnoldi approximations as were recently proposed in (Eiermann & Ernst, 2006). These restarted schemes have the advantage of requiring only an a priori fixed amount of memory
storage, a significant aspect in the context of 3D simulations.
We also present a recent efficient implementation (Afanasjew, Ernst, Eiermann, & Güttel, 2007) of the restarted Arnoldi
method for evaluating the matrix exponential which includes a stopping criterion based on error estimators.
Keywords: quasi-static Maxwell equations, Krylov subspace methods, time-domain, SLDM

I NTRODUCTION

ward problem of computing the electromagnetic field due
to a vertical magnetic dipole, a configuration often used in
practice.
The governing equations are the quasi-static Maxwell’s
equations


1
∇×
∇× e + ∂t σe = −∂t j e ,
(1)
µ

The simulation of the forward problem in transient electromagnetic exploration requires the numerical solution of
a linear constant-coefficient initial-value problem for the
Maxwell equations in the diffusive limit. After discretization in space this problem reduces to a large system of
ordinary differential equations, which is typically solved
using finite-difference time-stepping schemes. In recent
years direct exponential propagation schemes based on
Krylov subspaces, known in the geophysics literature
as Spectral Lanczos Decomposition Methods (SLDM)
(Druskin & Knizhnerman, 1994), have become an attractive alternative to time-stepping. A related approach based
on the restarted Arnoldi process instead of the Lanczos
method introduced in (Eiermann & Ernst, 2006) promises
to be effective especially for very large discretizations, as
it requires a fixed amount of computer storage. In this
work we compare these various approaches for the time
integration.

where
e = e(x , t)

is the electric field,

µ = µ(x )

is the magnetic permeability,

σ = σ(x )

is the electric conductivity and

e

e

j = j (x , t)

is the impressed
source current density.

The spatial domain is typically a parallelepiped Ω ⊂ R3
whose upper boundary is either at ground surface level
or above it. In the simplest model, the perfect conductor
boundary condition n × e = 0 is imposed on all six faces
of ∂Ω.
The impressed source current is typically of shut-off type,
i.e., of the form

TEM
Geophysical exploration via transient electromagnetic
fields (TEM) is a technique for inferring properties of the
subsurface by observing the response over time to controlled electromagnetic sources. Here we consider the for-

j e (x , t) = q (x )H(−t)

(2)

where H denotes the Heaviside unit step function and the
vector field q describes the spatial current pattern.
3
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Y EE D ISCRETIZATION

K RYLOV S UBSPACE M ETHODS

We subdivide the spatial domain Ω into a graded grid with
small spacing near the source and increasing spacing as
we move away from it. We use a staggered grid (Yee,
1966) with electric components at the center of the edges
and magnetic components at the center of the faces, creating a system of elementary electric and magnetic loops,
as shown in Figure 1.

Starting with (1) and omitting the impressed source current since we are looking at times t > 0 we get


1
1
∂t e = − ∇×
∇× e .
(PDE)
σ
µ

∂t e = Ae,

x

hy

y

hz ey
ex

z

The problem is now reduced to the solution of a linear
ordinary differential equation of first order

hz

ey

ex
ez

ez

hy
hx

ez

ez

e(t) = e(t−t0 )A e0 .

hy
ez

ex

(ODE)

where the matrix A represents the discrete action of
−1/σ ∇×(1/µ ∇× ·) on the spatial discretization of the
electric field e. The solution of (ODE) is given explicitly by

hz

ex

e(t0 ) = e0 ,

Therefore the solution can be obtained by evaluating the
exponential function for a large sparse matrix times a vector e0 . This is what Krylov subspace methods are well
suited for.

ex

ey

Krylov Subspace Methods for Matrix Functions

Figure 1: Yee cell and elementary electric/magnetic
loops.

Given a square matrix A ∈ RN ×N (large and sparse), a
vector b ∈ RN and a scalar function f (x) which is defined in a neighborhood of the eigenvalues of A, then

T IME -S TEPPING T ECHNIQUES

f (A) := p(A),
The reference of our comparison is the well known Du
Fort-Frankel method proposed in (Wang & Hohmann,
1993), which is explicit and solves the coupled first-order
Maxwell’s equations.
Given an initial electric field e0 at time t0 , and an initial
magnetic field h0 at time t0 + ∆t0 /2 we perform a leapfrog iteration. In each step we first compute the electric
field ej from ej−1 and hj−1 and then the magnetic field
hj from hj−1 and ej . With δmin denoting the smallest
mesh size this method is stable if
r
µmin σmin tj
∆tj = tj+1 − tj < δmin
.
6

ej−1

hj−1

ej

hj

ej+1

e update:

where p(·) is a polynomial of degree < N that Hermiteinterpolates f in the eigenvalues of A. By Km (A, b) we
denote the m-th Krylov space of b and A, that is
Km (A, b) = span{b, Ab, A2 b, . . . , Am−1 b}.
Since, by definition, f (A) is a polynomial in A of degree
< N there holds
f (A)b ∈ KN (A, b).
The idea of Krylov subspace methods for the approximation of matrix functions can be stated briefly as: Choose
Krylov approximations f m = pm (A)b ∈ Km (A, b) such
that f m ≈ f (A)b.
There exist very effective methods that achieve good approximates f m even for fairly small m. Such a method is
the Arnoldi method:

hj+1

t

h update:
tj−1

tj

• Generate an orthonormal basis Vm
=
[v1 , v2 , . . . , vm ] of Km (A, b) using a GramSchmidt procedure that satisfies

tj+1

VmT AVm = Hm ,

Figure 2: Leap-frog iteration of the Du Fort-Frankel
method with time-interleaved electric and magnetic
fields.

where Hm ∈ Rm×m is an upper Hessenberg matrix.
4
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• The Arnoldi approximation of order m is defined as

Restarted Arnoldi Method

f m := kbkVm f (Hm )[1, 0, . . . , 0]T .

If the matrix A cannot be symmetrized, e.g., due to boundary conditions, we may easily run out of memory when
using the Arnoldi method, since m vectors of length N
need to be stored. To overcome this problem we use a
restarted Arnoldi method (Eiermann & Ernst, 2006). The
idea of such a method is to compute an Arnoldi approximation f m for a sufficiently small m and to start a new
Arnoldi method using the last computed basis vector as a
new starting vector.

If A is Hermitian then Hm is tridiagonal. Instead of
orthonormalizing the vector vm against all preceding
v1 , . . . , vm−1 , there exists a three-term recurrence involving only vm−2 , vm−1 and vm . This method is called the
Lanczos method and in comparison to the Arnoldi method
• computation time decreases rapidly (since only 2
orthogonalizations per time-step are necessary),

restarted Arnoldi

• the memory requirements reduce to storing only 2
vectors of length N for the overall solution process.

time-stepped Arnoldi/Lanczos
t0

Time-Stepped Arnoldi Method

t1

t2

t2

···

t
tn

Arnoldi/Lanczos with recycling

Given e0 at t0 we are interested in evaluating the electric
fields e1 , e2 , . . . , en at times t1 < t2 < · · · < tn from a
given interval [t0 , tn ].
For each time-step j we compute the Arnoldi approximation of order m = m(j)

Figure 3: Considered computational strategies.

m
fj+1
∈ Km (A, fjm ) for f (x) = e(tj+1 −tj )x ,

N UMERICAL E XPERIMENTS

where f0m = e0 . From error analysis of Krylov subspace
methods it is a well known fact that to guarantee a certain
m
relative error of the Krylov approximation fj+1
we should
choose

We present the results of some numerical experiments for
the problem (ODE) obtained from the Yee discretization
of (PDE) where the source is a vertical magnetic dipole
of unit strength located at the origin. Figure 4 shows the
cumulative time for the Du Fort-Frankel scheme of (Wang
& Hohmann, 1993).

m = m(j) ∼ k(tj+1 − tj )Ak1/2 .
The drawback of this method is that we build a new
Krylov space for each time-step which may be computationally unfeasible.

DuFort−Frankel method
Computation time in seconds

40

Arnoldi Method with Recycling
For each time-step j we compute the Arnoldi approximation

30

20

overall time in s: 266.2893
10

0

0

5

10
15
Time step number

20

25

fjm ∈ Km (A, e0 ) for f (x) = e(tj −t0 )x ,
where we choose m = m(j) ∼ k(tj − t0 )Ak1/2 .
Our proposed method reuses the computed basis vectors
v1 , v2 , . . . , vm(j) for the time-step j + 1, just adding the
vectors vm(j)+1 , vm(j)+2 , . . . , vm(j+1) .
This approach was found to be most efficient, although the
number m(j) of required Krylov vectors is slightly larger
than that for the time-stepped Arnoldi method, since the
time-interval is longer.

Figure 4: Du Fort-Frankel method.

In Figure 5 we give the computing times and the relative
errors of the Lanczos time stepping scheme using Krylov
spaces of various dimensions. We observe that accurate
integration over the entire time interval requires a sufficiently large Krylov space.
5
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Lanczos method with time−stepping

Restarted Arnoldi

15
Computation time in seconds

1500

Computation time in seconds

dim(K) = 150
dim(K) = 100
dim(K) = 50

10

dim(K) = 25

overall time in s: 260.1308
overall time in s: 170.4347
overall time in s: 88.7387
overall time in s: 48.257

5

0

0

5

10
15
Time step number

Relative error of Krylov approx.

Relative error of Krylov approx.

dim(K) = 50
dim(K) = 100
dim(K) = 150

−1

−2

10

−6

−5

10

−4

10

25

30
Restart length

35

40

45

−3

10

10

restart length = 15
restart length = 20
restart length = 25
restart length = 30
restart length = 35
restart length = 40
restart length = 45

0.8
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S UMMARY
The introduction of multi-electrode data acquisition systems during the 1980’s and 1990’s has significantly improved the
acquisition speed of geoelectrical surveying, such that relatively large 3-D data sets can now be collected with moderate
field effort. However, despite the seemingly ever increasing power of computers, full 3-D geoelectrical data inversions
remain challenging and time-consuming tasks. We present technical advances in solving the 3D geolectrical forward
problem, which is the computationally most expensive part of the inversion process. Major problems are typically caused
by (i) singularities near the source electrodes and (ii) truncation of the computational domain at the model boundaries.
Traditional approaches to overcoming these problems require model discretizations with a large number of grid points.
To deal more efficiently with the source electrode singularities, we employ a novel singularity removal scheme based on a
fast multipole boundary element method, and to cope with inaccuracies due to the limited computational domain, we use
infinite elements. Extensive tests of our new forward solver demonstrate that a high degree of accuracy can be achieved
with modest computational grids.
Keywords: Geoelectric forward solver, finite element method, boundary element method
the electrical potential U at any position r in Ω can be determined using the finite-element method. A formulation
of equation 1 suitable for the finite element method can be
obtained by applying Galerkins criterion and Green’s first
identity:
Z
Z
Z
∂U
σ∇U ·∇ωdΩ− σω
dΓ = −
I0 δ(r−rs )ωdΩ,
∂n
Ω
Γ
Ω
(3)

I NTRODUCTION
During the past decades much effort has been put into the
development of numerical solutions of the 3D geoelectrical forward problem. Most published solutions are based
on the finite-difference method (Mufti, 1976; Dey & Morrison, 1979) or the finite-element method (Coggon, 1971;
Pridmore, Hohmann, Ward, & Sill, 1981). Our forward
solver is based on the finite-element technique and uses
unstructured tetrahedral meshes, thus allowing for the incorporation of complicated 3-D topographies and varying
mesh densities.

where ω represents the shape functions required to approximate U within a finite element (e.g. Kost (1994)).
We discretize the computational domain by unstructured
tetrahedral finite elements using linear or quadratic shape
functions to yield a sparse linear system of equations
that can be solved effectively with appropriate numerical
methods.

T HEORY
Finite-element equations
The governing equation for the geoelectric forward problem is given by the Poisson equation
∇ · (σ∇U ) = −I0 δ(r − rs ) in Ω,

Singularity removal
The solution of the geoelectric forward problem contains singularities at the source electrode positions due
to the δ-function in equation 1. Consequently, inaccuracies that occur close to the source electrode positions
could severely distort the inversion process. An obvious
strategy to handle these inaccuracies is to refine the mesh
locally around the source electrode positions. Unfortunately, this greatly increases the number of unknowns in
the forward problem, significantly increasing the computational costs. Lowry, Allen, and Shive (1989) presented a
procedure to remove these singularities by separating the

(1)

which results from the equation of continuity for a current
density I0 injected at a source position rs into a domain Ω
with an arbitrary conductivity distribution σ. By applying
appropriate boundary conditions at the surface (Γs ) and at
the computational boundaries in the earth (Γg ),
∂U
= 0 on Γs ,
∂n

∂U
+ νU = 0 on Γg
∂n

(2)
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singular part of the solution (U n ) from the non-singular
part (U a ): U = U a + U n .
To account for the singular part of the potential, an analytical homogeneous halfspace solution with σ0 equal to
the conductivity at the source electrode position, is usually employed. Moving the known singular potential field
to the right side, equation 1 leads to a modified Poisson
equation
∇ · (σ(r)∇U a ) = −∇ · ((σ(r) − σ0 )∇U n )

potential Un . Applying Green’s first identity twice yields
the boundary integral equation
Z
Z
∂Uh
∂ω
1
ωdΓ − Uh
dΓ + Uh (r) = 0,
(6)
∂n
∂n
2
Γ

Γ

which does not contain volume integrals. Only the boundary of the domain Ω needs to be discretized, resulting in
a substantial reduction of the number of unknowns in the
equations to be solved. Furthermore, the absence of volume integrals permits the underground boundaries Γg to
be moved to infinity (see Figure 1 b). As Uh approaches 0
at infinity, the boundary integrals along Γg vanish. Along
the surface boundary (Γs ), the integration can be truncated
h
after a limited distance from the source (i.e. where ∂U
∂n
approaches 0) and thus only the inner part of Γs needs to
be discretized. Figure 1 (a) shows an example triangular
mesh used for the BEM.
To evaluate rapidly the singular potentials, we employ a
fast multipole BEM (FM-BEM) developed by Hackbusch
and Nowak (1989) and implemented by Lage (1995). In
addition to the standard advantages of the BEM, this implementation has almost the same beneficial scaling behavior of the computational costs as the FE and FD methods.

(4)

where the δ-function on the right side has vanished. The
problem is reduced to determining only the non-singular
potential field that results from the conductivity anomalies. This technique has been routinely applied to flatearth models, but it is not applicable in the presence of
pronounced topography. In this case, an analytical expression for the singular potential does not exist. It must
be computed numerically. Among the available numerical methods, the boundary element method (BEM) is well
suited for this purpose (see statements concerning equation 6).

Open boundary handling via infinite elements
When solving for the potential field unbounded domains
occur in the geoelectric equations. Commonly, these unbounded domains are handled by “truncating“ the computational domain sufficiently far from the injecting electrodes. Mixed type boundary conditions in combination
with decreasing mesh density towards the underground
boundaries has proved to be efficient and reasonably accurate (Rücker, Günther, & Spitzer, 2006). Nevertheless,
a significant fraction of the unknowns in the finite-element
equations is only needed to assure the continuation of
the potential field towards the underground boundaries.
If these additional unknowns could be avoided, significant reductions of the overall computational costs could
be achieved.
Infinite elements, originally developed in the field of
acoustic radiation (Bettes, 1987), provide a cost-effective
and elegant alternative to deal with open boundary problems. Instead of truncating the domain at certain distances
away from the electrodes, a simple mapping technique allows the outer domain to be modeled by infinite elements
that enable the integration to be carried out to infinity in
radial directions. Infinite elements feature special shape
functions that permit the potential to decay in radial direction:

Figure 1: (a) A typical surface mesh used in the fast multipole BEM (b) The integration principle.
To derive the boundary integral equation, we use again
Galerkin’s criterion (Sauter & Schwab, 2004):
Z
∇ · (σ0 ∇Uh )ωdΩ = 0,
(5)
Ω

where Uh is the solution of the homogeneous Poisson
equation (Laplace equation) and ω is the corresponding
Green’s function. We solve for (Uh ) under the modified
boundary conditions and add the inhomogeneous part Ui
(halfspace solution) afterwards to yield the total singular

(2,0)

φj = 1/2Si (ξ, η)(1 − ν)Pi
8

(ν),

(7)
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(2,0)

where Pi
(ν) are Jacobi polynomials, Si (ξ, η) are conventional linear shape functions defined in the plane perpendicular to the radial direction and ξ, η and ν are the
local coordinates in the reference element. We employ
Astley-Leys elements developed by Astley, Coyette, and
Cremers (1998). The infinite elements are attached to the
boundary Γg of the FE mesh (see Figure 2).

Figure 3: (a) Cuboid and (b) layered block models. The
source electrode is located on top of the topographic relief
as indicated by the black arrows.
For the calculations based on the conventional FEM (see
Figure 4 a), the solution for the coarsest mesh shows a
median relative error of ≈ 4.7% and ≈ 5.5% for the
cuboid and layered models, respectively; with an increasing number of unknowns the relative error decreases until
it reaches a more-or-less stable value of ≈ 1.2 − 1.6%
for ≈ 83000 − 86000 unknowns. The error plot for the
FE calculations with infinite elements (Figure 4 b) shows
quite similar characteristics, but in this case the 1.2−1.6%
relative errors are achieved with a much smaller number
of unknowns (i.e. ≈ 29000 − 38000).
The performance of the forward solver is increased substantially when the singularity removal is activated (Figure 4 c). For the cuboid model a relative error of < 1.2%
is reached with ≈ 7400 unknowns whereas for the layer
model a relative error of < 1.6% is reached with ≈ 11000
unknowns. Finally, by estimating the singular potentials
with the FM-BEM and applying the infinite elements to
calculate the non-singular potential part, we gain a further, rather slight increase in the overall solution accuracy
(Figure 4 d).

Figure 2: (a) Cross-section through a 3D FE mesh with
infinite elements attached to the underground boundaries
(b) Sketch of a sample infinite element.

N UMERICAL EXAMPLE
Numerical simulations were carried out for 2 different conductivity models that include a cuboid-shaped
anomaly or a stack of three layers (see Figure 3). Both
models are distinguished by substantial topography. For
each model, we performed calculations on a series of
meshes with an increasing number of unknowns. All calculations were compared to reference solutions that where
obtained on extremely dense FE meshes equipped with
second-order shape functions (each requiring more than 1
million unknowns). Figure 4 shows the median errors relative to the reference solutions together with the 25 and
75 percentiles (error bars). All calculations where carried
out using first-order shape functions. For the conventional
FE calculations (Figure 4 a), a mixed boundary condition
was used, whereas for the FE calculations with singularity
removal (Figure 4 c), a dirichlet boundary condition was
considered for the non-singular part of the potential.

C ONCLUSION
Application of BEM-based singularity removal and infinite elements improves the efficiency of 3D geoelectrical forward modeling substantially. This is primarily due
to the fact that both techniques produce accurate solutions with a relatively small number of unknowns. This
is particularly important, because the computation time
required for solving the finite-element equations scales
roughly with the square of the number of unknowns.
If the number of unknowns can be kept reasonably low,
direct matrix solvers become a very attractive option for
solving the finite-element equations. Once the finiteelement system matrix is decomposed, the solutions for
9
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Figure 4: Median relative solution errors (in %) for a series of meshes with increasing number of unknowns. For (c) and
(d), in which singularity removal has been applied, no local mesh refinement around the source electrodes was used, and
for (b) and (d), in which infinite elements where used, the outer part of the mesh was not discretized.
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a multitude of electrode positions can be obtained by simple back substitutions. This will further boost the performance of our forward solver.
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Fast 3D simulation of transient electromagnetic fields by model reduction in the
frequency domain using Krylov subspace projection
R.–U. Börner1 , Oliver G. Ernst2 , and K. Spitzer1
TU Bergakademie Freiberg, Institute of Geophysics
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S UMMARY
We present an efficient numerical method for the simulation of transient electromagnetic fields resulting from magnetic
and electric dipole sources in three dimensions. The method we propose is based on the Fourier synthesis of frequency
domain solutions at a sufficient number of discrete frequencies obtained using a finite element (FE) approximation of
the damped vector wave equation, which results after Fourier transforming Maxwell’s equations in time. We assume the
solution to be required only at a few points in the computational domain, whose number is small relative to the number
of FE degrees of freedom. The mapping which assigns to each frequency the FE approximation at the points of interest
is a vector-valued rational function known as the transfer function. Its evaluation is approximated using Krylov subspace
projection, a standard model reduction technique. Computationally, this requires the FE discretization at one reference
frequency and the generation of a sufficiently large Krylov subspace associated with the reference frequency. Once a
basis of this subspace is available, a sufficiently accurate rational approximation of the transfer function can be evaluated
at the remaining frequencies at negligible cost. These partial frequency domain solutions are then synthesized to the time
evolution at the points of interest using a fast Hankel transform.
Keywords: Transient electromagnetic modelling, Krylov projection methods

I NTRODUCTION

are synthesized using a fast Hankel transform (cf. (Newman, Hohmann, & Anderson, 1986)). The resulting algorithm thus has as its main expense the FE solution at
the reference frequency and the Arnoldi process to construct the Krylov space. Since each Arnoldi step requires
the solution of a linear system with the coefficient matrix
associated with the reference frequency problem, we generate a sparse LU factorization of this matrix using the
PARDISO software of Schenk and Gärtner (2004).

This paper introduces a method based on a FE discretization in the frequency domain. We avoid the heavy computational expense associated with solving a full 3D problem for each of many frequencies by a model reduction
approach. The point of departure is that the transients,
which are synthesized from the frequency domain solutions, are required only at a small number of receiver locations. After discretization in space, the frequency domain solution values at the receiver points are rational
functions of frequency. Using the model reduction technique of Krylov subspace projection it is possible to approximate this function, known as the transfer function in
linear systems theory, by rational functions of lower order. Computationally, the discretized frequency-domain
problem for a suitably chosen reference frequency is projected onto a Krylov subspace of low dimension, yielding
the desired approximation of the transfer function in terms
of quantities generated in the Arnoldi process, which is
used to construct an orthonormal basis of the Krylov subspace. This approximation, the evaluation of which incurs
only negligible cost, is then used for all the other frequencies needed for the synthesis. After obtaining frequencydomain approximations at the receiver locations for all required frequencies in this way, the associated transients

T HEORY
From the system of Maxwell’s equations we obtain the
second order partial differential equation
∇× (µ−1 ∇× e(r, t)) + ∂t σ(r)e(r, t) =
−∂t j e (r, t) in Ω

(1a)

for the electric field, which we complete with the perfect
conductor boundary condition
n × e = 0 on Γ,
(1b)
at the outer walls of the model. The spatial variable r is
restricted to a computational domain Ω ⊂ R3 bounded by
11
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an artificial boundary Γ, along which appropriate boundary conditions on the tangential components of the fields
are imposed, whereas t ∈ R. The forcing results from a
known stationary transmitter source with a driving current
which is shut off at time t = 0, and hence of the form
j e (r, t) = q(r)H(−t)

The Finite Element discretization of (3) finally yields a
linear system of equations
(K + iωM) u = f

for the unknown field values expressed as degrees of freedom u.
For a given source vector f determined by the right-hand
side of (3a), the solution vector u ∈ CN yields an approximation of the electric field E we wish to determine.

(2)

with the vector field q denoting the spatial current pattern
and H the Heaviside step function. The Earth’s electrical
conductivity is denoted by the parameter σ(r). Switching to the frequency domain, we obtain the transformed
version
−1

∇× (µ

∇× E) + iωσE = q
n×E =0

in Ω,
on Γ,

M ODEL REDUCTION
Our goal is the efficient computation of the finite element
approximation of E in a subset of the computational domain Ω. To this end, we fix a subset of p  N components of the solution vetor u to be computed.
We introduce the discrete extension operator E ∈ RN ×p
defined as
(
1, if the j-th coefficient has global index i,
[Ei,j ] =
0, otherwise.

(3a)
(3b)

of (1a) and (1b) provided that solutions exist for all frequencies ω ∈ R. For a given number of discrete frequencies, the Fourier representation of the solution e of (1)
can be utilized to construct an approximate solution in the
time domain by a Fourier synthesis. Causality allows for
a representation of the solution in terms of a sine or cosine transform of the real or imaginary part of E, resp.
(Newman et al., 1986):
2
e(t) =
π

Z∞
0

sin ωt
2
Re(E)
dω =
ω
π

Z∞
Im(E)

(5)

Multiplication of a coefficient vector v ∈ CN with respect
to the finite element basis by E> then extracts the p desired components, yielding the reduced vector E> v ∈ Cp
containing the field values at the points of interest.
For the solution u, this reduced vector, as a function of
frequency, thus takes the form

cos ωt
dω.
ω

t = t(ω) = E> (K + iωM)−1 f ∈ Cp .

0

(4)

(6)

The vector-valued function t(ω) in equation (6) assigns,
for each frequency ω, the output values of interest to the
source (input) data represented by the right-hand-side vector f.
Computing t(ω) for a given number of frequencies ωj ∈
[ωmin , ωmax ], j = 1, . . . , Nf , by solving Nf full systems
and then extracting the p desired components from each is
computationally expensive, if not prohibitive, for large N .
To employ model reduction techniques, we proceed by
fixing a reference frequency ω0 and rewriting (6) as

In practice, the infinite range of integration is restricted to
a finite range and the resulting integrals are evaluated by a
Fast Hankel Transform (Johansen & Sorensen, 1979). For
the problems addressed here, solutions for 80 to 150 frequencies distributed over a broad spectral bandwidth with
f ∈ [10−2 , 109 ] Hz are required to maintain the desired
accuracy.
S PATIAL DISCRETIZATION

t = t(s) = E> [A0 −sM]−1 f,

For the solution of boundary value problems in geophysics, especially for geo-electromagnetic applications,
Finite Element (FE) methods offer many advantages. Using triangular or tetrahedral elements to mesh a computational domain allows for greater flexibility in the
parametrization of conductivity structures without the
need for staircasing at curved boundaries associated with
terrain or sea-floor topography. In addition, there is a mature FE convergence theory for electromagnetic applications. Finally, FE methods are much more suitable for
adaptive mesh refinement, adding yet further to their efficiency.

A0 := K+iω0 M, (7)

where we have also introduced the (purely imaginary)
shift parameter s = s(ω) := i(ω0 − ω). Setting further
−1
N
L := E ∈ RN ×p , r := A−1
0 f ∈ C , and A := A0 M ∈
N ×N
, the transfer function becomes
C
t(s) = L> (I − sA)−1 r.

(8)

The transfer function is a rational function of s (and hence
of ω), and a large class of model reduction methods consist of finding lower order rational approximations to t(s).
The standard approach for computing such approximations in a numerically stable way is by Krylov subspace
12
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projection. For simplicity, we shall consider an orthogonal projection onto a Krylov space based on Arnoldi’s
method.
Given a matrix C and a nonzero initial vector x, the
Arnoldi process successively generates orthonormal basis
vectors of the nested sequence
Km (C, x) := span{x, Cx, . . . , Cm−1 x},

with the numerical approximation. Second, the huge conductivity contrast due to including the air layer in the computational domain presents a severe challenge for realistic
simulations. Besides comparison with the analytical solution we also check our solution against one obtained by
the Spectral Lanczos Decomposition Method.
Fig. 2 shows a comparison of the transient electric field
at x = 98 m computed with our Arnoldi-based model
reduction approach with that produced by a competing
algorithm for time-dependent TEM-simulation, the Spectral Lanczos Decomposition Method (SLDM) of Druskin
and Knizhnerman (1988). We observe good agreement
of both approximations with the analytic solution. Comparing the relative errors of both methods, we observe a
substantially larger error of the SLDM approximation especially at early times.

m = 1, 2, . . .

of Krylov spaces generated by C and x, which are subspaces of dimension m up until m reaches a unique index
L, called the grade of C with respect to x, after which
these spaces become stationary. In particular, choosing
C = A and x = r, m steps of the Arnoldi process result in
the Arnoldi decomposition
AVm = Vm Hm +ηm+1,m vm+1 e>
m,

r = βv1 , (9)

in which the columns of Vm ∈ CN ×m form an orthonormal basis of Km (A, r), Hm ∈ Cm×m is an unreduced
upper Hessenberg matrix, vm+1 is a unit vector orthogonal to Km (A, r) and em denotes the m-th unit coordinate vector in Cm . In particular, we have the relation
Hm = V >
m AVm .
Using the orthonormal basis Vm , we may project the vector r as well as the columns of L in (8) orthogonally onto
Km (A.r) and replace the matrix I−sA by its compression
V>
m (I − sA)Vm onto Km (A, r), yielding the approximate
transfer function

C ONCLUSIONS
We have developed an effective algorithm for simulating
the electromagnetic field of a transient dipole source. Using a Krylov subspace projection technique, the system of
equations arising from the FE discretization of the timeharmonic equation is projected onto a low-dimensional
subspace. The resulting system can be solved for a wide
range of frequencies with only moderate computational
effort. In this way, computing transients using a Fourier
transform becomes feasible. Numerical comparisons for
a model problem have shown the model reduction method
to be more accurate for early simulation times, which is
the more relevant phase of the process in practical applications and inversion calculations.

>
−1
>
(V>
tm (s) := (V>
m r)
m L) [Vm (I − sA)Vm ]
−1
βe1 ,
= L>
m (Im − sHm )

(10)

where we have set Lm := V>
m L and used the properties of
the quantities in (9) stated above.
Note that computations with large system matrices and
vectors with the full number N of degrees of freedom are
required only in the Arnoldi process, after which the loop
across the target frequencies takes place in a subspace of
much smaller dimension m  N . As a consequence, the
work required in the latter is almost negligible in comparison. The most expensive step of the Arnoldi process is
the matrix-vector multiplication with the matrix A−1
0 M.
Currently, we compute an LU factorization of A0 in a preprocessing step and use the factors to compute the product
with two triangular solves.
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N UMERICAL VALIDATION
To validate of our approach we consider as a model problem a vertical magnetic dipole over a layered halfspace
(cf. Fig. 1). The reason for this choice is twofold: First,
an analytical solution is available for direct comparison
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Figure 1: Section of the considered conductivity model. The conductive layer is 30 m thick. The dimension of the
discretized model extends to up to ±2400 m in the horizontal and vertical directions.
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3D finite element simulation of magnetotelluric fields using unstructured grids
A. Franke, R.-U. Börner and K. Spitzer
TU Bergakademie Freiberg, Germany

S UMMARY
The interpretation of an increasing number of three-dimensional data sets requires the simulation of the electromagnetic
fields in three directions in space. Basing on Maxwell’s equations different boundary value problems can be formulated
in terms of electromagnetic potentials or fields including homogeneous or inhomogeneous boundary conditions.
The formulation of the equation of induction using vector and scalar potentials reduces the number of unknowns to
four instead of six field components. Applying a secondary potential approach allows for the implementation of simple
homogeneous Dirichlet boundary conditions. The boundary value problem is solved by means of the finite element
method. We use quadratic Nédélec elements on unstructured tetrahedral grids that are well suited for incorporating
arbitrary model geometries including surface and seafloor topography.
To expand the classic magnetotelluric frequency range towards lower periods (T<10−4 s) used by the Radio and Audio MT
method for studying shallow conductivity structures displacement currents may need consideration. Beside the electric
conductivity and permittivity, the presented finite element approach incorporates the magnetic permeability as model
parameter that can be advantageous e.g. in the case of ore exploration and for studies of the earth’s crust where basaltic
rocks occur.
Keywords: Magnetotellurics, finite element method, numerical simulation

I NTRODUCTION

ence of displacement currents and the relative magnetic
permeability µr on the apparent resistivity and the phase
computed analytically for a homogeneous halfspace.

The propagation of electromagnetic fields is governed by
Maxwell’s equations. They can be combined to yield the
equation of induction in terms of the vector potential A.
The simulation of the secondary potential As minimizes
the computational effort due to its local occurence and the
validity of homogeneous Dirichlet boundary conditions.

E QUATION OF I NDUCTION
Maxwell’s Equations
Assuming the harmonic time dependency eiwt , the behavior of the electric and the magnetic fields E and H is governed by Maxwell’s equations of the form

To solve the boundary value problem, we apply a finite element (FE) approach that allows for the efficient
parametrization of arbitrary model geometries on unstructured tetrahedral grids. So-called vector or Nédélec elements are well suited to approximate the vector field As
whose tangential components are continuous at element
interfaces that represent possible jumps in the model parameters. Within one element, the vector potential As is
described by polynomials.

∇ × H = j + iωD,
∇ × E = −iωB,

(1)
(2)

∇ · D = ρ,
∇ · B = 0.
The eddy current density j, the displacement current density D, and the magnetic flux density B are combined with
the electromagnetic fields by Ohm’s law and the constitutive relations, respectively,

The exploration of shallow conductivity structures requires the expansion of the classic magnetotelluric (MT)
frequency range to shorter periods. Depending on the
conductivity distribution the quasistatic approximation of
Maxwell’s equation might not be valid for periods shorter
than 10−4 s. Hence, displacement currents need consideration. Furthermore, the presented FE algorithm incorporates the relative magnetic permeability µr as model parameter. By means of model studies we show the influ-

j = σE,

D = ε0 εr E,

and

B = µ0 µr H, (3)

with the electric conductivity σ, the electric field constant
0 = 8.854 · 10−12 As/V m, the relative electric permittivity
r , the magnetic field constant µ0 = 4π · 10−7 V s/Am, and
the relative magnetic permeability µr .
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Electromagnetic Potentials

Boundary Value Problem

The divergence-free field B can be expressed as curl of
the vector potential A

Considering eq. (9) in the domain Ω with the outer boundary ΓD and all internal boundaries Γint for which the conditions of continuity for the magnetic field are valid yields
the boundary value problem: Find As , so that

B = ∇ × A.

(4)

∇ × µ−1 (∇ × As − µs Hn ) + (iωσ − ω 2 )As

Since
∇ × (E + iωA) = 0,

= (σs + iωs )En in Ω, (10)
As = 0 on ΓD , (11)

(5)

n1 × H1 − n2 × H2 = 0 on

we can introduce the scalar potential V so that
E = −∇V − iωA.

with the outward unit normal vectors n1 and n2 .

(6)

F INITE E LEMENT M ETHOD

Applying ∇× on eq. (1), inserting Ohm’s law and the
constitutive relations (eqs. 3) yields

Weak Form

∇ × µ−1 ∇ × A + (iωσ − ω 2 )A + (σ + iω)∇V

An equivalent
R formulation of eq. (10) as an inner product
(v, u) = Ω v̄ · u dV with a complex vector-valued test
function v from the function space V yields the so-called
weak form of the boundary value problem: Find As ∈ U ,
so that
Z
(µ−1 (∇ × As − µs Hn ) · ∇ × v̄

= 0. (7)
Choosing
Ã = A − ∇Ψ and

Ṽ = V − Ψ̇

with the gauge condition Ψ = −iV /ω, we obtain
Ã = A −

i
∇V
ω

Γint (12)

Ω

+(iωσ − ω 2 )As · v̄) dV
and

Ṽ = 0

(8)

Z

+

n × (µ−1 (∇ × As − µs Hn ) · v̄ dS
{z
}
|
0
Z
= (σs + iωs )En · v̄ dV ∀v ∈ V,
∂Ω

that determine the same electromagnetic fields as A and
V (cf. eqs 4 and 6). Using eq. (8), eq. (7) can be rearranged into an elliptic second-order partial differential
equation for Ã

(13)

Ω

with

∇ × µ−1 ∇ × Ã + (iωσ − ω 2 )Ã = 0.
Secondary Potential Approach

U

:= {As ∈ H(curl, Ω) : As ≡ 0 on ΓD },

V

:= {v ∈ H(curl, Ω) : v ≡ 0 on ΓD }

(14)

and

The separation of the potential Ã (in the following: A)
into a normal (An ) and an anomalous (As ) contribution
A = An + As results in a differential equation for As

H(curl, Ω)

:= {u ∈ (L2 (Ω))3 , ∇ × u ∈ (L2 (Ω))3 }.

Applying the boundary conditions in eqs. (11) and (12),
the boundary integral in eq. (13) vanishes.

∇ × µ−1 (∇ × As − µs Hn ) + (iωσ − ω 2 )As
Finite Element Analysis

= (σs + iωs )En (9)

A discrete approximation Ahs ∈ Uh of As ∈ U arises
from the linear combination of N real vector-valued basis functions φi ∈ Uh (i = 1, ..., N ) with the complex
coefficients ai (i = 1, ..., N ):

with
 = n + s ,

σ = σn + σs ,

µ = µn + µs

and
∇ × En = −iωµn Hn ,

Ahs

∇ × Hn = (σn + iωn )En .

=

N
X

ai φi .

(15)

i=1

Using the discrete test functions vi = φi the boundary
value problem can be written as matrix-vector-equation

The normal electromagnetic fields En und Hn are computed for a 1D layered halfspace with parameter distributions σn , µn , and n by Wait’s algorithm (Wait, 1953).

K̃As = L
16

(16)
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permeablity µr might yield geological information especially in the field of ore exploration and studies of regions
where basaltic rocks occur. Fig. 3 displays the dependency of the apparent resistivity and phase on µr . µr > 1
results in a higher induced current density (cf. eqs. (2) and
(3)) and therefore yields a lower apparent resistivity. The
phase features no anomalous behavior. Note, that there is
no frequency dependency at all.

whereas
Z
Ki,j

=

(µ−1 (∇ × φi − µs Hn ) · ∇ × φ¯j

Ω

(iωσ − ω 2 )φi · φ¯j )dV,
Z
=
(σs + iωs )En · φ̄i dV.

+
Li

(17)

Ω

The domain Ω is decomposed into tetrahedra. On each
tetrahedron piecewise quadratic basis functions φi are assumed. Their degrees of freedom are associated with the
edges and the faces of the tetrahedral finite element (Fig.
1). This type of finite elements, the so-called vector or
Nédélec elements, is especially suitable for the discretization of vector fields that show continuity in their tangential
components.

Figure 2: Apparent resistivities and phases for a homogeneous halfspace of 1000 Ω m (left) and 10000 Ω m
(right).
Figure 1: Graphical representation of the degrees of freedom for quadratic Nédélec elements on a tetrahedron.
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Usually, in the simulation of the MT method displacement currents are neglected due to the classic frequency
range not exceeding 1 kHz. To study shallow conductivity
structures, the Radio and Audio MT method applies frequencies up to several MHz. Fig. 2 presents the apparent
resistivities and phases for a homogeneous halfspace of
1000 Ω m (left) and 10000 Ω m (right), respectively, computed including (εr = 1, ’o’) and without (quasistatic, ’+’)
displacement currents. Significant deviations are obvious
for frequencies higher than 10 kHz especially for the more
resistive halfspace.
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Figure 3: Apparent resistivities and phases over µr varying in the range of 1 ≤ µr ≤ 2 for a homogeneous
halfspace of ρ = 1000 Ω m.

C OMPARISON WITH AN FD APPROACH
We present the simulation results for the 3D-2 COMMEMI model (Weaver & Zhdanov, 1997) shown in Fig.
4. The apparent resistivities ρxy and ρyx as well as the
phases φxy and φyx on the earth’s surface at x = 0 computed by our FE algorithm and Mackie’s finite difference
(FD) code (Mackie, Madden, & Wannamaker, 1993) are
displayed in Fig. 5.

Magnetic Rock Properties
So far, the magnetic rock properties have not been incorporated in electromagnetic applications. However, in addition to the electric conductivity σ, the relative magnetic
17
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C ONCLUSIONS

The anomalous resistivities of the two bodies are obvious.
The steep slopes in ρyx and φyx (fig. 5, right) are due to
the discontinuity of the normal component of the electric
field whereas the tangential component used to determine
ρxy and φxy (fig. 5, left) is continuous. The results for
both of the approaches are in good agreement. However,
we expect our FE code to yield the more accurate solution concerning the advantages of the FE method approximating electromagnetic fields especially at high parameter
contrasts that we have experienced for two-dimensional
simulations.

The presented secondary potential approach has proven
to be well suited for the 3D simulation of electromagnetic fields. The local occurence of the anomalous vector
potential allows for the implementation of homogeneous
Dirichlet boundary conditions for relatively small models hence minimizing the computational effort in terms of
memory. However, future efficiency studies will include
formulations of the boundary value problem for the total
potential and the electromagnetic fields.
The approximation of the magnetic vector potential by
quadratic Nédélec elements on unstructured tetrahedral
grids achieves a satisfying accuracy in comparison with
other numerical approaches. We intend to improve the efficiency and accuracy of our algortihm by employing an
adaptive mesh refinement in connection with an error estimator function.
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Model studies clearly show that the consideration of displacement currents is essential for frequencies higher than
10 kHz. Additionally, magnetic rock properties, namely
µr > 1, can influence the apparent resistivity and phase
significantly. This might be of interest with regard to the
hypothesis of the second-order magnetic phase transition
taking place at medium depths of the earth’s crust (Kiss,
Szarka, & Prácser, 2005).
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Figure 4: COMMEMI model 3D-2.
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Figure 5: Apparent resistivities and phases for the COMMEMI model 3D-2 at a period of T = 100 s.
18

4/4

th
International Symposium
Symposium on
on Three-Dimensional
Three-Dimensional Electromagnetics
Electromagnetics
44th
International
Freiberg, Germany, September 27–30, 2007
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S UMMARY
We develop an adaptive mesh refinement technique for the solution of Maxwell’s equations. The method is based on
the discretization of the Maxwell’s equations in its variational form on OcTree meshes. We generate a consistent, second
order accurate and mimicking discretization and using its mimicking properties we develop a robust solver for the discrete
system.
Keywords: Adaptive mesh, Octree mesh, mimicking properties.

I NTRODUCTION

In this paper we develop an adaptive finite volume technique for the solution of Maxwell’s equations. First,
we develop a mimicking discretization technique for
Maxwell’s equations on an OcTree grid. Second, using
the mimicking properties of our discretization, we modify
our previous work [4] that builds on Helmholtz decompositions of the discrete fields in order to stabilize the equations and avoid the null space of the curl. This modification yields a fast and stable solver for the discrete system.
The use of OcTrees in order to locally refine grids in PDEs
is not new. In particular it has been used in flow through
porous media and fluid dynamics [2, 3] where cell center OcTrees with even and odd number of locally refined
grids are considered. Recently, there has been renewed
interest in local refinement and their applications to computational fluid dynamics and computer graphics [11]. In
particular, the work of Losasso et-al on OcTree discretization of Poisson equation demonstrates that second order
accuracy can be obtained. A more general framework for
Poisson equation was recently studied in [10]. Other relevant work to ours is the recent work of [13] on the solution
of Maxwell’s equations in the hyperbolic regime where no
large jumps in the coefficients are present.
The paper is organized as follows. In section we derive the discretization of Maxwell’s equations, reformulation of the discrete system and develop an effective linear
solver. In Section we perform numerical experiments that
demonstrate the effectiveness of our approach and summarize the paper.

The solution of Maxwell’s equations in the quasi-static
regime is important in many practical settings such as
geophysical prospecting, non-destructive testing and eddy
current simulations. The equations can be formulated as
~ + iωσ E
~ = iω~s
∇ × µ−1 ∇ × E

(0.1)

~ is the electric field, σ is the conductivity, µ is
where E
the magnetic permeability, ω is the frequency and ~s is a
source term. We assume that the equations are given in a
bounded box with some appropriate boundary conditions
~ or ∇ × E
~ and that the conductivity σ and permeon E
ability µ have a small number of jumps with compact support. In our typical applications, the frequencies range at
1 − 104 Hz, σ ranges from 10−4 − 102 S/m and µ/µ0
ranges from 1 − 10 (see [14]). For ease of presentation we
assume Perfectly Magnetic Conductor (PMC) boundary
conditions which read
~ =0
~n × H

(0.2)

although other boundary conditions can be considered.
The solution of Maxwell’s equations is very challenging
even for the static case. There are three main sources of
difficulties. First, the curl operator has a nontrivial rich
null space. Second, in our applications, the conductivity
can have large jumps and finally, boundary conditions at
infinity needs to be dealt with.
Common algorithms for Maxwell’s equations use finite
element or finite volume/difference approximations, and
have been extensionally studied in the last decade; see for
example [4, 6, 9, 8, 1, 12]. Nevertheless, non of the above
work deal with adaptivity.

D ISCRETIZATION OF M AXWELL’ S EQUATIONS ON
O C T REE GRIDS
OcTree discretization
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Figure 1: An OcTree and its representation as 2 × 4 × 2 (sparse) array

Figure 2: Discretization of the electric field on the edges of the cell
~ is the stationpossible to show [9] that the electric field E
ary point of the following functional
Z
1
~ 2 + iωσ E
~ 2 − iω~s · E
~ dx(0.3)
J =
(∇ × E)
2µ
2
Ω

We consider a fine underlying orthogonal mesh of size
2m1 × 2m2 × 2m3 with mesh size h. Our grid is composed of m cube cells of different sizes. Each cell can
have a different length which is a power of 2. To make the
data structure easier and the discretization more accurate
we allow only a factor of 2 between adjacent cells. The
data is then stored as a sparse array. The size of each cell
is stored in the upper left corner of the array. This allows
us to quickly find neighbors which is the major operation
in the discretization process. This data structure is closely
related to the one suggested in [7]. An example of a small
3D grid is plotted in Figure .

Rather than discretizing Maxwell’s equations directly we
discretize the variational form (0.3). First, we rewrite the
integral as
Z
XZ
J =
(·)dx =
(·)dx
Ω

j

Ωj

In order to discretize Maxwell’s equations on the OcTree
grid, we view the system as a variational problem. It is

where Ωj is an OcTree cell in our grid. Thus, the problem
is reduced to approximating the integral over each cell.
~
Similar to Yee discretization [15] we place the discrete E
on the edges of each cell, see Figure .

~
Using this discretization is it easy to approximate ∇ × E
on the face of each box with second order accuracy, using
short finite differences. This can be written as

where C is a finite difference matrix which approximates
~ Squarthe ∇× and e is a discrete approximation to E.
ing and averaging to cell center we obtain a second order

Discretizing Maxwell’s equations in variational form

~ cell faces = Ce + O(h2 )
(∇ × E)
20

2/4

Haber, et
E.al.,
et al.,
2007, mesh
Adaptive
mesh for
...
Haber
Adaptive
refinement
for3D
3DEM
electromagnetic
modeling

approximation to the integral (0.3) which has the form

1
Jh = e> C > M C + iωS e − iωs> e
(0.4)
2
The stationary point of Jh can be found by solving the
linear system

(0.5)
C > M C + iωS e = iωs

We now substitute the decomposition in (0.5) and use the
same arguments as in [4] to obtain the system
 >
  

s
C M C + GM0 G> + iωS iωSG
a
(0.6)
=
φ
G> s
G> S
G> SG
where M0 is a diagonal matrix with the value of µ of each
cell on its diagonal. While the original system suffers
from ill-conditioning due to the null-space of the curl the
modified system is better conditioned. It is therefore possible to develop efficient algorithms such as multigrid for
the solution of this system (see [5]).

Solving the discrete systems of equations
In order to solve the linear system we use the mimetic
properties of our discretization. It is easy to show [5] that
the discretization of the curl described above yields is orthogonal to the conservative discretization of the gradient
operator. Such discretization is obtained by a short difference of the nodes of the OcTree cells.
Let G be the gradient matrix. Then we have CG = 0
mimicking the equation ∇ × ∇ = 0. We can now use the
discrete Helmholtz decomposition. Defining the vectors
a, φ

N UMERICAL EXPERIMENTS
As a model problem we simulate the electromagnetic response that evolves from the shape presented in Figure 3
(left). The shape is made from a cone with a conductivity
of σ1 berried in a half space with conductivity σ0 . Inside
this cone there is a cylinder with conductivity σ2 = 10σ1 .
Our goal is to solve the electromagnetic problem for a
range of σ1 ’s and for low frequencies ω.

e = a + Gφ
0 = G> a.

Figure 3: The model and its OcTree representation

lution was always within 1% of the uniform grid solution.
Nevertheless, our approach reduce the size of the problem
in a factor of roughly 20, yielding substantially smaller
systems to solve and thus give an order of speed to the
calculations.

The OcTree used for the discretization of our object is
plotted in Figure 3 (right).
We solve the problem using BiCGStab solver preconditioned with a multigrid method. We compare the accuracy
to uniform-grid solution where our discretization is equivalent to the usual Yee’s method. The accuracy of our soσ1 /σbg #iter
102
104

16
3.5
3.5

32
3.5
3.5

128
3.5
3.5

Table 1: BiCGStab iterations for Maxwell’s equations. Each iteration requires 2 preconditioning steps (ω = 103 )
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SUMMARY
The frequency and time domain response of a buried axial conductor is simulated with an analytical approach.
Pipelines or communication cables are thin and long elongated objects, which are highly conductive because of their
metallic parts. The influence on electromagnetic soundings can be very strong and is here analyzed.
The thin metallic structure is described by the current generated in the cylinder. The electromagnetic field of this current
is determined by several impedance conditions in different steps. First it is assumed that the cylinder is a perfect
conductor, this external impedance condition takes into account that the electric fields are zero inside of the cylinder.
Although the cylinder is perfect conductive, the current generated by the external electric field is finite and depends
beside of the geometry on the conductivity of the environment. The next step is the internal impedance condition which
considers the finite conductivity of the metal. Even if the conductivity of metal is 5 to 6 orders higher than the
conductive of the sea water, this internal impedance is important and controls the correct decay of the secondary fields
in time domain. For a perfect conductor the decay is one order slower than for a realistic conductor. The impedance
condition is also expended for a cylindrical shell, which yield to a better description of a pipeline. An further impedance
condition can be added, which considers the effect of an isolating coating sheet which covers the cylinder.
This analytical approach describes the galvanic effect of this 2-d structure, which is the strongest contribution, and has a
large influence on the electromagnetic soundings. The vortex currents which are also analyzed must be closed current
loops inside the cylinder and therefore the secondary fields decay one order faster with the distance.
Numerical techniques as finite differences with a staggered grid and finite elements are also applied to this kind of
problem and compared with the analytical approach.

Keywords: Marine EM, axial conductors

based on the work from Tsubota and Wait (1980) for
an infinite long horizontal cylinder embedded in the
conductive medium.

INTRODUCTION

Marine controlled-source electromagnetic method
becomes very important technique for finding
hydrocarbons. Beside the exploration for new
reservoirs, the method has been applied in production
oil fields. Pipelines or communication cables can cross
such survey areas. These thin and long elongated
objects are highly conductive because of their metallic
parts, and the influence on electromagnetic soundings
can be very strong and is here analyzed.
The high contrast in conductivity to the surrounding
environment and the length with a small cross section
is challenging for standard numerical techniques.
Therefore we have chosen the analytical approach

THEORY
The electromagnetic fields are separated into two parts:

E = E n + E a and H = H n + H a
The normal part consists of the fields in a layered
medium generated by an external transmitter, e.g. a
grounded dipole. The anormal part describes the field
in the medium generated by the current in the
cylindrical conductor. The current is determined by an
impedance condition at the boundary of the cylinder.
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Therefore the fields and the current is transformed
along the strike direction into wave number domain, so
that the interaction between current and field become a
product. We define the Fourier Transform analog to the
Laplace Transform
∞
~
I (β ) = ∫ I ( x ) e − i β x dx

TE- and TM-mode for the anomal field
Tsubota and Wait (1980) defined the potential for the
line source by two Hertz potential along the strike
direction. This yield to coupled system of equations
for the boundary condition of a horizontal layer.
Here we define two potentials in the vertical direction,
so that the field are decoupled in two modes.
Similar to Ward and Hohman (1988) divergence free
fields can be separated in poloidal and toroidal fields

−∞

I (x ) =

1
2π

∞

∫ I (β ) e
~

iβ x

dβ

−∞

The field are first simulated in the frequency domain
and excited with eiωt, and then transformed to time
domain.

r
B = ∇ × ∇ × ( zˆ ϕ E ) + ∇ × ( zˆ μσϕ M )
r
j = −∇ × ( zˆ σ ϕ& E ) + ∇ × ∇ × ( zˆ σϕ M )

Full space

The fields are separated in two modes, TE and TM,
which are decoupled. The potentials are coupled by the
line source and only together they yield to physical
fields.

In a full space the anomal fields of a line source have a
rotation symmetry around the x-axis. There is no
magnetic field component parallel to the current.
Therefore the fields can be described by a vector
potential Ax with a single component along the strike
direction. The electrical field is determined by the
Faraday law as far as the gradient of a scalar potential.
With the Lorentz gauge condition the vector potential
meets the inhomogeneous Helmholtz equation

(∇

− k

2

2

)A

x

= − I ( x )δ

( y )δ ( z

ϕ E (x , y , z ) =
ϕ M (x , y , z ) =

− z 0 ).

=

∞ ∞

8π

2

~

−α z − z 0

−∞−∞
∞ ∞

1
4π

∫ ∫ I (β ) e

2

∫∫

(

dλ

e iλ y e iβ x

~
I (β ) K 0 r β

2

+k

α
2

~
H

)e

~
H

dβ

In these equations α2=β2+λ2+k2 and k2=iωμσ are the
wave numbers for space and frequency, K0 is the
modified Bessel function and r2 = y2 + (z-z0)2 the radial
distance from the current. The last integral show that in
the space domain the solution is a convolution of the
current with the Green function of a full space

= x2 + y

2

+ (z − z 0

f M (β , λ , z ) e i β x e i λ y d β d λ

−∞−∞

~
1
− iλ A x =

μ

(

(β

)

2

+ λ2

) f (β , λ , z )
E

μ I (β ) e − α z − z
.
2α
β 2 + λ2
~

0

− sign ( z − z 0 )

fM

~
I (β ) − α
e
2

z − z0

~
I (β )
−α z − z0
e
− i βσ f M .
2 β 2 + λ2
~
(
)
(β , λ , z ) = − i β I2 (β ) 2 sign z − z 0 e − α z − z 0 .
2σ
β +λ

= − λ 2 sign ( z − z 0 )

∫ I (x ′ ) G (x − x ′ )dx .

2

(β , λ , z ) =

y (β , λ , z ) =

−∞

1
e − kR
4π R
with
R

∫∫

2

μ

−∞−∞

G ( x, y, z) =

∞ ∞

The TM-mode can be determined by the horizontal
component of the magnetic field which is a
combination of both modes
1 2
H y (x , y , z ) = ∂ z A x =
∂ yz ϕ E − σ ∂ x ϕ M ( x , y , z )

∞

=

z

f E (β , λ , z ) = − i λ

dβ

iβ x

−∞−∞

1
4π

f E (β , λ , z ) e i β x e i λ y d β d λ

∫∫

μ

A x (x , y , z ) =
1

4π

2

The vertical magnetic component is only in the TEmode, and the TE-potential can be found by comparing
1 2
H z ( x , y , z ) = −∂ y A x = −
∂ xx + ∂ 2yy ϕ E ( x , y , z )

The solution can be given by a horizontal Fourier
Transformation into the wave number domain. Some
useful integral identities are given in Gradstein
(3.354.5, 3.961.2 and 6.726.4).
The vector potential for the field of a line current in the
full space at the depth z0 is

=

∞ ∞

1

(

)

The impedance condition
The unknown current in the metallic conductor is
determined by a boundary condition on the surface of
the cylinder. The external fields are forcing the current.
We are assuming that the electric field parallel to the
cylinder axis gives the main contribution to the current.

)2 .
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The internal impedance is zero for the limit of a perfect
The cross section of the conductor is so small that Ex is
conductor. But even with the very high conductivity of
rotation symmetry.
metals this internal impedance is important for the
Several impedance conditions are applied for
proper decay of the signal in time domain.
estimating the current. First we assume that the
The internal impedance can be extended straight
cylinder is perfect conductor. Therefore the electrical
forward for a cylindrical shell when the core is
field vanishes inside the conductor. The tangential
nonconductive.
electrical field is continuous and on the boundary
n
a
The last impedance condition considers the case, when
Ex = Ex + Ex ≡ 0
the cylinder has a resistive coating sheet. For this case
On the boundary the anomal field is opposite to the
the solution for the electric field Ex need both modified
external normal field and can be presented by the TE
Bessel
function for the coating sheet
and TM potentials in the wave number domain
~n
~a
E x (β ) = − E x (β ) = − [− i ω (i λ ) f E + i β ∂ z f M ]
~
E xa (β ) = A (β ) I 0 r β 2 + k M2

(
+ B (β ) K (r

For an perfect conductor the external normal field an
be expressed by the product of an external impedance
Ze and the current
~
~
E xn (β ) = Z e (β ) I (β ).
Although the cylinder is a perfect conductor the current
flow in the cylinder is finite and depends on the radius
of the cylinder and the conductivity of the
environment.
For the full space the impedance can be presented in
closed form
β2 + k2
Z e (β ) =
K 0 ra β 2 + k 2 .
2 πσ
The current is flowing on the surface of the perfect
conductor. The next step is to consider the finite
conductivity of a real conductor. The forces ares are
the anomal fields. The relation between electric and
magnetic anomal field yield to an internal impedance.
The current is replaced by the magnetic field on the
boundary by the Ampere law
a
x

(β ) =

Z

i

(β )I~ (β ) =

Z

i

Z

)

M

(β ) =

~
E xa (β )
~
2 π r H Φa (β

r = rM

) r=r

=
a

β

2

2 π rM σ

M

⎛r
ln ⎜⎜ M
⎝ ra

⎞.
⎟⎟
⎠

This impedance is independent of the frequency. A
complete isolation yield to an infinite impedance and
therefore no current will flow in the cylinder.
In reality there will be induced currents in a totally
isolated conductor due to time variations in the external
magnetic field. These induced current are closed field
lines, because they are generated by a 3 dimensional
extern source. These are effects of higher order, since
the currents inside the cylinder flowing in opposite
directions and decay one order faster with distance.

(β )2 π r a H~ (β ) .

σa
~
∂ r E xa (β ) .
β 2 + k2

The total impedance is the summation of external and
all internal impedances, because they are quasi serial
connected.

Normal fields in layered media

Since the ratio of electrical and magnetic field is of
interest, the unknown and arbitrary function C(β) will
cancel. The internal impedance with the finite
conductivity is

(
(

)
)

In the resistive and thin sheet is the current close to
zero and the changes in the tangential and continuous
electric field is the difference over the thickness. This
gives following internal impedance for the coating

The electric field satisfy the Helmholtz equation in
cylinder geometry and the solution for the inside region
is the modified Bessel function of the first kind
~
E xa (β ) = C (β )I 0 (β ).

Z i (β ) =

+k

(

For fields with this rotation symmetry and the strike
direction the magnetic field can be expressed by the
electric field

~
H Φa (β ) = −

β

2
M

Since the conductivity of the coating is low, the Bessel
function can be approximated by the low argument
limit
~
E xa (β ) = A (β ) + B (β ) ln r β 2 + k M2 .

)

(

~
E

0

2

The normal fields in a layered media, generated by an
extern source as a grounded electrical dipole or an
inductive source as a magnetic dipole, has to be Fourier
transformed along the cylinder axis – the strike
direction. Especially the extern tangential electric field
combined with the impedance of the cylinder gives the
current inside the conductor.

)
)

β 2 + k 2 I 0 ra β 2 + k a2
.
2π ra σ a I 1 ra β 2 + k a2
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In space domain the fields are expressed by Hankel
varied from 1 MS/m to infinity. The perfect conductor
Transformation integral
decays with 3/2-power law and the amplitude is always
∞
negative.
ϕ ( x , y , z ) = ∫ [... ] J 0 κ x 2 + y 2 d κ .

)

(

0

The kernel function […] is dependent on the 1-d
conductivity model and the wave number κ2=β2+λ2.
The Fourier Transform is only applied to the Bessel
function J0. The Bessel function J1 can be transformed
to J0 by partial derivatives. Since the function is even
in x, only a cosine transform is necessary. With the
integral given in Gradstein (6.677.3) a general
expression can be given
∞
dλ
.
ϕ~ (β , y , z ) = 2 ∫ [... ] cos (λ y )
0

κ

The remaining integral is the Fourier Transform along
the y-direction.

Figure 2: Induced voltage of the anomal vertical
magnetic field for different internal impedances.
Lines are solution with the impedance condition and
the symbols are the exact solution in a full space.

Figure 1: DC electric field line of a grounded electrical
dipole in full for the total field (solid line) and the
undisturbed normal field. The cylinder is a perfect
conductor.
CONCLUSIONS
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Three Dimensional Finite Element Analysis of Electromagnetic Induction in Geologic Formations
Containing Magnetic Bodies
1

Souvik Mukherjee1, and Mark E. Everett1
Department of Geology and Geophysics, Texas A&M University, College Station, TX 77843

SUMMARY
The surge of interest in environmental problems has opened new avenues and scope for the application of the
controlled source electromagnetic (CSEM) method to near surface geophysical problems. Whilst most naturally
occurring geologic materials are non magnetic, near surface geophysics often deals with steel objects such as
drums, pipes, sheets, concrete reinforcement bars, and unexploded ordnance (UXO). These materials, in addition to
having a high conductivity, sometimes have significant relative magnetic permeability. An additional challenge is
introduced when such targets are embedded in a weakly ferrimagnetic medium. The goal of this work is to develop
a numerical forward modeling code for computing the CSEM induction response of such ferromagnetic bodies,
embedded in a weakly ferrimagnetic medium, using the low frequency approximation of Maxwell’s equations and
a finite element method using vector edge basis functions to solve the resulting “diffusive” differential equations.
The coupled potential formulation gives rise to an ungauged “curl – curl” formulation leading to an asymmetric
coefficient (stiffness) matrix and the possibility of numerically unstable spurious modes. We formulate the problem
in terms of edge basis vectors to counter this.
Keywords: Ferrimagnetic, Ferromagnetic, edge elements, three dimensional finite elements, UXO detection.

inhomogeneous geological host is sparse in
geophysical literature.

INTRODUCTION
The surge of interest in environmental problems
has opened new avenues and scope for the
application of the controlled source
electromagnetic (CSEM) method to near surface
geophysical problems. While complicated geology
can make the interpretation of CSEM data
difficult, an additional challenge is introduced in
near surface geophysics by the presence of man
made debris, such as buried pipes, drums, and
unexploded ordnance (UXO).
Whilst most naturally occurring geologic
materials are non magnetic, near surface
geophysics often deals with steel objects such as
drums, pipes, sheets, concrete reinforcement bars,
and unexploded ordnance (UXO). These materials,
in addition to having a high conductivity,
sometimes have significant relative magnetic
permeability in the range of 200 – 500 (Eskola et
al, 1999). Although there have been efforts at
characterizing the CSEM response of buried
targets in terms of analytic solutions (eg. Grant
and West, 1965), explicit numerical modeling
analysis of such targets embedded within an

FINITE ELEMENT FORMULATION
We solve for the electric and magnetic fields induced
due to a current loop source placed at the air earth
interface (AEI) inside a rectangular earth. We define a
double half space with an upper non conducting region,
Ωn having non conducting boundaries Γn, and a lower
conducting region, Ωc having non conducting
boundaries Γc. The interface between the two is defined
as Γnc (Figure 1). We define a scalar magnetic potential
φ in air, while in earth we define a vector magnetic
potential A and a scalar electric potential, V. Following
Badea et al (2001), it is possible to avoid explicit
modeling of the source geometry by defining a set of
primary potentials as the response of a background
model, usually a homogeneous or layered earth due to
excitation by the source. The primary potentials have a
well defined analytic or semi analytic solution
everywhere in the FE domain. We can thus define,
φ = φ p + φs

A = Ap + As
V = V p + Vs
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the background model, while the subscript s denotes
the secondary of each of these physical quantities.
We can discretize the domain such that it is made up
of tetrahedral elements following the discretization
scheme of Liu and Joe (1996). We use nodal basis
functions to describe Φs and Vs and edge basis
functions to describe As. For Ωn, above the AEI, let

Γn
Ωn
Γn

Horizontal current loop with surface
current density k

Γn

φ s (r ) =

Γnc

N1

∑ pψ

n
i

i

i =1

Γc

Where
pi = Unknown scalar coefficients.
And,
ψ in = Scalar nodal basis functions in Ω n but not

Γc

Ωc

including Γn , or, Γnc .
In Ωc, below the AEI, but not including Γc, or Γnc, As
can be expressed as

Γc

As (r ) =

M

∑a α
i

i

i =1

Where
a i = Unknown scalar coefficients.
And,
α i = Vector edge basis functions in Ω c but not
including Γn , Γc , or, Γnc .

Figure 1: A schematic representation of the earth
model excited by an electromagnetic loop source.
Here, the subscript p denotes the primary potential and
s denotes the secondary potential in each case.
Furthermore, in Ωn,
∇φ = −B .
While in Ωc,
∇× A = B
and
− i ω (A + ∇ V ) = E
With appropriate choices of the primary potentials, we
have the following governing equations:
In Ωn, we have,

∇ 2φ s = 0

The scalar electric potential, Vs, is also defined
inside Ω c as
V s (r ) =

(

− iωσ s ∇V p − iωσ s A p

)

(

i

c
i

i =1

including Γn , Γc , or, Γnc .
With the appropriate choice of test functions, equations
(3), (4), and (5) can be discretized as

(2)

∑ p (∇ψ
N1

i

And
− ∇ ⋅ (iωσAs + iωσ∇V s ) = ∇ ⋅ iωσ s A p + iωσ s ∇V p

∑bψ

Where
bi = Unknown scalar coefficients.
And,
ψ ic = Scalar nodal basis functions in Ω c but not

(1)

While in Ωc, we have
∇ × (υ∇ × As ) + iωσAs + iωσ∇V s = −∇ × υ s ∇ × A p

N 21

i =1

) (3)

)

n
n
j , ∇ψ i Ω
n

=0

(4)

Where
σ = σp + σs
µ = µp + µs
1/µ = υ = υp + υs
and
υp = 1/µp
Here, the subscript p in each equation denotes
respectively, the primary conductivity, the primary
permeability, and the primary reluctivity distribution in
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∑ (
M

ai ⎡ ∇ × α j ,υ∇ × α i
⎢⎣
i =1

)Ω

N2

∑ b (iωσα , ∇ψ
j

k

k =1

c

− υ∇ × α i , n × α j

Γnc

(

= − ∇ × α j ,υ s∇ × Ap

c
k )Ω c

(

+ iωσα j , α i

)Ω

(

∑ a (iωσ∇ψ
i

)

i =1

c
j ,αi Ω
c

+

here, both the radial and the vertical component of the

c

of a permeable half space.

c

− υ∇ × A p , n × α j − α j , iωσ s Ap
M

)Ω ⎤⎥⎦ + magnetic field are significantly altered by the presence

)Ω (5)
c

∑ b (iωσ∇ψ , ∇ψ )
= (iωσ ∇ψ , A )
N2

c
j

k

c
k Ω
c

k =1

c
j

s

p Ω
c

(6)

At the boundary, the tangential continuity of H yields,
Ms

∑ a ⎡⎢⎣(∇ × α ,υ∇ × α )
j

i

i Ω
c

i =1
Ns

∑ p ⎡⎢⎣(iωσα , ∇ψ
j

k

k =1

c
k )Ω c

(

= − ∇ × α j ,υ s∇ × Ap
− υ∇ × A p , n × α j

)Ω

Γnc

c

(

)Ω ⎤⎥⎦ +

+ iωσα j , α i

c

+ α j ,υ0∇ψ ks × n

Γnc

− α j ,υ s∇ × Ap × n

(

− α j , iωσ s Ap

)Ω

⎤
⎥⎦

Γnc

(7 )

Figure 2. The effect of a permeable half space
on the CSEM response of a loop source. The
radius of the loop is 3m. The conductivity of the
half space is 0.01 S/m. The operating frequency
is 30 Hz. The real and imaginary parts of the
radial components of the field are shown in
panels (a) and (b) while the vertical components
of the field are shown in panels (c) and (d).

c

Here,

υ0 = 1µ
0
And,
µ 0 = Free space magnetic permeability
While the normal continuity of B, following Biro
(1999), yields,
Ms

∑a
i =1

i

α i , ∇ψ × n
s
j

Γnc

−

∑ p (∇ψ
Ns

k

k =1

)

s
s
j , ∇ψ k Ω
n

CONCLUSIONS

= 0 (8)

Near surface geophysics can be an extremely useful
tool in urban planning projects such as brown field
restoration, landfills, waste site monitoring, UXO
detection and discrimination, etc. In most such studies,
the effect of the ground itself is assumed small and
neglected. However, the presence of ferromagnetic
soils can significantly alter the target response which
may also be conductive and ferromagnetic. Using the
scheme outlined above, a new FE forward modeling
code using vector basis functions, capable of modeling
highly conductive ferromagnetic targets embedded in a
ferrimagnetic medium is being developed. Finite
element analysis of the CSEM response of buried steel
targets in such permeable backgrounds could lead to
improved calibration of the method in such areas

Thus the equations for the finite element stiffness
matrix are given by the equations (4), (5), (6), (7), and
(8). The structure of the matrix is sparse and
asymmetric. To solve this we will use the QMR
algorithm described by Freund et al (1992) and
implemented by Badea et al (2001).

APPLICATIONS OF THE FORWARD
MODELING CODE
In many near surface geophysics applications, the
effect of the ground properites on the target is often
negligible. However recent studies (eg. Sun et al 2005)
have underscored the importance of the effect of a
magnetic soil in such situations. The effect of a
permeable half space is shown in Figure 2. Here, the
behavior of the radial and vertical components of the B
field as a function of distance from the center of a loop
source (radius 3m) operating at 30 Hz. As can be seen
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Finite-Volume Time-Domain EM Modelling for High Conductivity
G. A. Oldenborger1 , and D. W. Oldenburg1
1
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S UMMARY
Numerical solutions of Maxwell’s equations can be problematic for high conductivity contrasts and/or high conductivities.
We utilize a time-domain solution based on a potential formulation over a finite-volume staggered grid that accounts for
large jump discontinuities in electrical conductivity. We test the solution for a variety of plate-type models with variable
electrical conductivity. Good agreement is obtained with the character of the analytical response function and independent
thin-plate solutions for contrasts of 10−9 : 100. The 3D vector fields allow for physical interpretation of the EM response
and bolster the modelling results for high conductivity.
Keywords: Electromagnetics, time-domain, finite-volume, high conductivity.

I NTRODUCTION

implementation introduces concern with respect to absolute conductivity. The difficulty of high-conductivity
finite-volume TEM modelling is encapsulated by the
equation for the 1D diffusion distance

Ultimately, we would like to be able to model and invert time-domain electromagnetic (TEM) data for highly
conductive targets such as Sudbury-type nickel sulfide deposits, or unexploded ordinance. Finite-volume or finiteelement methods can ostensibly handle arbitrarily complex models with large contrasts in material properties.
However, in implementing a numerical TEM solution,
we also need to understand its limitations and quantify
when our results may suffer from inaccuracy. This knowledge is crucial when carrying out inversions of field data.
For finite-volume (or finite-element) modelling, simulating the TEM response for a plate in freespace is one of the
most challenging problems.

δx =

p

2t/µσ

(1)

where δx represents the distance at which the local electric field reaches a maximum at time t (e.g., Nabighian &
Macnae, 1991). Typically, in a numerical modelling context, the diffusion distance
p is used to define a grid spacing
∆x such that ∆x < 2t0 /µσ where t0 is some minimum time. As such, we see that high conductivities lead
to the expensive requirement of small volume elements.
The problem is exacerbated for multi-scale domains with
complex heterogeneity.

The full Maxwell’s equations are modelled using the solution of Haber, Ascher, & Oldenburg (2004) in terms of
the decomposition of the electric field into scaler and vector potentials: E = A + ∇φ. Finite-volumes are chosen
for their more compact formulation and the efficiency of
storing and solving the sparse matrix system. The numerical algorithm employs a staggered grid with cell-centred φ
and σ, and face-centred A. Decomposition into potentials
ameliorates problems of slow convergence with iterative
solvers, whereas the staggered grid and a weak-form integration allow for piecewise continuous electrical conductivity with large jump discontinuities. Discontinuity of the
normal electric field at cell faces is handled via the definition of the effective current density, and flux conservation
is enforced via implementation of harmonic averaging of
conductivity at cell faces. Time-stepping is handled using
an implicit backward-difference formulation (BDF).

For highly conductive targets, the decay times become
quite long. The characteristic time for a sphere or a 2D
block conductor is given by Oristaglio & Hohmann (1984)
as
τ = µσa2 /π 2

(2)

which we can substitute into equation (1). At the characteristic time, we require a grid spacing
∆xτ <

√

2 a/π

(3)

which is independent of conductivity. We see that to represent any conductor at its characteristic time, we need
only to discretize at some fraction of the length scale a.
Although we may never be able to capture the behaviour
of strong conductors at early times, we should be able to
represent them during their decay.

Despite careful accounting of the physics of the problem
for strongly discontinuous material properties, numerical
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To test the TEM solution at high conductivity contrasts
and high conductivities, we adopt the plate model illustrated in Figure 1. We define air or freespace in terms
of an electrical conductivity of 10−9 S/m. The transmitter signal is a 1 s step-on with magnetic field measurements (analogous to a UTEM source with voltage measurements). The time range is discretized with 10 steps
per decade from 10−7 –100 s. The model volume is discretized with 101 × 78 × 100 cells with 10 m cell widths
over the 50 m-thick plate(s) and 12.5 m cell widths over
the remaining core of the model. Outside
of the model
√
core, the mesh grows by a factor of 2 to a point where
the primary field at the boundary is negligible.

Secondary Bz (pT)

obvious manifestation of numerical diffusion due to the
BDF discretization that would perturb the apparent time
constant of the conductor.
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Figure 2: Time decays on the surface at x = 700 m for a
plate in freespace at the conductivities given by the
legend (S/m). Top: finite-volume solution. Dashed
vertical lines indicate the numerical time limitation.
Bottom: thin-plate solution.
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Figure 1: Schematic plate model. Variations involve multiple plates and a conducting halfspace (10−3 S/m).
Figure 2 shows the modelled time decay at the surface
for a variety of plate conductivities using both the finitevolume solution and the commercial software MAXWELL
for thin plates. For the finite-volume solution, the numerical limitation is expressed as the minimum time corresponding to a diffusion distance equal to the cell size for
a given conductivity. However, we appear to obtain robust solutions for high-conductivity at times less than the
limiting time.

5

5
0

−5

0
0

300 600 900 1200 1500
x (m)

−10

0

300 600 900 1200 1500
x (m)

0

300 600 900 1200 1500
x (m)

The transient solution of Wait (1951) clearly demonstrates
that for a conductor in a freespace, the magnitude of the
response function does not vary with conductivity of the
target. Conductivity alters the decay rate only, but the decays are en echelon in log-time with a common asymptote. The finite-volume solution exhibits decay consistent
with the analytical response function regardless of conductivity. Exponential decay is evidenced by the straightline sections in log-time, and the transients take approximately two orders of magnitude in time to decay from
8 pT. As conductivity increases, we do not observe any
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Figure 3: Secondary field profiles for a 10 S/m plate in
freespace at the times given by the legend (s). Top:
finite-volume solution. Bottom: thin-plate solution.
Vertical lines indicate plate centre.
We also observe the finite-volume solutions to be in good
agreement with the thin-plate solutions with some im32
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portant distinctions. The thin-plate solutions violate the
fundamental condition of constant magnitude for approximately σ > 102 S/m. Furthermore, there is some discrepancy between the solutions for Bxs that may be due,
in part, to the 3D nature and the non-vacuum background
of our finite-volume freespace compared to the infinitesimal thickness and infinitely resistive background of the
thin-plate model.
The secondary field profiles of Figure 3 illustrate the
canonical plate anomaly. Differences between the finitevolume and thin-plate solutions are nearly indistinguishable at this scale for the 10 S/m plate. At this contrast
of 10−9 : 10, our comparative accuracy is typically better
than 1 pT over a 10 pT signal. Similar results are obtained
for 10−9 : 100. At small signal strengths, our relative error can be very large. However, at our maximum signal
strength of 5–9 pT in Bzs , the error is less than 10%. At
our maximum signal strength of 10–12 pT in Bxs , the error
is less than 5%.
M ULTI - PLATE MODELS
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Figure 4 illustrates the finite-volume solution for the secondary field profiles associated with two conductive plates
in freespace. The profiles show both the absolute secondary field and the continuously normalized response
(the secondary field expressed as a percent of the primary). Similar to the single-plate model, the target signal
strength is on the order of 10–20% of the primary field
and only the decay rates change with conductivity.

Figure 5: Secondary H field associated with two 10 S/m
plates in a halfspace. Top: 10−5 s. Bottom: 10−2 s.
Scale is in Log10 (A/m).
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Addition of a moderately conductive halfspace
(10−3 S/m) complicates the model via the presence of
an early-time halfspace response and a mid-time platehalfspace coupled response. Our finite-volume solution
allows for visualization of the early-time response in terms
of a “smoke ring” propagating through the moderately
conductive background independent of the distant conductors (Figure 5, top). The smoke ring is followed by the
slowly decaying response of the plates (Figure 5, bottom).
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We can also observe the differences in current density
between times when the plate is just beginning to decay
while still interacting with the horizontal halfspace currents (Figure 6, top), and when the plate is in full decay with only vertically oriented vortex currents (Figure
6, bottom). Similar vector maps allow us to monitor the
diffusion of the vortex currents and the associated whorls

Figure 4: Secondary field profiles for two plates in
freespace at the times given by the legend (s). Top:
10 S/m. Bottom: 1000 S/m. Vertical lines indicate
plate centres.
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frequencies, it proves difficult to obtain and verify solutions at very early time due to the presence of a wave solution and and the requirement of very fine time stepping.
Conversely, thin-plate solutions adopt the simplifying assumption of an infinitely resistive background and pure
diffusion.

of the secondary magnetic field into the conductive plates
at later times.

For the synthetic models considered here, the target signal
strength represents approximately 10% of the primary or
total field. As such, modest amounts of noise (numerical
or otherwise) may prohibit our ability to invert data such
as these. Our results suggest that the numerical noise,
at least, should be manageable at approximately 10% of
the secondary or 1% of the primary field strength. Nevertheless, despite our capability to model high-contrast and
high-conductivity environments, inversion of the data for
highly conductive targets is an ongoing challenge.
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Figure 6: Total current density in and around a 10 S/m
plate in a halfspace. Top: 10−4 s. Bottom: 10−2 s.
Scale is in Log10 (A/m2 )
C ONCLUDING D ISCUSSION
The time-domain solution of Maxwell’s equations via
a potential formulation over a finite-volume staggered
grid appears robust for high conductivity contrasts and
high conductivities. Comparison with thin-plate solutions gives good agreement for conductivity contrasts of
10−9 : 100. Comparison with the analytical response
function suggests the capability to model highly conductive targets below the numerical time limit implied by diffusion length arguments, and at least during their characteristic decay time.
The finite-volume solution does exhibit inaccuracy at very
early times even for moderate conductivities. Akin to high
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A BSTRACT
The availability of matrix factorization software and high performance computing has allowed us to explore the potential
for solving 3D EM forward modelling problems using direct solvers. This is particularly advantageous when data from
many transmitters need to be simulated. We first formulate Maxwell’s equations in terms of the magnetic field H to
provide a symmetric forward modelling operator. The problem is discretized using a finite volume technique in space and
a backward Euler in time. The MUMPS software package is used to carry out a Cholesky decomposition of the forward
operator, with the work distributed over an array of processors. The forward modelling is then quickly carried out using
the factored operator. The time savings are considerable and they make the simulations of large ground or airborne data
sets feasible and greatly increase our abilities to solve the 3D electromagnetic inverse problem in a reasonable time.
Keywords: Electromagnetics, forward modelling, time domain, direct solvers

I NTRODUCTION

We use the MUMPS codes and distribute the computation
over many different processors.

In previous research (Haber, Oldenburg, & Shekhtman,
2006) we developed an inversion algorithm that allowed
us to invert data from a single, or a very few, transmitters. Unfortunately the computational demands of that algorithm were too large to invert typical ground or airborne
surveys acquired from many source locations. The principal difficulty is the time required to solve the forward
problem. Simulating data that arise from multi-sources
can be computationally onerous because each transmitter
requires that Maxwell’s equations be solved. Usually this
is done with iterative (eg. CG-type) algorithms and hence
the computation time increases linearly with the number
of transmitter locations. However, significant increases
in efficiency can be had if the forward modelling matrix
is factored. This involves large computations and significant memory requirements. However, once this is accomplished, solving the factored system with a different right
hand side proceeds very quickly. The idea of decomposing the matrix system and solving many right hand sides
for different sources is not new (Dey & Morrison, 1979),
and small problems have been solved in this manner.
However, the matrices for 3D TEM problems have generally been considered to be too large to contemplate this approach. Over the last decade however, advances in mathematics and computing science have resulted in factorization algorithms that can be implemented on large scale
computing systems (Amestoy, Guermouche, L’Excellent,
& Pralet, 2006). The efficacy of this approach depends
upon the time required to factor the matrix compared to
the time required to solve the matrix system from scratch.

M AXWELL’ S E QUATIONS IN THE T IME D OMAIN
The forward model consists of Maxwell’s equations in
time where the permeability is fixed but electrical conductivity can be highly discontinuous. To be more specific,
we write Maxwell’s equations as
∂H(i)
∂t
∂E(i)
(i)
(i)
∇ × H − σE − 
∂t
i = 1, . . . , N
∇ × E(i) + µ

=

0,

(1a)

=

s(i)
r (t)

(1b)
(1c)

over a domain Ω × [0, tf ], where E(i) and H(i) are the
electric and magnetic fields that correspond to the source
(i)
sr , µ is the permeability, σ is the conductivity,  is the
permittivity and sr is a source. The equations are given
with boundary and initial conditions:

n × H(i) = 0
H(0, x) =

(i)
H0

E(0, x) = 0

(2a)
(2b)
(2c)

although other boundary and initial conditions could be
used.
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Solving the forward problem

this factorization can be used to solve all the linear systems.
Matrix factorization is an expensive computational process. If the number of sources and/or time steps is small
then we may not benefit from this work and using iterative methods for the solution of the system can be superior. However, when the same forward modelling matrix
needs to be solved many times, the decomposition will
be greatly superior to iterative techniques. The benefits
of this are exacerbated when one proceeds to the inverse
problem since the same factorization can be used for the
computation of the gradient as well as for the solution of
the linear system which arises at each Gauss-Newton iteration.

As previously discussed in (Haber & Ascher, 2001; Haber,
Ascher, Aruliah, & Oldenburg, 2000) consistent discretization of Maxwell’s equation leads to a near-singular
system. This is due to the rich null space of the curl operator. In our previous work we have turned to the A − φ
formulation to stabilize the system. While this approach is
highly effective for iterative methods, it is not as effective
for direct methods due to two main difficulties. First, the
resulting system is not symmetric thus one is required to
use the LU factorization rather than the Cholesky factorization; this doubles the amount of memory used for the
solution of the system. Second, the number of unknowns
is larger and this adds even more memory to the factorization. Keeping this in mind, we now work directly with the
fields.
Using backward Euler discretization in time with step size
δt we obtain
Hi+1 − Hi
δt
Ei+1 − Ei
∇ × Hi+1 − σEi+1 − 
δt
∇ × Ei+1 + µ

=

0,

Software for Matrix Factorizations
In recent years there has been a growing effort to obtain
scalable matrix factorizations on parallel machines. After
testing a few packages we have decided to use the package Multi-frontal Massively Parallel Solver (MUMPS) by
the CERFACS group (Amestoy et al., 2006). MUMPS is
a package for solving systems of linear equations of the
form Ax = b, where the matrix A is sparse and can be either unsymmetric, symmetric positive definite, or general
symmetric. MUMPS uses a multifrontal technique which
is a direct method based on either the LU or the LDLT
factorization of the matrix. MUMPS exploits both parallelism arising from sparsity in the matrix A and from
dense factorizations kernels. The main features of the
MUMPS package include the solution of the transposed
system, input of the matrix in assembled format (distributed or centralized) or elemental format, error analysis,
iterative refinement, scaling of the original matrix, and return of a Schur complement matrix. Finally, MUMPS is
available in various arithmetics (real or complex, single
or double precision). The software is written in Fortran
90. The parallel version of MUMPS requires MPI for
message passing and makes use of the BLAS, BLACS,
and ScaLAPACK libraries. We have tested MUMPS on
a cluster of PCs under Linux. MUMPS distributes the
work tasks among the processors, but an identified processor (the host) is required to perform most of the analysis
phase, distribute the incoming matrix to the other processors (slaves) in the case where the matrix is centralized,
and collect the solution. The system Ax = b is solved in
three main steps:

(3)

= sri+1(4)

Eliminating the electric field Ei+1 from Maxwell’s equations we obtain an equation for the magnetic field Hi+1
∇ × (σ + δt−1 )−1 ∇ × Hi+1 +

µ
Hi+1 = rhsi+1 (5)
δt

The above system can be near-singular when the conductivity is small and the time steps are large. To stabilize it
we recall that we also have ∇ · µH = 0 and therefore we
can rewrite the system as
∇ × (σ + δt−1 )−1 ∇ × Hi+1
−∇µ−1 (σ + δt−1 )−1 ∇ · (µHi+1 )
µ
+ Hi+1 = rhsi+1
δt
The new term ∇µ−1 (σ + δt−1 )−1 ∇ · (µHi+1 ) stabilizes
the system without changing the solution.
Upon discretization is space, we obtain the linear system
A(σ)Hi+1 := (C(σ, δt) + M )Hi+1 = rhs

(6)

where the matrix C(σ, δt) is a discretization of the differential operator in (6). The matrix is SPD and depends on
the conductivity and the time step δt. The matrix M is
dependent on µ and δt.
We now make an important observation which motivates
our approach. We note that by using the same time steps
δt, the linear system (6) is identical for all times and all
sources. Thus, assuming that we decompose the system
into
A(σ) = LLT ,

1. Analysis. The host performs an ordering based on
the symmetrized pattern A + A> , and carries out
symbolic factorization. A mapping of the multifrontal computational graph is then computed, and
symbolic information is transferred from the host
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Algorithm
original
MUMPS
MUMPS

to the other processors. Using this information, the
processors estimate the memory necessary for factorization and solution.

2. Factorization. The original matrix is first distributed
to processors that will participate in the numerical
factorization. The numerical factorization on each
frontal matrix is conducted by a master processor
(determined by the analysis phase) and one or more
slave processors (determined dynamically). Each
processor allocates an array for contribution blocks
and factors; the factors must be kept for the solution
phase.

NT X
22
22
22

Np
22
22
22

Nδt
32
105
15

tf

ts

P

360
360

0.8
0.8

5

Ttotal
1.3E4
1.8E6
3.1E3

Table 1: NT X is the number of transmitters; Np is the
number of processors; Nδt is the number of time
steps needed to solve the full time domain problem;
tf is the time required to factor the matrix; ts is the
solution time for a forward problem once the matrix
has been factorized; P is the number of subintervals
(each of which requires its own matrix factorization); Ttotal is the time taken to solve the complete
problem the NT X transmitters.
We now turn to the MUMPS factorization. Our equations
are to be time stepped between times T1 = 10−6 and
T2 = 10−1 seconds. The time step δt is determined by
the smallest time needed and is µT1 where µ is a constant. Here we use µ = 1 so the number of time steps
is Nδt = (T2 − T1 )/δt = 105 . The factorization time,
tf , depends upon the number of CPU’s and the amount of
available memory; for our configuration tf is 360s. With
the factored system the time required to solve a forward
problem, tf , is 0.8s. The total number of forward solutions is equal to NT X ∗ Nδt where NT X is the number of
transmitters. Thus the total time taken to solve our problem is

3. Solution. The right-hand side b is broadcast from
the host to the other processors. These processors
compute the solution x using the (distributed) factors computed during Step 2, and the solution is either assembled on the host or kept distributed on the
processors.

Each of these phases can be called independently and several instances of MUMPS can be handled simultaneously.

Ttotal = NT X Nδt ts + tf

Practical Implementation

(7)

The numbers are listed in Table I. Unfortunately the total time is larger than for the original code. The difficulty arises because of the excessive number of time
steps; keeping the same δt for the entire modelling requires 2, 200, 000 forward solutions. This difficulty can
be circumvented by dividing our total time interval into P
subintervals each of which has a constant δt. For our example we choose P = 5. Each subinterval is one decade
in time and Nδt = 15 for each interval. Five factorizations are required and the number of forward solutions is
reduced to 1650. As per Table I, this reduces the total forward modelling time to 3120s, which is a factor of four
better than the original code. This factor can easily be exceeded if NT X /Np increases, as it does in the airborne
survey. The real benefit however, is for the inverse problem.

To obtain insight regarding the advantages of the decomposition we consider a simple, but generic, problem and
run it on our small cluster of 22 CPU’s. Each processor is
a 64 bit Opteron 244 with local memory of 2GB. This is
enough memory to solve an EM problem discretized with
703 cells. For a numerical example we suppose that the
transmitters are 140m×140m current loops on the surface
of a homogeneous earth which hosts a conductive prism.
The current waveform is a step-off and we are interested
in times between 10−6 and 10−1 seconds. With our original code, the time increments were equally spaced in log
time and we sampled 6 times per decade. Maxwell’s system therefore needed to be solved 32 times and this required 12,900 seconds on a single processor. Our implementation is "embarassingly parallelizable" over multiprocessors since each source can be spawned to its own
processor. Thus, on our cluster, we can simulate data
from 22 transmitters in this same time. We assume this
optimum case scenario for tabulation of the computation
times shown in Table I.

Implications for Inversion
Our inverse problem (Haber et al., 2006) is based upon
a Gauss-Newton procedure where, at each iteration, the
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is solved to obtain a perturbation s. W is a sparse regularization matrix, β is a constant, and g is the gradient
of the objective function. The sensitivity matrix is available as J = QA−1 G where Q is an interpolation matrix
that extracts the simulated data from the computed fields
or potentials, A is the forward modelling matrix, and G
is a known sparse matrix. The system is solved using a
preconditioned conjugate gradient (CG) solver for which
the matrix on the left must be applied to a vector many
times. The application of Jv or J T v thus requires that
a forward modelling be carried out. The implications of
the factorization of the forward modelling matrix now become apparent. Firstly, the computation of the gradient
requires a forward modelling. Secondly, even with a good
preconditioner, NCG , the number of CG iterations needed
to get a good solution, is 10-20. Thirdly, once the perturbation s is calculated, a line search is required to find the
scale factor α to update the model as mn+1 = mn + αs.
If NCG = 15 the number of forward modelings is 31 plus
any required for a line search. With the numbers outlined
above, the time to compute a GN step is about 11 hours.
This makes the problem doable, especially since another
factor of two can be recovered merely by updating our
two-year old processors.

C ONCLUSIONS
We have demonstrated the benefits of solving multi-source
time domain electromagnetic problems by decomposing
the matrix and using direct solvers. The advantages over
traditional approaches that use iterative solvers depends
upon the number of transmitters, the size of the discretized
problem, the number of processors and the amount of
memory available. Optimum use of this approach will
require dividing the global time interval of interest into
subintervals. If the factorization for each subinterval is
stored, then Gauss-Newton iterations for the inverse problem can be efficiently carried out. We are currently developing that procedure.
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S UMMARY
Finite element (FE) approximations to the solution of Maxwell’s equations can be based upon different formulations as
boundary value problems. We investigate two different approaches in frequency domain: the classical curl-curl formulation and a mixed formulation which explicitly takes into account the equation of continuity for conducting media. The
frequency dependent condition number of the FE system matrix is computed for a homogeneous medium model problem.
It reveals that the mixed approach introduces stability for low frequencies. Additionally, largely unequal weights given to
the two partial differential equations of the mixed formulation significantly affect the matrix condition number.
The study is extended to an anisotropic Perfectly Matched Layer (PML). The resulting coefficients of the partial differential equation (PDE) as a function of frequency can be bounded by introducing a complex frequency shift. However,
anisotropy grows with decreasing frequency in the relevant frequency range and, thus, deteriorates the matrix condition
number.
Keywords: Finite Element Method, Perfectly Matched Layers, Frequency Domain
√
c = 1/ µ0 ε0 ≈ 3 · 108 m/s. We will examine the solution of the frequency domain Maxwell’s equations for frequencies f = 105 . . . 108 Hz.

I NTRODUCTION
Electromagnetic methods in geophysics cover a broad
frequency spectrum. Even at the highest frequencies
used, the damping of electromagnetic waves cannot be
neglected because of the inherent electrical conductivity
present within the earth. Therefore, it is interesting to
study the damped wave equation over a frequency range
of several orders of magnitude.

The domain Ω is discretized by a regular mesh consisting
of 53 hexahedrons of size h = 0.2 m. Maxwell’s equations are numerically solved using FEMSTER (Castillo,
Rieben and White, 2003) with a family of quadratic FE
base functions (p = 2). Therefore, a sufficient sampling

Numerical simulations are a key tool to understanding
the physics of geophysical measurements, interpreting
their data and improving acquisition techniques. Restricting ourselves to time harmonic fields and Fourier synthesizing if required we end up with a system of linear equations which is obtained by the Finite Element
Method (FEM) from frequency domain Maxwell’s equations (Monk, 2003). This paper presents a numerical experiment with different formulations of boundary value
problems that lead to stable or unstable behaviour of the
frequency dependent FE system matrix condition number.

8

matrix condition number κ1

10

Dirichlet BC
Neumann BC
6

10

4

10

2

10
5
10

A MODEL PROBLEM
Consider the unit cube Ω = [0, 1]3 m3 with homogeneous
constitutive parameters magnetic permeability µ = µ0 ,
electric permittivity ε = 8ε0 and electric conductivity
σ = 0.01 S/m. µ0 and ε0 denote the free space quantities which are related to the vacuum speed of light

6

7

10
10
frequency f in Hz

8

10

Figure 1: Frequency dependence of the 1-norm FE system matrix condition number for the standard curl-curl
equation approach with Dirichlet or Neumann boundary conditions.
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Figure 2: Frequency dependence of the 1-norm FE system matrix condition number for the mixed approach
with Dirichlet boundary condition and different values
for α and β in equations (5) and (6).

6
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10
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frequency f in Hz

10

Figure 3: Frequency dependence of the 1-norm FE system matrix condition number for the mixed approach
with Neumann boundary condition and different values for α and β in equations (5) and (6). Note that the
matrix is singular for α = c, β = 0.

of wavelengths of at least ten samples is provided. The
algorithm of Higham and Tisseur (Higham and Tisseur,
2000) is combined with a direct solver from PARDISO
(Schenk and Gärtner, 2004, 2006) to estimate the 1-norm
FE system matrix condition number κ1 .

The condition number κ1 of the resulting FE system matrix is depicted in Fig. 1. The kernel of the curl operator causes κ1 to increase exponentially with decreasing
frequency. For small ω, the curl-curl term dominates the
zeroth order term and the solution can be spoiled by gradients of a scalar function. This behaviour can be avoided
using a mixed formulation.

B OUNDARY VALUE PROBLEMS
Standard curl-curl equation approach

Mixed approach

A standard approach of solving Maxwell’s equations in
frequency domain is combining them to form a second order PDE that reads in terms of the electric field vector E
as
curl(µ−1 curl E) − iω(σ − iωε)E = iωjs .

The equation of continuity (2) is explicitly taken into account by extending the system of equations (1) and (2) by
a scalar variable V ,

(1)

curl(µ−1 curl E) − iω(σ − iωε)E
+ α(σ − iωε) grad V = iωjs (5)
−α div(σ − iωε)E + βV = α div js ,
(6)

Here, i denotes the imaginary unit, ω = 2πf the angular
frequency and js an applied source current density. If E
is a sufficiently smooth solution of eq. (1) and ω 6= 0, the
divergence of eq. (1) can be taken, revealing that E also
fulfils the equation of continuity
− div(σ − iωε)E = div js .

where α is a scalar constant and β a scalar function. These
assumptions ensure that the resulting discrete system has
a symmetric coefficient matrix. The appropriate boundary
conditions read

(2)

To complete the PDE (1) posed on Ω, homogeneous
Dirichlet or Neumann boundary conditions are applied on
the boundary Γ = ∂Ω,

or

−1

n × (µ

n×E =0

(3)

curl E) = 0,

(4)

or

−1

n × (µ

n × E = 0,

V =0

(7)

curl E) = 0,

n · grad V = 0.

(8)

Taking the divergence of eq. (5) we learn that V implicitly
fulfils
−α2 div(σ − iωε) grad V + iωβV = 0.

where n is the outward normal vector on Γ.
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Figure 5: Maximum anisotropy factor ρ = |d|2 (x = 1 m)
of the CFS PML.

3

Figure 4: Dependence of the 1-norm FE system matrix
condition number κ1 on the weight constant α for the
Dirichlet boundary condition and β = 0.

9

matrix condition number κ1

10

The choice β 6= 0 leads to a denser FE system matrix
than β ≡ 0. In the case of the Neumann boundary condition (8), however, the zeroth order term iωβV is crucial: If
β ≡ 0, the solution of eq. (9) in terms of V is non-unique
and κ1 = ∞. For all other cases, a constant κ1 is achieved
for low frequencies using the mixed formulation (Figs 2
and 3).
The particular value of α is important. It can be interpreted as giving appropriate weights to both differential
equations and the two unknowns E and V . Fig. 4 illustrates that the matrix condition number, as a function of α,
has a pronounced minimum and is exponentially increasing away from the minimum. Note that, for the choice of
PDEs (5) and (6), α is in the order of the vacuum speed of
light c.

α = 0, β = 0
α = c, β = 0
2
α = c, β = c

7

10

5

10

3

10
5
10

6

7

10
10
frequency f in Hz

8

10

Figure 6: Frequency dependence of the 1-norm FE system matrix condition number for the mixed approach
CFS PML with Dirichlet boundary condition and different values for α and β in equations (5) and (6).

E XTENSION TO P ERFECTLY M ATCHED L AYERS
8

matrix condition number κ1

Most geophysical simulation problems are naturally posed
on unbounded domains. Numerical methods like the FEM
usually require the restriction to a bounded domain. The
unavailability of appropriate boundary conditions for the
auxiliary boundary introduced to obtain a finite simulation volume makes attractive the technique of Perfectly
Matched Layers (PML) (Berenger, 1994). Therefore,
we extend our model study by a Complex Frequency
Shifted (CFS), anisotropic PML (Kuzuoglu and Mittra,
1996) which replaces all scalar constitutive parameters
η = µ, ε, σ by tensors η diag(1/d, d, d), where
bx
ω + iω0

6

f = 105 Hz
6
f = 10 Hz
f = 107 Hz
f = 108 Hz

10

4

10

2

10
−3
10

n

d=1+i

10

(10)

0

10
α/c in 1/m

3

10

Figure 7: Dependence of the 1-norm matrix condition
number κ1 on the weight constant α for the CFS PML
with Dirichlet boundary condition and β = 0.

can be considered as a complex valued stretching of the
first spatial coordinate x. y and z remain unaffected.
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In particular we choose n = 1, b = 3.45 · 108 Hz/m,
ω0 = 8.485 · 105 Hz.

Castillo, P., Rieben, R. N. and White, D. A. (2003). FEMSTER: An object oriented class library of discrete differential forms. In Proceedings of the 2003 IEEE
International Antennas and Propagation Symposium
(Vol. 2, pp. 972–976). Columbus, OH. (UCRL-JC150238-ABS)
Higham, N. J., and Tisseur, F. (2000). A block algorithm
for matrix 1-norm estimation, with an application to
1-norm pseudospectra. SIAM Journal on Matrix Analysis and Applications, 21(4), 1185–1201.
Kuzuoglu, M., and Mittra, R. (1996). Frequency dependence of the constitutive parameters of causal
perfectly matched anisotropic absorbers. IEEE Microwave and Guided Wave Letters, 6(12), 447–449.
Monk, P. (2003). Finite element methods for Maxwell’s
equations. New York: Oxford University Press.
Schenk, O., and Gärtner, K. (2004). Solving unsymmetric sparse systems of linear equations with PARDISO. Journal of Future Generation Computer Systems, 20(3), 475–487.
Schenk, O., and Gärtner, K. (2006). On fast factorization
pivoting methods for sparse symmetric indefinite systems. Electronic Transactions on Numerical Analysis,
23, 158–179.

The complex frequency shift iω0 guarantees that the constitutive parameters are bounded for low (real) frequencies
ω. However, for ω ' ω0 , the anisotropy factor, i. e., the ratio of the largest and smallest tensor eigenvalues increases
with decreasing frequency (Fig. 5). A constant level is
only reached at lower frequencies.
Figure 6 shows the FE system matrix condition number
as a function of frequency for different formulations of
the boundary problem. Comparing the results of the CFS
PML with those of the previous section (Fig. 2) the growing anisotropy is clearly seen to considerably enlarge the
condition number for small frequencies. However, the
low frequency behaviour is similar. Exponential growth
occurs for the curl-curl equation formulation while for
the mixed formulation the condition number tends to an
asymptotic level since the anisotropy factor is bounded
for low frequencies due to the complex frequency shift.
Regarding the mixed formulation (5), (6), the important
role of the weight constant α observed before in Fig. 4 is
confirmed by Fig. 7.
C ONCLUSIONS
Taking explicitly into account the divergence condition,
i. e., the equation of continuity, may render stable the resulting boundary value problem and its discrete FE equivalent when solving the frequency domain Maxwell’s equations for low frequencies. Giving matching weights to
the curl-curl equation and the equation of continuity has
been illustrated to be important. An approximately wellbalanced formulation can be obtained if eq. (5) is divided
by the vacuum speed of light c and rewritten in terms of
wavenumber k = ω/c instead of the angular frequency ω.
The mixed approach works well for the classical Maxwell’s equations. Their anisotropic PML extension introduces additional frequency dependencies and a low frequency instability. Introduction of a complex frequency
shift to the PML establishes bounds to all coefficients of
the boundary value problem and its discrete FE equivalent. However, the anisotropy, introduced to improve the
performance of boundary conditions, significantly deteriorates the FE system matrix condition number for low
frequencies.
R EFERENCES
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Exact 3D free-decay modes for a uniformly discretized open box
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Summary

Electromagnetic modelling is demanding for moving sources (e.g. airborne electromagnetics), because each new position
of the transmitter requires a new forward model. In this case, free-decay mode superposition becomes attractive: Once the
set of the orthogonal 3D free-decay modes is determined, the electromagnetic response for each transmitter position can
be synthesized from (a subset of ) the given modes (Stuntebeck 2003). In this study we present the vectorial free-decay
modes for the simplest possible geophysical model, namely a semi-infinite box with perfectly conducting walls, filled
with a uniform conductor in the lower part and with an insulator (air) in the semi-infinite upper part. The conductor is
uniformly discretized. A separation is made into the (unphysical) spurious modes and the (physical) essential modes.
Keywords: Free-decay modes, spurious modes, Yee discretization

2

Introduction

For finite difference modelling, the box B+ is uniformly
discretized with

We assume the conductor configuration shown in Fig. 1
consisting of a box B with perfectly conducting walls.
The uniform conductor lies in B+ (0 < z < Lz ) and
the air-halfpspace in B− (z < 0). In the free-decay
modes of the electromagnetic field, space and time dependence is decoupled. Taking the electric field in the form
E(r, t) = e(r) exp(−λt), the free-decay mode e(r), with
decay constant λ as eigenvalue, is eigensolution of
∇ × ∇ × e(r) = λµ0 σ(r)e(r)

Lx = nx · ∆x, Ly = ny · ∆y, Lz = nz · ∆z (3)
into nx ny nz equal prisms. According to the Yee discretization by a staggered grid, the electric field components are localized at the centers of the edges of the resulting prisms. Taking into account the vanishing tangential electric field components at the perfectly conducting
walls, there are in B+

(1)

N = Nex + Ney + Nez ≈ 3nx ny nz

(4)

nontrivial electric field components, where

with the boundary conditions
n̂×e(r) = 0, r ∈ ∂B and e(r) → 0 for z → −∞.

Nex
Ney

= nx (ny − 1)nz ,
= (nx − 1)ny nz ,

(5)
(6)

(2)

Nez

= (nx − 1)(ny − 1)nz .

(7)
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After the usual staggered grid approximation of (1), using
an integral boundary condition at z = 0 to eliminate the
air-halfspace, the N unkown (scaled) electric field components are assembled in the vector x ∈ RN . Then from
(1) results the classical discrete eigenvalue problem

Air

↑|
|
|
Lz
|
|
↓|

x̂

ŷ

ẑ

σ=const.>0

A x = λx.

(8)

Here A ∈ RN × RN is a sparse symmetric positivsemidefinite matrix with eigenvalues λ ≥ 0. The N eigensolutions xn → en are the required discrete free-decay
modes.

Lx

←−−−−−−− Ly −−−−−−−→

Figure 1: The simple conductivity model
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y=0

˜ · v and ∇
˜ × v be the staggered grid approximations
Let ∇
˜ ·∇
˜ × v = 0, we obtain
of ∇ · v and ∇ × v. Using that ∇
from (1)
˜ · (σe) = 0.
λ∇

(9)

∂y T = 0

This equation can be satisfied in two different ways:
˜ · (σe) 6≡ 0: spurious mode
1. λ = 0, ∇
The eigenvalue problem (8) has an Ns -fold eigenvalue λ = 0, Ns = (nx − 1)(ny − 1)nz ≈ N/3,
where Ns is the number of internal grid points.
These Ns eigensolutions are associated with an un˜ · (σe) 6≡ 0
physical divergent current density ∇
and have to be discarded. This is achieved by applying at the Ns internal grid points the solenoidal
˜ · (σe) = 0. Since Ns = Nez [ see eq.
condition ∇
(7) ], the solenoidal current condition is satisfied by
eliminating via this condition the Nez vertical electric field components. This reduces the dimension
of the problem to Nf := N − Ns ≈ (2/3)N . Here
Nf is the number of degrees of freedom of the problem. All Nf eigenvalues of the reduced system are
positive.

∂y T = 0
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y=0

∂y T = 0

x=0

z=0

∂y T = 0

z = Lz
y = Ly

T =0

Figure 2: The toroidal potential T : Localization and
boundary conditions.
y=0

P =0

•

Now we consider as special case the uniform box with a
uniform discretization. For the determination of the Nf
essential eigensolutions we assume the decomposition of
e into a toroidal part eT and poloidal part eP ,

y = Ly
x = Lx

P =0
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Uniformly discretized open box
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x=0

P (z = 0 ) = 0

(10)

with
eT := ∇ × (ẑT ), eP := ∇ × ∇ × (ẑP ),

•

T →0

So far, all considerations are valid for an arbitrary conductivity distribution σ(r) > 0, r ∈ B+ and also for a
non-uniform product grid.

e = e T + eP

•

∂x T = 0

˜ · (σe) ≡ 0: essential mode
2. λ > 0, ∇
The system (8) has Nf = Nex +Ney positive eigenvalues, where Nf is the number of nontrivial horizontal electric field components. Only these essential modes are required for the field synthesis.

3

y = Ly
x = Lx

∂x T = 0

..........................................................................................................................................................................................
.....
...
...
...
...
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
....
....
....
....
....
.................................................................................................................................................................................................
....
....
....
....
....
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
....
....
....
....
....
.....
.....
.....
.....
.....
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
.................................................................................................................................................................................................
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
....
....
....
....
....
.....
.....
.....
.....
.....
...
...
...
...
...
.....
.....
.....
.....
.....
...
...
...
...
...
.....
.....
.....
.....
.....
....
..
....
....
....
...............................................................................................................................................................................

(11)

P =0

such that the solenoidal condition ∇ · (σe) = 0 is automatically satisfied. The localization of the potentials in
space and the pertinent boundary conditions are displayed
in Figs. 2 and 3. The localization of T agrees with that of
the vertical magnetic field bz and the localization of P is
identical with that of the vertical electric field ez .

•

•

•

•

•

•

•

•

•

•

•

•

z=0

P =0

z = Lz
y=0
y = Ly
∂z P = 0
Figure 3: The poloidal potential P : Localization and
boundary conditions.
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z = 0. Therefore α = αijk is the k-th root of the mildly
non-linear equation

A simple count shows that there are
NT = (nx ny − 1)nz

(12)

discrete nontrivial toroidal potentials and
NP = (nx − 1)(ny − 1)nz = Nez

discrete poloidal potentials. The count of the toroidal
potentials takes into consideration that in each level the
boundary condition n̂ · ∇T = 0 fixes T only up to an
arbitrary additive constant. It is readily checked that

cij := sij Lz [ exp(−sij ∆z/2) + sij ∆z/2 ].

(24)

For cij ≤ 1, eq. (23) has nz real solutions αijk , as shown
in Fig. 4 for nz = 4. If cij > 1, there are only nz − 1 real
roots and the last root is complex,

(14)

αijnz = nz π + ıβij ,

Therefore we expect NT ≈ N/3 toroidal eigenmodes and
NP ≈ N/3 poloidal eigenmodes, all associated with positive decay constants λ.

3.1

(23)

with

(13)

NT + NP = Nf = Nex + Ney .

ζ(α) := −nz sin(α/nz ) cot α = cij

(25)

where ı is the imaginary unit and βij is the only positive
solution of eq. (23), which now reads

Toroidal free-decay modes

nz sinh(βij /nz ) coth(βij ) = cij > 1.

(26)

The toroidal potential T is sampled at the discrete points
(see Fig. 2)
x`

= (` − 1/2)∆x, 1 ≤ ` ≤ nx ,

(15)

ym
zn

= (m − 1/2)∆y, 1 ≤ m ≤ ny ,
= n∆z, 0 ≤ n ≤ nz − 1,

(16)
(17)

and satisfies the staggered grid eigenvalue equation
˜ 2 T + λµ0 σT = 0, z > 0;
∇

˜ 2 T = 0, z < 0 (18)
∇

with the boundary conditions shown in Fig. 2. Moreover,
T and the discretized version of ∂z T are continuous at
z = 0. Therefore the staggered grid eigenfunctions have
the form




iπx`
jπym
T
T (r) = Nijk cos
cos
fijk (z) (19)
Lx
Ly
with
0 ≤ i ≤ nx − 1, 0 ≤ j ≤ ny − 1, 1 ≤ k ≤ nz (20)
Figure 4: Illustration of the non-linear equation (23)
for the case nz = 4. The dots mark the roots. For
c := cij ≤ 1 there are nz real solutions. In the case
c > 1, however, the last root is complex.

and
fijk (z) =



sin[αijk (1 − z/Lz )], z ≥ 0,
sin(αijk ) exp(sij z), z ≤ 0.

(21)

T
Moreover, Nijk
is a normalization constant and

s2ij :=



2
∆x

2

sin2



iπ
2nx



+



2
∆y

2

sin2



The tripel (i, j, k), given in eq. (20), subject to the constraint i + j ≥ 1, defines the set of NT eigenmodes. The
corresponding toroidal eigenvalues λTijk are obtained after
inserting (19) into (18) for z > 0 and solving for λ,



jπ
.
2ny
(22)

The values αijk have to be determined from the condition that the discretized version of ∂z T is continuous at

λTijk
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1
=
µ0 σ

"

s2ij

+



2
∆z

2

sin

2



αijk
2nz

#

.

(27)
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Even if αijk assumes the complex value (25), the corresponding eigenvalue is positive, since
sin[ αijnz /(2nz ) ] = cosh[ βij /(2nz ) ] > 1.

with
1 ≤ i ≤ nx − 1, 1 ≤ j ≤ ny − 1, 1 ≤ k ≤ nz . (35)

(28)

P
is a normalization constant, determined in analogy
Nijk
to (29) via
X
(36)
eP ν (µ) · eP ν 0 (µ) = δνν 0 ,
σ∆x∆y∆z

The pertinent eigenfunctions are purely imaginary. As a
consequence of (28), at the upper end of the eigenvalue
spectrum there are a few eigenvalues, which are distinctly
greater than the background. They are associated with the
cells adjacent to the air-earth interface, where conductivity
averaging leads to a decrease of conductivity and therefore
to a faster decay.

µ

where eP is defined in eq. (11).
The tripel (i, j, k), given in eq. (35), defines the set of NP
poloidal eigenmodes. The corresponding poloidal eigenvalues λP
ijk are obtained after inserting (34) into (33) and
solving for λ,
(
)

2

1
2
2 (k − 1/2)π
P
2
. (37)
λijk =
sin
sij +
µ0 σ
∆z
2nz

Finally we consider briefly the normalization of the eigensolutions. Let ν := (i, j, k) be a generic quantum number and let µ := (`, m, n) be a generic sample point,
see eqs (15) to (17). Then the normalization constant
T
Nijk
=: NνT in (19) is determined from the normalization condition
X
σ∆x∆y∆z
eT ν (µ) · e∗T ν 0 (µ) = δνν 0 ,
(29)

Since αijk > (k − 1/2)π (see Fig. 4), we infer from (27)
and (37) that
λTijk > λP
ijk ,

µ

4 Conclusions

Poloidal free-decay modes

We have studied the simplest 3D decay mode problem
relevant in geophysics, namely a semi-infinite box with
perfectly conducting walls, occupied with a uniform conductor in the lower part and with an insulator (air) in the
semi-infinite upper part. The results lead to an improved
understanding of the vectorial eigenvalue problem and can
be used to check numerical codes.

The eigenanalysis for the poloidal free-decay modes,
which are associated with a vertical electric field, is
much simpler, since these modes are decoupled from
the air-halfspace through the simple boundary condition
P (z = 0+ ) = 0, i.e. the potential is discontinuous at
the air-earth interface with vanishing values on the conductor side (earth) and non-zero values on the insulator
side (air). In the air, eP is a pure potential field.

For the discretized model we emphasize the bilance,
which exists between the total number N of field components, the number Ns of unphysical spurious modes and
the number Nf of essential modes, N = Ns + Nf with
Ns ≈ N/3. Moreover, Ns equals the number of vertical
electric field components and Nf is the number of horizontal components. In the present problem, the Nf essential modes are most readily obtained by considering
separately toroidal and poloidal modes.

The poloidal potential P is sampled at the discrete points
(see Fig. 3)
x`

= `∆x, 1 ≤ ` ≤ nx − 1,

(30)

ym

= m∆y, 1 ≤ m ≤ ny − 1,

(31)

zn

= (n − 1/2)∆z, 1 ≤ n ≤ nz ,

(32)

and satisfies in z > 0 the staggered grid eigenvalue equation
˜ 2 P + λµ0 σP = 0,
∇

(38)

The (small) differences result from the fact that the
toroidal mode is coupled to the insulating halfspace,
which leads to an accelerated decay of the field.

where eT is defined in eq. (11), ∗ denotes complex conjugation and δνν 0 is the Kronecker symbol. When summing,
the sample point n = 0 has the weight 1/2 because of
conductivity averaging. NνT can be given in closed form.

3.2

i, j ≥ 1.

Reference

(33)

with the boundary conditions shown in Fig. 3. Therefore
the eigenfunctions have the form

Stuntebeck, C., 2003.
Three-dimensiional electromagnetic modelling by free-decay mode superposition. PhD thesis, Technical University
of Braunschweig. http//deposit.ddb.de
/cgi-bin/dokserv?idn=968911811

P
P (r) = Nijk
×






jπym
(k − 1/2)πzn
iπx`
sin
sin
(34)
sin
Lx
Ly
Lz
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Finite-difference solution of the 3D EM problem using divergence-free
preconditioners
M. Zaslavsky1 , S. Davydycheva1 , V. Druskin1 , A. Abubakar1 , T. Habashy1 and L. Knizhnerman 2
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S UMMARY
The marine electromagnetic (EM) problem requires fine gridding to account for sea bottom bathymetry and to model
complicated targets. This results in large computational costs using conventional finite-difference (FD) solvers. To circumvent these problems, we employ a volume integral equation (IE) approach for preconditioning and to eliminate the
background, thus significantly reducing the condition number and dimensionality of the problem. Thus, cost of preconditioning is much smaller than in a standard IE. We consider using the divergence free preconditioner based on a magnetic
field formulation. The original homogenization technique allows grids that non-conform to interfaces. So-called optimal
grids are used for simulation in infinite domains. Theory and numerical results are presented.
Keywords: finite difference, preconditioners, homogenization

I NTRODUCTION

act solution of our problem. For the corresponding linear
system solution, we use an IE-type preconditioner based
on the 1D background mentioned above. It eliminates the
background from the iterative process; i.e., all iterations
are performed only within the anomaly. Thus, we can obtain a divergence-free solution in a short time.

Owing to an increased interest in marine resources, a variety of methods have been developed to remotely measure
the conductivity of the subsurface. For industrial applications, particularly in hydrocarbon exploration and development, these methods are arguably the most important
geophysical technology for imaging below the seafloor
since the emergence of 3D reflection seismology some 25
years ago.Therefore, an effective and accurate solution of
marine EM problems is very important; yet, most existing
codes are either slow or not self-consistent.
These problems have properties that distinguish them
from other types of EM problems. First of all, we usually deal with a layered background with several anomalies on it. The first anomaly consists of layers of hydrocarbon reservoirs located under the seabottom. The second
anomaly is caused by curvature of seafloor.
In this paper we present our efforts to develop a fast and
robust algorithm for solution of 3D marine EM problems
in infinite domains. For discretization, we use Lebedev’s
grid, inside the domain of interest, extended in some directions by an optimal grid; see (Davydycheva et al.,
2003). The combination of Lebedev’s grid and optimal
grids allows the truncation of error for approximation in
infinite domains.
For approximation on a grid that non-conforms to interfaces, we use a specific homogenization method called
nodal homogenization; see (Moskow et al., 1999). It is
based on a continuous and discrete energy-matching condition for certain class of functions approximating the ex-

T HEORY
Consider a magnetic field formulation
∇ × σ −1 ∇ × H − i ω µ H = ∇ × σ −1 J 0 ,

(1)

where H is the magnetic field vector induced by external
current J 0 , ω is frequency, and µ is magnetic permeability, which is assumed to be constant all over the whole
domain.
Lebedev’s scheme and optimal grid
Let’s consider the simplest cartesian grid: S =
{(ih1 ; jh2 ; kh3 )}N
i,j,k=1 . Lebedev’s P-grid is defined as
a subgrid of S with even numbers of (i + j+ k); the R-grid
consists of the remaining nodes of S. Let all components
of the magnetic field be defined at the same nodes of the Pgrid. In this case, all components of the electric field are at
the same points of R-grid. It allows us to treat anisotropy
effectively. We use Lebedev’s grid with certain grid steps
inside the domain of interest. Ouside the domain of interest, we extend our grid in z and y directions by optimal
one. It allows to minimize number of grid nodes in the
domain without sources and receivers for given accuracy.
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In the x direction we use just an equidistant grid inside the
domain.

Z

1 α β
β
α
φ ,i φ ,j dV = |H|ΣH
ij φ̄,i φ̄,j , α, β = 1, 2, 3
σ

H

Lebedev’s scheme and optimal grid

Here φ̄,i are central difference approximations of the gradient in cell H, |H| is measure of cell H.

Let’s consider the simplest cartesian grid: S =
{(ih1 ; jh2 ; kh3 )}N
i,j,k=1 . Lebedev’s P-grid is defined as
a subgrid of S with even numbers of (i + j+ k); the R-grid
consists of the remaining nodes of S. Let all components
of the magnetic field be defined at the same nodes of the Pgrid. In this case, all components of the electric field are at
the same points of R-grid. It allows us to treat anisotropy
effectively. We use Lebedev’s grid with certain grid steps
inside the domain of interest. Ouside the domain of interest, we extend our grid in z and y directions by optimal
one. It allows to minimize number of grid nodes in the
domain without sources and receivers for given accuracy.
In the x direction we use just an equidistant grid inside the
domain.

Iterative method
Our system of equation for the magnetic field has a form
AH = S,

(2)

where
AH = ∇ × σ −1 ∇ × H − i ω µ H,
S = ∇ × σ −1 J 0 .
Let’s apply preconditioner M to both parts of equation 2
M AH = M S,

Nodal homogenization

where
M = (∇ × G∇ × −i ω µ I)−1

Instead of conforming grids, we use material averaging in
the cells intersected by interfaces. For this purpose we
calculate the effective tensor of conductivity. Usually it
is fully anisotropic even if the medium of our problem is
isotropic. Consider the direct-current equation
−∇ ·

with a symmetric positive-definite matrix function G ∈
R3×3 with eigenvalues bounded between σ2−1 and σ1−1 ,
where σ1 and σ2 are, respectively the minimal and maximal eigenvalues of the conductivity, tensor for the whole
domain. Let G be one dimensional, depending just on z.
In this case, action of M can be computed using separation of variables. Namely, we perform Discrete Fourier
Transform (DFT) along x and y and then solve corresponding block tridiagonal system along z using sweep
method.
First let’s notice that Krylov subspace

1
∇φ = ∇ · J 0 .
σ

We make two assumptions for algorithm construction:
• There exists a determinant direction of coefficient
change: σ = σ(~n · ~r).

Km =

• Let σ1 ∇φ as well as φ,l , φ,m be smooth enough to
be approximated by a constant locally, where m
~ and
~l are orthogonal to ~n and to each other.

= span{M S, (M A)M S, (M A)2 M S, . . . , (M A)m−1 M S}
is divergence-free, since each vector from its space is just
a magnetic field in a medium with conductivity G.
If we denote

Due to these assumptions,
1
n
σ (~

(3)

∂φ
· ~r) ∂n
≈ c1
≈ c2
≈ c3

σ −1 = G + δ,

∂φ
∂m
∂φ
∂l

then equation (3) can be rewritten as

(I + M R)H = M S,
Thus, a solution may be approximated in R-grid cell H by
a function from
where
Z ~n·~r
R = ∇ × δ∇ × .
L(H) = span(φ0 = 1, φ1 = ~l·~r, φ1 = m·~
~ r , φ3 =
σds)

(4)

0

Let ω = 0. Then,
We define the effective tensor Σij in R-grid cell H using
energy matching for functions from L(H).

kM RkM −1 ≤ max
kG−1/2 δG−1/2 k.
3
R

48

2/4

M. Zaslavsky
et al.,
FDofsolution
3D EM using
problems
using divergence
free preconditioners
Zaslavsky
et al.,
FD 2007,
solution
3D EMofproblems
divergence
free preconditioners

Introducing nontrivial real ω will only decrease the norm
of M R due to the dissipative property. From this proposition, one can easily estimate the condition number of
M A.
The key feature of the proposed preconditioner is that it
reduces the whole problem for magnetic field to the problem for secondary magnetic field just within the anomaly.
Namely, let
Ω = Ω0 + Ω00 ,

B. Singer et al. (2003) Integral equation approach based
on contraction operators and Krylov subspace optimisation Proceedings of Third International Symposium on
Three-Dimensional Electromagnetics

where δ = 0, S = 0 in subdomain Ω0 . Then any Krylov
subspace
Km =
= span{M S, (M A)M S, (M A)2 M S, . . . , (M A)m−1 M S}
method with M −1 pseudo-inner product
[u; v]M −1 = M −1 u; v


L2

can be reduced to a problem on Ω00 .
Let xyz grid have Nx × Ny × Nz nodes and nz nodes
are in the anomaly. Then, if xy grid is equidistant, the
DFT takes Nx log(Nx )Ny log(Ny )nz operations, and, for
a nonuniform grid, it takes Nx2 Ny2 nz . But for the latter,
Nx and Ny will be much smaller because of the use of the
optimal grid. At the same time, the sweep method takes
another Nx Ny nz operations in contrast to Nx Ny n2z for
standard IE (see Singer et al, 2003).

Figure 1: Medium configuration

N UMERICAL E XAMPLES
We considered the 3D medium shown on Fig. 1 where
sea bottom is 3D surface represented on Fig.2 The top of
the medium was filled with air. And there was a 3D layer
of hydrocarbon reservoir located under sea bottom. In the
first test we placed 20 electric x-receivers right on seabottom and 1 electric source above the first receiver. The
comparison of our results on different grids is represented
on Fig.3 and Fig.4 shows error distribution at receivers positions. As one can see the agreement is very well outside
of source singularity. Computation time for the 3D solver
was 42 seconds for a 200 X 24 X 300-grid.
R EFERENCES
S. Davydycheva et al. (2003) An efficient finite-difference
scheme for electromagnetic logging in 3D anisotropic inhomogeneous media Geophysics, 68(5)
S. Moskow et al. (1999) A finite difference scheme for
elliptic equations with rough coefficients using Cartesian
grids nonconforming to interfaces SINUM, 36(2)

Figure 2: Sea bottom
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Figure 3: Solutions for different grids

Figure 4: Errors for different grids
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Three-dimensional magnetotelluric inversion using quasi-Newton minimization
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S UMMARY
In this paper we present recent results for the solution of the three-dimensional (3D) magnetotelluric (MT) inverse problem. Compared with the models considered in our previous work, we are considering a more complicated 3D model. Here
we outline the basics of our solution, and show the results obtained for this model. The results are encouraging, and show
that the software works. However, some unresolved problem remains, as usual. This problem is directly inherent in the
physics of the 3D MT inverse problem, rather than related to some bugs of our solution. We strongly believe that it can be
successfully resolved, if we apply more constraints on the model parameters, in addition to those imposed by traditional
Tikhonov-type regularization.
Keywords: Three-dimensional inversion, magnetotellurics, quasi-Newton optimization

I NTRODUCTION

benchmark model.

Interestingly, in spite of a hot need for sophisticated threedimensional (3D) magnetotelluric (MT) inversion software, only a few developments on such a software are
reported (Mackie & Madden, 1993; Mackie et al., 2001;
Newman & Alumbaugh, 2000; Newman et al., 2003; Zhdanov & Golubev, 2003; Sasaki, 2004; Siripunvaraporn et
al., 2005). It is not very surprising, if one recalls the high
level of complexity of 3D MT inverse problems.

BASIC EQUATIONS
In our previous paper (Avdeev & Avdeeva, 2006) we proposed to solve the 3D MT inverse problem using a limitedmemory quasi-Newton minimization method. To solve
this problem numerically, the 3D conductivity model is
discretized by N = Nx × Ny × Nz rectangular cells, and
the conductivities σk (k = 1, . . . , N ) of these cells are
sought through the minimization of a penalty function

Mackie & Madden (1993) used a Gauss-Newton optimization method for coarsely parameterized models.
Sasaki (2004) also developed 3D MT inversion, again
based on a Gauss-Newton optimization, with smoothness regularization in model space. Siripunvaraporn et al.
(2005) successfully developed their 3D inversion, which
is again based a Gauss-Newton approach, but in data
space. Other authors applied non-linear conjugate gradient (NLCG) methods to solve this problem (Newman &
Alumbaugh, 2000; Newman et al., 2003; Mackie et al.,
2001; Zhdanov & Golubev, 2003) .

ϕ(σ, λ) = ϕd (σ) + λϕs (σ).

(1)

Here ϕd is the data misfit, ϕs is a Tikhonov-type regularization function, λ is the regularization parameter,
σ = (σ1 , . . . , σN ), where σk is the conductivity of the
k-th cell. Our data misfit ϕd has the following unusual
form
N

ϕd =

This work is an extension of our previous work (Avdeev
& Avdeeva, 2006). In that work we applied a limited
memory quasi-Newton optimization method to numerically solve the 3D MT inverse problem. As far as we
know, this method has never been applied before to 3D
MT problem. However, for completeness we should mention work by Haber (2005), where QN methods were
applied to solve controlled-source EM problems. Here
we first present the basic equations of our solution and
then show and discuss the results obtained for a synthetic

N

S X
T
1X
T
βji tr[Aji Aji ],
2 j=1 i=1

(2)

where the superscript T means transpose and the upper
bar stands for the complex conjugate; NS is the number of
MT sites, rj = (xj , yj , z = 0), where j = 1, ..., NS ; NT
is the number of the periods Ti , where i = 1, ..., NT ; the
2 × 2 matrices
Aji aredefined as Aji =

 Zji − Dji , where

Zxx Zxy
Dxx Dxy
Zji =
and Dji =
Zyx Zyy ji
Dyx Dyy ji
are matrices of the complex-valued predicted Z(rj , Ti )
and observed D(rj , Ti ) impedances, respectively; βji =
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1
h2
i
NS NT ε2 tr DT D
ji ji
ji

are the positive weights, where εji is

M ODEL EXAMPLE

the relative error of the observed impedance Dji . The sign
tr [·] introduced in equation 2 above means the trace of its
matrix argument. Additionally, the conductivities σk must
be nonnegative and realistic and, hence, they are subject
to the bounds
lk ≤ σ k ≤ u k ,

Let us show how our solution works for a benchmark
model. This model was considered previously for 3D
MT inversion by Siripunvaraporn et al. (2005). It consists of two adjacent blocks, one resistive (100 Ωm) and
one conductive (1 Ωm), buried in a two-layered background. The top layer of the background has a thickness of 10 km and a resistivity of 10 Ωm, and sits in
100 Ωm half-space. Our modelling domain comprises of
Nx × Ny × Nz = 20 × 20 × 9 = 3, 600 rectangular cells
with horizontal sizes of 4 km. This domain covers the
blocks and some part of the surroundings, going down to
a depth of 32 km. Our inversion domain coincides with the
modelling domain. This means that N = 3, 600 unknown
model parameters, the conductivities σk of the cells, need
to be recovered. For this model we computed 2 × 2 matrices Dji of "observed" impedances at NT = 3 periods
Ti of 100, 300 and 1000 s. The impedances were simulated at NS = 400 MT sites rj , again using the integral
equation forward modelling code x3d. The center of the
upper edge of each modelling cell on the surface contains
one simulated MT site. We also added 1% noise to the
simulated data.

(3)

where lk and uk are the lower and upper bounds, respectively, and lk ≥ 0.
The limited-memory quasi-Newton minimization process
iteratively modifies the current model σ (n) to a next better
model σ (n+1) through
σ (n+1) = σ (n) + α(n) p(n) .

(4)

Here the step length α(n) is found by an inexact line
search, and the search direction p(n) is defined as
p(n) = −G(n) g(n) ,

(5)

where
g(n) = (

∂ϕ T
∂ϕ
,...,
) |σ=σ(n) ,
∂σ1
∂σN

(6)

The result of the inversion, recovered image, is shown in
Figures 1 and 2 together with the true and initial guess
models. The resistivity of the initial guess model is 50 Ωm
within the inversion domain, and is set to the resistivity
of the true background outside. It is seen from these figures that the shape and position of the blocks are reasonably recovered. The value of resistivity for the conductive
block is found more or less correctly, although it is overestimated for the resistive block. The bottom of the conductive block is somewhat obscured due to the diffusive nature of EM field propagation. The inversion process given
in equation 4 was terminated when the data misfit ϕd
dropped to 13. The complete convergence curve is shown
in Figure 3. A single calculation of the penalty function
ϕ together with it’s gradient ∂ϕ/∂σk (k = 1, . . . , N ), the
number of nf g in Figure 3, takes about 7 minutes on a
laptop PC.

and the symmetric matrix G(n) is an approximation to the
inverse Hessian matrix, and is updated at every iteration
using the L-BFGS formula (Nocedal & Wright, 1999).
The whole iterative process given in equation 4 starts from
an initial guess model σ (0) . The accurate calculation of
the gradient g(n) is an essential part of our solution. It
was shown in (Avdeev & Avdeeva, 2006) that
(N Z
)
T
X
 T 
∂ϕd
=<
tr ui Ei dV ,
(7)
∂σk
i=1 Vk
where < stands for the real part of it’s argument, Vk is
the volume occupied by k-th cell, Ei and ui are the solutions of the direct and adjoint Maxwell’s equations, respectively. Practically, for the numerical computation of
the integral given in the right hand side of equation 7, we
use the following approximation
Z

Z
 T 
c
T
tr ui Ei dV = tr
ui dV Ei ,
(8)
Vk

Vk

where Eci is the value of the field
R Ei in the center of the
k-th cell. For the calculation of Vk uTi dV we use the x3d
code. We verified the accuracy of this calculation against
some analytical solutions for an uniform space. These
checks showed a good agreement (the results are not presented here).
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z : 0-1 km

1-2.5 km

2.5-4.5km

4.5-7 km

7-10 km

10-14 km

14-19 km

19-25 km

25-32 km

Figure 1: Comparison with the true model. Each row presents nine horizontal (x − y) slices through the model starting
from the top (left) to the bottom (right). The depths of the slices are shown above each panel. 1st row corresponds
to the initial guess model, 2nd presents to recovered image, and 3rd is the true model. 400 MT sites and 3 periods
were used for this inversion.

Figure 2: Comparison for the central (x-z) cross-section. The left panel presents the recovered image, whereas the right
panel presents the true model. 400 MT sites and 3 periods were used.

C ONCLUSIONS

we have dense MT site coverages. Yet, for coarser MT
site coverages our solution sometimes cannot see through
surface numerical cells, that are not covered by the MT
sites. One of our findings is that the Tikhonov-type regularization we included in our inversion solution, is not
powerful enough to suppress non-smoothness of the resistivity images (especially for the upper part of the model).
Still, we believe that our solution can doubtlessly be used
to recover the resistivity images of the lower part of earth
models. As for the upper part of the models, it’s proper recovering depends on many factors, such as the geometry
and resistivity of the structures inside the earth, coverage

In addition to the model experiment described above, we
performed a lot of other numerical experiments with the
same 3D model − we inverted the data using several more
refined numerical grids, tried a different number of periods, and we also used coarser coverage of the model by
MT sites, etc. The results of these experiments are not
presented here due to obvious space limitations. But in
summary, we can say that our feelings about the 3D MT
inverse problem solution developed are controversial. On
one side we came up with relatively good images, when
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of the region by MT sites and many others. In order to
surely come up with a reasonable resistivity image, one
has to put more strong constraints on the model parameters. Let us state it again that these constraints should be
stronger than those imposed by traditional Tikhonov-type
regularization. A possible way of how to successfully impose such constraints on the 3D MT models is subject of
our ongoing research.
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Abstract Method of successive partial inversions of magnetotelluric and magnetovariational
data is successfully employed in 2D interpretation. We assume that this method can be useful in 3D
interpretation.
Speaking on development of modern magnetotellurics, we first of all note its main tendency
linked with transition from two-dimensional inversion of the magnetotelluric (MT) and
magnetovariational (MV) data to three-dimensional inversion. Here the question arises of whether the
philosophy of the two-dimensional inversion, which proved successful in regions with elongate
symmetrical geoelectric structures, can be applied for the three-dimensional inversion in regions with
asymmetric geoelectric medium. In our paper we try to answer this question.
It is evident that adequate description of 3D media requires a great number of the geoelectric
and geometric parameters. This impairs the inversion stability. We arrive at a conclusion that stronger
constraints must be imposed on the three-dimensional inter-pretation model.
The properties of the two-dimensional magnetotelluric field depend on its orientation in
reference frame formed by the model strike (to separate the induction and galvanic anomalies, it is
enough to orient the magnetotelluric field along and across the model strike). In the three-dimensional
asymmetric model such a reference frame is absent. So, we lose that simple physical basis, on which
the strategy of two-dimensional inversion separating inductive TE mode and galvanic TM mode has
been constructed. It would be helpful to use the experience of two-dimensional interpretation and to
create the strategy of multicriterion three-dimensional inversion, which is an analog of multicriterion
two-dimensional inversion, but takes into account the properties of the three-dimensional
magnetotelluric field. Do the boundaries exist in the three-dimensional field, which divide the
inversion according its sensitivity to objective structures and immunity to near-surface distortion? Such
boundaries can be drawn between the inversion of the MV functions, the inversion of the MT phase
functions and the inversion of the MT functions of apparent resistivities.
The three-dimensional inverse problem as well as the two-dimensional inverse problem is
multicriterion ( the conductivity distribution is derived from a set of magnetotelluric and
magnetovariational response functions, which have different sensitivity to objective structures and
different immunity to near-surface distortions). The simultaneous parallel inversion of all these
functions is hardly reasonable since they can conflict with each other. Experience of the twodimensional interpretation suggests that the best result can be obtained by successive partial inversions,
which are connected with each other through the starting models and the stabilizers providing
proximity to the starting models (Fig.1). The following succession of two-dimensional partial
inversions is applied: 1) TE inversion of the magnetovariational response functions (tipper W ,
horizontal magnetic tensor M ) – being free of near-surface static distortions, this inversion yields
sufficiently reliable primary image of the geoelectric medium (particularly of its conductive zones), 2)
TE inversion of the magnetotelluric phase response functions ( phase ϕ| | of the longitudinal
impedance, long-itudinal component Φ | | of the phase tensor) - at low frequencies this inversion is
also free of near-surface static distortions, it controls and edits the magnevariational inversion,
increasing the investigation depth ( here the transverse apparent resistivities distorted by static shift
are eliminated), 3) TM inversion of the magnetotelluric response functions (transverse apparent
resistivity ρ ⊥ , phase ϕ ⊥ of the transverse impedance) – this inversion is subjected to strong nearsurface distortions and has low sensitivity to deep conductive zones, but it can give additional
information on the sedimentary cover, state of the faults, galvanic connections in the lithosphere;
inversion of ρ ⊥ , ϕ ⊥ is usually carried out on the background of fixed deep structures obtained by
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the TE inversion. This approach is referred to as SPI (successive partial inversions). With the advent
of Varentsov’s multiparametric blocky program (Varentsov, 2002), the SPI method becomes a useful
tool in the MV-MT inversion.

Using SPI, the meaningful two-dimensional geoelectric model of the Cascadia subduction zone has
been constructed (Vanyan et al., 2002). Renowned Russian geologists estimated this model at its true
worth (Khain & Lomize, 2005). The model is shown in Fig.2. It is in good agreement with modern
ideas of geodynamics of subduction zones and provides small misfits for all components of the MVMT sounding (Fig.3). We can consider this model as reliable and representative since elimination of
each from its basic conductive elements (plunging fluidized slab, continental asthenosphere, vertical
partial melting zone supplying volcanic arc, horizontal zone of the crustal dehydration) leads to
considerable increase of model misfits. We have every reason to believe that this three-level scenario,
which makes it
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possible to focus inversion on certain objective structures, can form the basis for three-dimensional
MV-MT interpretation. Fig.4 is a schematic diagram of the three-dimensional
successive partial inversions. It contains basic magnetovariational inversions, which are immune to
near-surface distortions (inversion of tipper W and horizontal magnetic tensor
M ), and editing magnetotelluric inversions: the phase inversions (inversion of the impedance

phases ϕ xy , ϕ yx and the phase tensor Φ ), which can confirm the results of MV sounding and
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increase its depth, and amplitude inversion of the magnetotelluric apparent resistivities ρ xy , ρ yx , which
can give additional information on sediments, faults and upper layers of the Earth’s crust.
4. Proceeding from experience of two-dimensional MV-MT interpretation, we assume that the
method of three-dimensional successive partial inversions can be efficient provided it is applied in
regions with sufficiently simple geoelectric medium (gentle layering, closed conductive zones, absence
of faults, fractures, thrusts and etc). It seems that by studying complicated three-dimensional structures,
the interpretation should be divided into two sta-ges. The first stage reduces to smoothing MV and
phase MT inversions (Occam inversions based on the least-structure principle). This stage results in a
primary simplified schematic model of the geoelectric medium. In the second stage, the primary
model is examined in some detail. It is correlated with a priory information and with qualitative
analysis of MV-MT data. On testing and editing, the primary model is included into a blocky starting
model,
which

is supplemented with a set of inhomogeneities related to different hypotheses for the medium under
investigation. The blocky starting model is limited in number of blocks. Geometry of blocks and their
minimum number are adjusted in accord with required detailedness in image of structures. The
partition density should be higher in zones, which contain assumed structures, and lower in
intermediate (“empty”) zones. The free parameters of the starting model are determined by SPI
60
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method. Hypotheses, which yield the minimum model misfit, are taken as the most plausible. Thus, the
successive partial inversions are carried out on the basis of the primary smoothing inversion and are
integrated with the hypothesis tests. The idea of the suggested approach can be formulated in the
following way. First we construct a primary crude model of the geoelectric medium. Then we detail
the medium without going far from the primary crude model. This approach can provide sufficiently
stable and detailed three-dimensional interpretation, realized in the model class with rather small
number of free parameters.
REFERENCES
Khain, V.E., Lomize, M.G., 2005, Geotectonics with foundations of geodynamics, Publishing House
“Knizhny Mir UNIVERSITET”, pp 559 (in Russian).
Vanyan, L.L., Berdichevsky, M.N.,Pushkarev, P.Yu., Romanyuk, T.V.,2002, A Geoelectric Model of
the Cascadia Subduction Zone, Izvestia, Physics of the Solid Earth, 38, 10, 798-815.
Varentsov, I.M., 2002, A general approach to magnetotelluricdata inversion in a piecewise continuous
medium, Izvestia, Physics of the Solid Earth, 38, 11, 913-934.

61

5

4th International Symposium on Three-Dimensional Electromagnetics
Freiberg,
Germany,
Septemberon27–30,
2007
4th International
Symposium
Three-Dimensional
Electromagnetics
Freiberg, Germany, September 27−30, 2007

Resistivity inversion of Magnetic Resonance Sounding –
Assessment of Sensitivity and Reliability
M. Braun and U. Yaramanci
Technical University of Berlin, Germany

SUMMARY
The Magnetic Resonance Sounding (MRS) or Surface Nuclear Magnetic Resonance (SNMR) method is used for
groundwater exploration and aquifer characterization. MRS provides useful information about water content and
hydraulic conductivity of the aquifer.
The excitation field of the NMR experiment is generated by a transmitter loop placed on the surface. Due to the
electromagnetic attenuation, the magnetic excitation field depends on the resistivity of the subsurface. Therefore, the
resistivity has to be taken into account when inverting the MRS data. Neglecting the resistivity causes a biased estimate
of the water content distribution. The resistivity information can be given by a priori information or, as newly
introduced in the presented inversion scheme here, it can be obtained during the inversion process.
Having also the resistivity along with the water content distribution as inversion result, MRS gives information about
the salinity of the aquifer and thereby, the quality of the aquifer can be estimated. This is of utmost interest for the
further hydrogeological interpretation. This specific information cannot be achieved by geoelectrics alone, because of
the nonuniqueness in resistivity concerning water content and salinity.
Keywords: magnetic resonance sounding, surface nuclear magnetic resonance, inversion, sensitivity

The excitation field of the NMR experiment is generated by a transmitter loop placed on the surface. Due to
the electromagnetic attenuation, the magnetic excitation field depends on the resistivity of the subsurface.

INTRODUCTION
Magnetic Resonance Sounding (MRS, or Surface Nuclear Magnetic Resonance, SNMR) is used for groundwater exploration and aquifer characterization (Yaramanci and Hertrich, 2006). The NMR experiment is
conducted by a transmitter and receiver loop at the surface exciting the spin of protons of water molecules in
the subsurface with the Larmor frequency of the earth’s
magnetic field. Successively increasing the excitation
intensity (pulse moment q) yields a complex sounding
curve. The initial amplitude E0 of the voltage response
in the receiver loop is the integral over the water
content f and the complex kernel function K, which
comprises parameters depending on the location (e.g.
resistivity of the subsurface) and depending on the loop
geometry:

∫

E 0 (q) = K (q, r ) f (r ) dV

Figure 1 shows exemplarily the excitation magnetic
field of a circular loop over an electrically
homogeneous subsurface (left) and a 2D resistivity
structure (right). The axial symmetry of the field
disappears using a non-1D subsurface. For the further
calculation in MRS, the excitation magnetic field must
be known in the entire 3D volume of the subsurface.
In the following, 1D conditions of the subsurface are
considered. Thus, the axial symmetry of the excitation
magnetic field can be exploited when calculating the
field. However, only the component perpendicular to
the earth’s magnetic field generates the NMR signal.
Thus, the 3D MRS kernel function is non-symmetric
even for a homogeneous subsurface, except for the case
of 90° inclination, i.e. at the poles.

(1)

Explicit expressions and detailed derivation for the kernel function are given in Weichman et al., 2000.
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Figure 1: Magnitude log10(Bnorm) of the excitation magnetic field of a circular loop (d=100 m, loop centre at the origin
of the coordinate system) using f=2043 Hz. Electrical conductivity of the air half-space (z>0 m) is 0 S/m. The subsurface (z<0 m) is electrically homogeneous with 50 Ωm (left). It consists of a 25 m thick discontinuous layer at 25 m
depth with 5 Ωm in a surrounding of 50 Ωm (right). Calculations are performed with Comsol Multiphysics.

ESTIMATION OF THE PENETRATION DEPTH
AND EFFECTS OF RESISTIVITY

2007). This can be regarded as confidence depth limit
down to which the inversion can give a reliable result.

Several ways have been presented in order to calculate
the MRS penetration depth. Three approaches of the
estimation of the MRS penetration depth are superimposed on the image of the 1D kernel function versus
depth and homogeneous half-space resistivity
exemplarily for two pulse moments (Fig. 2).

It is necessary to point out that the MRS penetration
depth depends on various parameters such as loop size,
number of turns, resistivity structure of the subsurface,
earth's magnetic field strength and inclination.
Therefore, the MRS penetration depth must be
calculated for each site using the appropriate kernel
function.

It is clearly visible that estimation via the skin depth is
not useful for MRS application, not even for depths
smaller than one loop size as proposed in Vouillamoz
et al. (2007). The electromagnetic skin depth describes
the distance, where a plane wave will be reduced by a
factor of 1/e, i.e. it falls to 37 % of its original value.
However, the MRS method uses a loop as an active
source. Thus, there is also a geometrical attenuation
dependent on the inhomogeneity in horizontal
direction: the more the field is inhomogeneous in
horizontal direction, the more the field is attenuated in
vertical direction.

RESISTIVITY EFFECT IN THE INVERSION
The resistivity has to be taken into account when inverting the MRS data. Neglecting the resistivity causes
a biased estimate of the water content distribution. The
used resistivity information can be given as a priori or,
as newly introduced, in the presented inversion scheme
here, it can be obtained during the inversion process
(Braun, 2007).
Figure 3 shows a comparison of the inversion results of
MRS field data, collected in Sardinia (Italy) close to
the sea shore. The MRS standard inversion with
resistivity as a priori information is shown in Figure 3
(top) as well as MRS with resistivity inversion
(bottom). The block inversion is conducted with three
layers. The used resistivity distributions are homogeneous subsurfaces with 50 Ωm and 5 Ωm as well as the
resistivity distribution derived from a DC geoelectric
measurement at the same site. The low resistivity of the
aquifer is caused by salt water intrusion from the sea.

The MRS maximum depth detection follows the
contour line of 10 nV/m (Legchenko and Shushakov,
1998). Below this depth limit, the water content does
not contribute to the measured MRS signal. This is the
depth down to which the kernel function should be
calculated when inverting the data.
The MRS penetration depth using the SVD approach
follows the maximum sensitivity (Müller-Petke et al.,
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Figure 2: Image of the amplitude of the 1D MRS kernel function of a pulse moment q=3.4 As and q=18 As for
homogeneous half-spaces with resistivities between 1 and 1000 Ωm. The calculated electromagnetic skin depth, MRS
penetration depth and MRS maximum detection depth are superimposed. A circular loop is used with a diameter of
d=100 m and a magnetic field intensity of 48000 nT as well as 60°N inclination.

The dependence of the inversion result on the used resistivity is clearly obvious. Thus, using an appropriate
resistivity also improves the water content determination.

about the salinity of the aquifer and thereby, the quality
of the aquifer can be estimated. This specific information cannot be achieved by geoelectrics alone, because
of the nonuniqueness in resistivity concerning water
content and salinity.

The reliability of the inversion result is shown in
Figure 4 in terms of the root-mean-square (rms) error.
The rms is calculated between synthetic data,
calculated after successively changing water content
and resistivity of one layer, and measured MRS data.
The fixed layer depths (2 m and 18.5 m) were
determined by MRS with resistivity inversion (Figure 3
bottom). Resistivity and water content of one layer are
changed while the subsurface parameters of the other
two layers are set constant. It is clearly visible that
water content and resistivity of the aquifer (Layer 2) is
most reliably determined indicated as pronounced
minimum of the rms. Even if the minimum is broader
for Layer 1 and 3, the possible solutions are narrowed.
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CONCLUSIONS
A 1D inversion scheme is presented for determining
water content and resistivity from MRS. This is the
basis for using MRS as a stand-alone method. Also, the
determination of the water content is improved when
using an appropriate resistivity model.
Having the resistivity along with the water content
distribution as inversion result, MRS gives information
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Figure 3: MRS field data from Sardinia. The data are collected using a circular loop (d=70 m, 2 turns). Magnetic field
intensity 44968 nT, 55°N inclination. MRS standard inversion using the resistivity a priori (top) and MRS with resistivity inversion (bottom).

Figure 4: Contour plots of the rms for amplitude as well as real and imaginary parts changing water content and resistivity of one layer. Fixed layer depths (2 m and 18.5 m) are used, determined from the MRS with resistivity inversion.
The inversion result is (Figure 3 bottom): 9 vol.%, 16 vol.%, 10 vol.% and 3 Ωm, 0.7 Ωm, 998 Ωm for Layer 1, 2 and 3,
respectively.
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Survey)

Abstract: Different geophysical data such as gravity, seismic and
electromagnetic data often contain complementary information and are
sensitive to different features of a subduction zone. Since furthermore
inversion of geophysical data of any kind is inherently non-unique, i.e. a
variety of earth models may fit a particular data set equally well, it is
difficult to develop a coherent picture of a geological setting from
individual inversion results of different data set.
The obvious way of developing a more complete picture of subduction
zones and reducing the degree of non-uniqueness is the combination of
various geophysical data in a joint inversion approach. By inverting
different data sets jointly, an earth model is searched, which fits all data
sets in question simultaneously.
Here we will present a joint inversion scheme of EM, gravity and seismic
data together with joint inversion results or data collected on a passive
margin. The results are furthermore compared with individual data type
inversion.
Subduction zones and passive margins are characterized by large changes
in topography on a regional as well as local scale. Topography may have
a large impact on geophysical data, e.g. on the gravity data due to the large
density contrast between water and rocks, and on EM data due to electrical
current distortion. The analysis of the passive margin data showed, that
these influences have to be carefully investigated.
The first stage we have approached the topography effect on gravity in two
ways. (1), Within the model through refined topography modelling. (2)
Outside of the model by applying topographic correction to the data. We
will present and discuss results for joint inversion with these topographic
correction.
The second stage dealing with the topographic influence on EM data will
be reported next.
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Modelling of multi-transmitter arrays in Magnetic Resonance Sounding
J. Kamm, M. Müller-Petke, and U. Yaramanci
Technical University of Berlin

S UMMARY
The standard configuration in Magnetic Resonance Sounding (MRS) is coincident transmitter and receiver loop. Meanwhile also some efforts have been made to realize separated transmitter and receiver loops. In this paper, we introduce
multi-transmitter arrays to enhance model resolution. We present two configurations that are benefecial in particular
conditions.
The first one is a symmetric transmitter spreading around the receiver loop. A moderate separation allows a significant
improve regarding 1D sensitivity. In the second approach, concentric counteracting transmitter coils are analysed. This
approach is adequate to improve the resolution of near-surface structures. These results are promising in terms of 1D
sensitivity. This is verified via 1D inversion of synthetic data. Multi-transmitter approaches discussed can enhance spatial
resolution in several ways at the cost of penetration depth.
Keywords: surface nuclear magnetic resonance, magnetic resonance sounding, multi-transmitter, modelling

tion K with respect to the applied pulse moment q:
Z
E0 (q) = f (~r)K(~r, q)d3 r

I NTRODUCTION
In Magnetic Resonance Sounding, the magnetic properties of hydrogen nuclei are exploited to detect water in
the subsurface. It is the only geophysical method that directly leads to the desired physical property, i.e. the water content distribution. In this view it turns out to be a
tool especially applicable in hydrogeophysics. The onedimensional sounding employs a coincident transmitter
and receiver loop (see Yaramanci and Hertrich (2006)).
Weichman, Lavely, and Ritzwoller (2000) came up with
a generalized formulation of the forward problem, which
made measurements with separated receiver and transmitter loops possible. Besides, the theory holds for arbitrary
transmitter and receiver spreads with multiple loops, but
was not exploited up to the present. The first step in that
direction is done in this work by the introduction and evaluation of multi-transmitter arrays. Two promising results
in terms of 1D sensitivity are presented and discussed respecting favorable sensitivity distributions. This is done
with sensitivity plots as well as 1D inversion of a synthetic
data set.

(1)

where K in the general three-dimensional case is
~ 0 | sin(q|B
~ + (~r)|)eiζT (~r)
K(q, ~r) = 2πfL |M
T
~ − (~r)|eiζR (~r)
×2|B
R

(2)

×[~bR (~r) · ~bT (~r) + i~b0 · ~bR (~r) × ~bT (~r)].
~ 0 denotes equilibrium magnetization in the magnetic
M
~ 0. B
~ + is the circular polarized part
field of the earth B
T
~T co-rotating with spin precesof the transmitter field B
~0
sion, projected along the direction perpendicular to B
~ − defines the
and normalized on a unit current. Similarly B
R
counter-rotating part of the virtual unit field of the receiver
~ 0 . fL is
loop, also projected to the plane orthogonal to B
~ 0 . ζT and ζR are
the Larmor frequency corresponding to B
the phases of the particular fields. ~b0 is the the unit vector parallel to the earth field direction. The other ~b denote
unit vectors pointing in the directions of the components
orthogonal to the earth field of the indicated fields. The
two-dimensional kernel then is obtained by integration
Z
K2D (q, y, z) = K(q, x, y, z)dx
(3)

T HE MRS KERNEL FUNCTION
It is necessary to gain some insight on the assembly of
the kernel function. Weichman et al. (2000) presents an
extended formulation of the MRS signal. The initial amplitude E0 of the voltage response in the receiver loop is
the integral over the water content f and the kernel func-

and the one-dimensional kernel follows from
Z Z
K1D (q, z) =
K(q, x, y, z)dydx,

(4)

respectively.
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they are farther off the receiver loop than in the coincident case. The asymmetry decreases as the steepness of
the focused area of the kernel function is diminished. Oscillations in the upper part have significantly larger wave
lengths than in the coincident loop configuration.

Thus, the first line of Eq. 2 merely refers to the transmitter and its effect on the hydrogen nuclei in the subsurface,
i.e. the excitation. The second line represents the sensitivity of the receiver loop alone. The third line relates the
preceding ones geometrically. A detailed discussion of
these kernel parts concerning the receiver-transmitter separation was carried out by Hertrich, Braun, and Yaramanci
(2005), while a review on the influence of resistivity can
be found in Braun, Hertrich, and Yaramanci (2005).
The multi-transmitter approach is used to implement two
basic optimization strategies. Firstly, a superposition of
transmitter fields is associated to the first line of eq. 2.
Secondly, the spatial relation of transmitter and receiver
refers to the latter two. In fact, both influences cannot
be analysed separately. Two approaches to enhance onedimensional resolution were found to be especially favorable.
In the following, a homogenoues subsurface with a resistivity of 100 Ωm and an inclination of the earth field of
60N were assumed. The Larmor frequency at 48000 nT is
2043.7 Hz.

Figure 2: Real parts of two pulse moments (4.03 As,
10.97 As) of a 2D kernel function of a coincident
loop array as a reference (left) and the symmetric
spread (right). The asymmetry is diminished, the
curved outer lobes of the kernel are less important
and the sensitivity distribution is more confined.

S YMMETRIC TRANSMITTER SPREAD
The first configuration presented exploits the asymmetric
nature of the kernel function due to earth field inclination.
Two coils along the north-south-axis match their edges at
exactly one point. This is the midpoint of the array as
well as the center of the receiver loop. All loops are 50m
in diameter (see Fig. 1).

Figure 1: Symmetric Transmitter spread: Two transmitters are symmetrically distributed around the midpoint of one receiver loop. All loops are 50m in
diameter.

Figure 3: Real parts of the 1D kernel function of the
reference coincidence loop sounding (left) and the
symmetric transmitter spread (right). The sensitivity contrast at the upper border of the lowest oscillation of the kernel function (focused area) is enhanced. The distribution is more confined.

As a reference, the kernel function of a standard coincident loop configuration with the equivalent transmission
energy is calculated (see Fig. 2). The two separated transmitter loops add their effects at intermediate depth levels.
The curved northern and southern lobes contribute less to
the signal in the symmetric transmitter spread, because

Additionally, the 1D-kernel is shown in Figure 3. The first
oscillation above its focused tail is emphasized. Hence,
the upper boundary of that crucial part of the kernel is
much better defined, as the sensitivity contrast there even
yields a continuous negative sign for every pulse moment.
The focused part stays more confined even in deeper re68
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gions. However, the major drawback of the configuration is a loss of penetration depth. The approach highly
depends on local earth field conditions. It favors a nonvertically inclined earth field. The overall signal strength
is not diminished in comparison to the coincident case.

Figure 5: Concentric loops: A big outer loop with a diameter of 75m is used as a transmitter and a receiver at
the same time. Concentrically, a smaller transmitter
loop is positioned with a counteracting phase of π,
i.e. a reversed sign.
Figure 4: Results of 1D-Inversion (red) of a synthetic
model (blue) for the coincident case (left) and the
symmetric transmitter spread (right). The respective synthetic data and the fit are displayed aside.
Especially the aquiclude and the deep aquifer are
resolved significantly better compared to the coincident loop configuration.

To demonstrate the improvements coming with the proposed configuration, synthetic data calculated for a two
aquifer model was inverted. 10nV of Gaussian noise
distributed noise was added. The estimated model (see
Fig. 4) was derived from a single step generalized inversion scheme using a truncated singular value decomposition with tikhonov regularisation. The tikhonov regularisation parameter λ was choosen by generalized cross
validation while the truncation level σi=truncation is estimated from the singular value distribution (see MüllerPetke, Hertrich, and Yaramanci (2006)). The symmetric
transmitter sounding resolves the aquiclude layer between
the aquifers better than the coincident sounding. Also, the
water content of the aquifers is better approximated. This
is due to higher signal amplitudes at the high pulse moments.

Figure 6: Real parts of 2D kernel functions for two pulse
moments (4.03 As, 10.97 As) of a coincident configuration (left) and of the concentric loops configuration (right). Compared to the coincident case, the
sensitivity distribution is more horizontally aligned,
less curved and more confined. The penetration
depth is considerably decreased.
The current flows with a phase shift of exactly π in the
inner loop. The reference again is the standard coincident loop configuration. Compared to it, the 2D kernel
of the proposed scheme is more horizontal (see Fig. 6).
This corresponds to a generel decrease of north-southasymmetry. Near the surface, the counteracting transmitters cancel each other out partially. This results in slightly
reduced amplitudes in the oscillating upper part of the kernel. The focused area is concentrated on a smaller region
and the amplitude there is higher than in the coincident
case.

C ONCENTRIC LOOPS
The second approach is a symmetric one, and thus, is less
dependent on the inclination and strength of the earth field
at the locality. We propose to set up a standard coincident loop setting with a loop diameter of 75m, and adding
a counteracting inner loop with a diameter of 2/3 of the
outer loop (see Fig. 5).

Once again, an inversion was carried out to compare
the proposed concentric loops with their reference (see
Fig. 8). The model and noise level applied are the same as
in the preceding section. Both configurations resolve the
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of investigation. However, the identified tendencies are
expected to hold under more general circumstances. It
has been shown, that multi transmitter arrays can be designed to improve the resolution of MRS measurements,
especially at intermediate depths or near the surface. Penetration depth is negatively affected and has to be traded
off against resolution gain. The technical realization of
multi-transmitter MRS should considerably improve the
exploration.

two aquifers, but the inversion using the concetric loops
estimates the actual water content more exactly. Especially in identifying the water content of the aquiclude,
the proposed scheme is superior to the standard coincident
sounding.

Further configurations are about to be evaluated. Here
individual pulse moments/phases for any transmitter are
taken into account.
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Figure 7: Real parts of the 1D kernel function of the coincident loop sounding (left) and of the concentric
loops sounding (right). The penetration depth as
well as the high sensitivity at low pulse moments is
damped compared to the coincident case, while at
high pulse moments the focused area is more confined.

Figure 8: Results of 1D-Inversion (red) of a synthetic
model (blue) for the coincident case (left) and the
concentric loops (right). The respective synthetic
data and the fit are displayed aside. Both arrays resolve the general structure. Nevertheless, the concentric loops identify the water contents more exactly.
C ONCLUSIONS
Multi transmitter configurations are successfully introduced into MRS and evaluated. They prove to be capable of enhancing the model resolution. The approaches
presented are specific to certain conditions and have to be
adapted to the locality, i.e. the earth field and the target
70

4/4

4th International Symposium on Three-Dimensional Electromagnetics
4th International
Symposium
Three-Dimensional
Electromagnetics
Freiberg,
Germany,
Septemberon27–30,
2007
Freiberg, Germany, September 27−30, 2007

Non-Linear Conjugate Gradient Inversion for the Spherical Earth
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SUMMARY
We describe development and initial application of a 3-D EM inversion algorithm based on non-linear conjugate
gradients. The scheme requires computation of derivatives of the regularized penalty functional. We derive analytical
and numerical expressions for these derivatives, and the associated Jacobian. These can be efficiently implemented by
generalizing and extending an existing finite difference forward solver.
Keywords: inverse problems, electromagnetic induction, non-linear conjugate gradient, Jacobian, adjoint, 3-D

ˆ + m 0 takes
over m̂ , the transformation m = Cm m
1/ 2

INTRODUCTION

us back into the space of the original model
parametrization. Thus, by solving the problem in the
space of m̂ , we achieve pre-conditioning comparable
to that used by Rodi and Mackie (2001) or Haber et al.
(2000) at no additional computational cost.

Very few fully 3-D regional (Koyama et al, 2003) or
global (Schultz and Pritchard, 1999) electromagnetic
inversions for the spherical Earth exist to date. Here,
we present such a technique based on an existing
forward modeling code (Uyeshima & Schultz, 2000).
We develop a numerical scheme that allows us to
evaluate data sensitivities efficiently, and to implement
a practical regularized non-linear conjugate gradients
(NLCG) inverse solution.

We seek the inverse solution by an iterative process of

ˆ ) for a fixed value of
minimizing R ( m
reducing

We solve the regularized least squares inverse problem,
with the penalty functional defined by

(

Here,

ˆ , m0
m

are

)

H

(

)

ˆ + m0 ) − d + λm̂Tm
ˆ . (1)
Cd−1 ψ ( C1/m2m

M×1

vectors

(by a factor of 10) when the data misfit
Cd−1 (ψ ( m ) − d ) stops decreasing. The

For a fixed damping parameter λ , the minimization of
the penalty functional is achieved by the non-linear
Polak-Ribière conjugate gradients technique with line
search based on a secant method. The Hessian of the
penalty functional is approximated by first derivatives
and substituted in the Taylor's expansion to estimate
the line search step size parameter (Shewchuk, 1994;
Kelbert, 2006).

representing,

respectively, the model parameters and the prior; d is
an N×1 data vector; ψ are non-linear data functionals;
and λ is a damping parameter. Note that the data
space is in general complex, while the model space is
real. Additionally,

then

(ψ ( m ) − d )
process is terminated when the target data misfit is
achieved (generally, 1 for the normalized misfit) or
when reduction of data misfit stalls.
H

INVERSE PROBLEM

ˆ ) = ψ ( C1/m2m
ˆ + m0 ) − d
R (m

λ

λ,

Cd and Cm are data and model

ADJOINT FORMULATION

covariance operators; and the subscript H denotes the
Hermitian conjugate transpose. In our analysis, we take

The NLCG approach requires evaluation of both the
penalty functional and the gradient of the penalty
functional with respect to the model parameters at each
step of the iterative process. To evaluate the gradient
of (1), M+1 forward computations must be performed,
where M is the dimension of the model parameter
space. This can quickly become unpractical as the
model parameterization becomes complicated enough

Cd to be diagonal, such that Cd−1 scales by the inverse
1/ 2

of the data error variance. Here, Cm is the square root
of the model covariance, which effectively implements
smoothing across the layers and down weights higher
degree and order structures. After minimizing R ( m
ˆ)
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we assume that the equatorial ring current is the
to accommodate realistic features. However, from (1)
primary source of the geomagnetic variations,
it also follows that
approximating the inducing sources of Dst -type by a
T
⎛ ⎡ ∂ψ ⎤ H −1
⎞
⎡ ∂R ⎤
(2)
1/ 2
⎡
⎤
ˆ
ˆ
−
+
m
C
ψ
C
m
m
d
λ
2
Re
2
.
=
+
⎟
⎜
(
)
m
0
⎢⎣ ∂m
⎦⎟
⎜ ⎢⎣ ∂m
P10 spherical harmonic (e.g., Banks and Ainsworth
ˆ ⎥⎦
ˆ ⎥⎦ d ⎣
⎝

⎠

1992). The source is specified at the upper boundary of
the computational domain, placed at a radial distance
from the Earth’s surface of 10 REarth , where REarth is

ˆ is the Jacobian of the forward
Here, ∂ψ / ∂m
modeling operator, i.e., a complex N×M matrix of data
sensitivities. It can be seen from equation (1), that an
evaluation of the derivative in its adjoint formulation
requires a single calculation of the product of the
(adjoint) Jacobian with the normalized residual.
Computation of this product does not require the full
Jacobian matrix. Representation of the Jacobian as a
combination of linear operators and implementation of
their adjoints allows for an efficient NLCG search.

the Earth’s radius. At this distance, secondary magnetic
fields induced by the presence of the conductive Earth
−3

are damped out to < 10 of the external field intensity
and may be considered negligible (U&S, Appendix).
The computation of

H

is the core to the

(adjoint) sensitivity calculation. Introduce a small
perturbation into equation (3) and linearise to obtain

FORWARD PROBLEM

∇ × ρ ( ∇ × δ H ) + iωμ0δ H = −∇ × δρ ( ∇ × H )

The forward solver (Uyeshima and Schultz, 2000;
henceforth U&S) is effectively equivalent to a
numerical solution of the vector Helmholtz equation
for the magnetic field H,

∇ × ( ρ∇ × H ) + iωμ0 H = 0

( ∂hi / ∂ρ )

(4)

Thus, to calculate sensitivities we need to solve the
forward problem with a non-zero interior source, which
depends on the unperturbed magnetic field H and ρ.
The adjoint computations involve a slightly different
system of equations, which requires only minimal
modifications to the original system. The only complex
components of operator A ρ ,ω are due to the −iωμ 0 term

(3)

in a computational domain that includes the resistive
air and conductive Earth's oceans, crust and mantle.
Here, H denotes the magnetic field, ρ is the electrical
resistivity, ω is frequency, and μ0 is the vacuum
magnetic permeability. Note that the electrical
resistivity of the air is set to a moderately large finite
value of 1010 Ω·m (see Mackie and Madden, 1993), so
that the Helmholtz equation holds throughout the
model domain, while the resulting numerical system
remains acceptably well-conditioned. To complete the
system, the tangential components of the magnetic
field H at the upper and lower boundaries of the
domain are specified.

on the diagonal. Hence, we may write A* ρ ,ω = A ρ ,−ω .
Other linear operators involved in the forward solver
computations are easier to transpose (Kelbert et al,
2007). Divergence correction can still be applied after
taking any interior forcing F into account (then,
i
∇⋅H +
∇ ⋅ F is identically zero). The identity holds
ωμ0
for the magnetic field, hence the result of any
intermediate forward computations needs to be
multiplied by Dl−1 before divergence correction can be

In the U&S formulation, the computational domain is
subdivided into curved rectangular prisms, such that
the components of H are defined on the edges. The
linear system of equations A ρ ,ω Dl h i = −B ρ b where hi

performed.
RESOLVABILITY AND SENSITIVITY
We have performed a set of computational experiments
aimed to assess the resolution of our technique. For
these experiments, the logarithmic resistivity
perturbation is modeled as a degree and order 6
spherical harmonic expansion in geomagnetic
coordinates with 12 layers. Only the upper 8 mantle
layers are allowed to be heterogeneous (12.65 – 1600
km depths). From 1600 km depth to the CMB the
mantle is assumed to be 1-D. This assumption is
justified by the fact that deeper structures, if present,
cannot be easily resolved with external EM induction
methods due to contamination by secular variations of
the Earth's main field. We invert for the 3-D
perturbations around a realistic prior 1-D structure,
based on Kuvshinov and Olsen (2006). A 12.65 km

denotes the magnetic field components in the interior
of the domain, b denotes boundary conditions, and Dl
is diagonal, is such that the operator A ρ ,ω is symmetric
and real everywhere except along the diagonal. A
variant of bi-conjugate gradients is used to obtain the
solution iteratively. As e.g. in Mackie et al. (1994), a
divergence correction is applied as part of the iterative
scheme to avoid accumulation of error in the value of
∇ ⋅ H , which should be identically zero.
The lower boundary is set at or just below the coremantle boundary (~ 2890 km), where we set the
tangential components of H to zero. As in U&S, here
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sheet of averaged near-surface conductance is included
distribution for this experiment was as in F&S. Figure
in the prior.
1, column 3 shows the reconstructed perturbations
around the prior, obtained with a restricted degree and
Most of the experiments have been performed with a
order 6 parametrization with vertical and horizontal
36 × 18 × 52 grid, including 7 air layers. This
smoothing. Computations for the inversion were done
corresponds to 10º × 10º grid cells. This grid size is
on the coarse 10º × 10º grid. By comparing the last two
sufficient to model large-scale mantle inhomogeneities,
columns in Figure 1 we see that the large-scale features
and at the same time is computationally tractable. The
of the synthetic model are reasonably well
inversions were regularized by smoothing both
reconstructed at the mid-mantle depths even with the
vertically across the layers and horizontally.
irregular and sparse observatory distribution of F&S. In
spite of the presence of smaller scale conductivity
We arrived at the conclusion (Kelbert et al., 2007) that
perturbations of substantial amplitude in the synthetic
the currently available long-period global geomagnetic
model used to generate the data, the inversion
observatory data in the period range 5 – 107 days can
reproduced the underlying large scale features
resolve large-scale (300 - 500 km vertically, thousands
reasonably well.
of km horizontally) heterogeneities in mantle electrical
conductivity reliably at depths ~ 670 – 1600 km. By
This gives some confidence that inversion of data sets
extending induction response to daily variation periods
such as that of F&S, and extensions, can reveal at least
(0.2 – 5 days), upper mantle structure could also be
large scale variations in conductivity near the bottom
resolved.
of the transition zone and top of the lower mantle.
Figure 1 shows an example synthetic inverse model.
A very preliminary inversion of the F&S c response
We start with the Ishii and Tromp (2001) shear wave
ratios has been performed with the same
velocity model, based on seismic normal-mode data
parameterization and regularization as used for the
and the geoid. This model is parameterized with
synthetic experiment. The resultant inverse solution is
spherical harmonics to degree and order 6 with
plotted on the same scale as the synthetic on Figure 1,
Chebyshev polynomials in the vertical. We mapped
column 4. Shown is the perturbation around the prior.
this to a layered model after rotation of the spherical
Inverting jointly c and d response ratios seems to reveal
harmonic coefficients to geomagnetic coordinates. The
smaller structures with sharper boundaries, which
coefficients in the upper eight layers of the model
could be the result of overly optimistic errors in the
(12.65 – 1600 km) were then rescaled to correspond to
F&S d responses; this issue needs to be addressed
perturbations in log-conductivity via a simple heuristic
further before any geodynamic interpretation could be
transformation. The scaling was chosen to make the
suggested.
amplitude of the perturbations realistic, in the sense
that the deviation from spherical symmetry in the c
CONCLUSIONS
responses resulting from this perturbation is
An adjoint NLCG inversion technique for global EM
comparable to that seen in the Fujii and Schultz (2002)
has been developed and implemented, based on an
(henceforth F&S) set. The synthetic data, comprised of
existing finite difference forward solution. This
c and d response ratios, was designed to resemble the
technique is computationally tractable at the modest
global observatory data set compiled by F&S in terms
resolution justified by the sparse observatory coverage:
of the observatory distribution and frequency range, as
an inversion requires 2 – 3 days on a typical desktop
well as in terms of the measurement errors. In order to
workstation to complete. A preliminary inversion of a
obtain more realistic errors in the synthetic data, we
real data set has been performed.
performed a linear regression analysis of the F&S
absolute data errors, converted to the errors in the field
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Figure 1: The inverse solution (column 3) obtained by reconstructing the rescaled and randomly perturbed Ishii and Tromp (2001)
SPRD6 S-wave model (column 1), using a degree and order 6 parametrization and observatory distribution of F&S. The
corresponding rescaled degree and order 6 SPRD6 model is also shown (column 2). The inverse model fits the corresponding
synthetic data sets with RMS values of approximately 1.09 for c response ratios and 1.00 for d response ratios. We have also plotted
the results of preliminary inversion of F&S c response ratios (column 4), obtained with a degree and order 6 parametrization. Only
deviations from the prior are plotted in all cases.

REFERENCES

Kuvshinov, A. & Olsen, N. (2006), 'A global model of
mantle conductivity derived from 5 years of
CHAMP, Ørsted, and SAC-C magnetic data',
Geophys. Res. Lett.
Mackie, R.L. & Madden, T.R. (1993), 3-Dimensional
Magnetotelluric Inversion Using Conjugate
Gradients Geophys. J. Int., 115, 215-229
Mackie, R.L.; Smith, J.T. & Madden, T.R. (1994), 3Dimensional Electromagnetic Modeling Using
Finite-difference Equations - the Magnetotelluric
Example Radio Sci., 29, 923-935
Rodi, W., & Mackie, R. L. (2001). Nonlinear conjugate
gradients algorithm for 2-D magnetotelluric
inversion. Geophysics, 66(1), 174-187.
Shewchuk, J. R. (1994). An introduction to the conjugate
gradient method without the agonizing pain.
(Technical report, School of Computer Science,
Carnegie Mellon University)
Schultz, A., and G. Pritchard (1999), A three-dimensional
inversion for large-scale structure in aspherical
domain, in Three Dimensional Electromagnetics,
Geophysical Developments Series, vol. 7, pp. 451–
476, Society of Exploration Geophysicists.
Uyeshima, M., & Schultz, A. (2000). Geomagnetic induction
in a heterogeneous sphere: a new three-dimensional
forward solver using a conservative staggered-grid
finite difference method. Geophys. J. Int., 140(3),
636-650.

Banks, R. & Ainsworth, J. (1992), 'Global induction and the
spatial structure of mid-latitude geomagnetic
variations', Geophys. J. Int. 110, 251-266.
Fujii, I. & Schultz, A. (2002), 'The 3D Electromagnetic
Response of the Earth to Ring Current and Auroral
Oval Excitation', Geophys. J. Int. 151(3), 689-709.
Haber, E., Ascher, U. M., & Oldenburg, D. (2000). On
optimization techniques for solving nonlinear
inverse problems. Inverse Problems, 16, 1263-1280.
Ishii, M. & Tromp, J. (2001), 'Even-degree lateral variations
in the Earth's mantle constrained by free oscillations
and the free-air gravity anomaly', Geophys. J. Int.
145, 77-96.
Kelbert, A. (2006). Geophysical inverse theory applied to
reconstruction of large-scale heterogeneities in
electrical conductivity of Earth’s mantle. PhD
thesis, Cardiff University.
Kelbert, A.; Egbert, G.D. & Schultz, A. (2007), 'Non-Linear
Conjugate Gradient Inversion for Global EM
Induction: Resolution Studies', submitted to
Geophys. J. Int.
Koyama, T.; Shimizu, H. & Utada, H. (2003),'Threedimensional electrical conductivity structure
beneath North Pacific by using a submarine cable
network''. The 3rd International Workshop on',
Scientific Use of Submarine Cables and Related
Technologies, 101-106.

74

4/4

4th International Symposium on Three-Dimensional Electromagnetics
Freiberg,
Germany,
Septemberon27–30,
2007
4th International
Symposium
Three-Dimensional
Electromagnetics
Freiberg, Germany, September 27−30, 2007

On the electromagnetic inverse problem solving for some models
Peter S. Martyshko and Alexey L. Roublev
Institute of Geophysics UB of RAS, Amundsen Str. 100, 620016 Ekaterinburg, Russia
Pmart3@mail.ru, A.Roublev@list.ru

SUMMARY
We present the original equations of 3-D electromagnetic inverse problems for some model classes: structure boundary
and stellar body in halfspace with arbitrary edge between ground and air.
Keywords: explicit equations for inverse problem, structure electromagnetic inverse problem.

its boundary, L is ground-air boundary, r = {x, y, z} is

INTRODUCTION

3

the radius-vector of a point in R . We have obtained
the new inverse problem equations of electromagnetic
fields on the base representation for E and H by M.
Zhdanov [2]. There are the first generation equations
with explicit operators.

Inversion of electromagnetic (EM) data in
geophysical prospecting involves solution of a
nonlinear-operator equation of the first kind (with an
implicit ill-conditioned operator). The numerical
solution of such equations requires considerable
expenditures of computer time. The TIP equations are
derived for EM fields satisfying the Helmholtz and
diffusion equations. For the theoretical inverse problem
(TIP) the author was able to obtain explicit equations
for the electrical and magnetic fields, to develop
effective algorithms for solving these equations, and
construct numerical examples. A TIP is one in which
the governing fields are specified explicitly, usually as
the field of singular sources lying in a half-space.
Solution of a TIP can be the last step of interpretation
methods that first approximate observed data with the
fields of singular sources. It also makes possible the
construction of geologically meaningful equivalents for
different classes of singular sources. We constructed
some numerical examples solving EM Inverse Problem
(for different earth-air boundaries).

Quasi-stationary field
In this case equations have the form
E1α (r ′, t ′) =

](

[

t′

α
d
d
S
d
∫ ∫ {[n × E1 ]× ∇(G2 − G1 )+ [n × E ]× ∇G2 +
−∞ S
∂G2d
∂t

+ n × H 1α µ 2

[

+ µ2 n × H

S

[

](

)(

d

[

+ µ1 n × H 1α

]

∂G1d
∂t

t′

+

Assume that in a linear isotropic lower half-space with
conductivity σ 1 and permeability µ1 , there is an
inclusion, a body T with parameters σ 2 , µ 2 . Also
assume that in the medium there are sources of
generating electromagnetic fields, H 1 , E1 and H 2 , E2 ,
outside and inside the conducting inclusion,
respectively. We assume that T is a 3-D region, S is

(1)

(

}

)

+ n, E1α ∇G1d dldt ,

α
d
d
s
d
∫−∞ ∫S {[n × H1 ]× ∇(G2 − G1 )+ [n × H ]× ∇G2 +

) (

]

+ σ 2 n × E S G2d +

EXPLICIT EQUATIONS FOR INVERSE
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)

G2d − G1d +

t′

)(

+ n × E1α σ 2 G2d − σ 1G1d + n, H 1α ∇

[

σ1
σ2


σ ∇G
(
n, E S )dsdt +
+ 1
σ2


α

H 1α (r ′, t ′) =

)(

d
2

∫ ∫ {[n × E1 ]× ∇G1
−∞ L
t′

+

]

∂G2d
∂t

d
1

− µ1 ∂G∂t + n, E1α ∇

)

G2d − G1d +

(2)

µ1∇G2d
(n, H S )dsdt +
µ2


∫ ∫ {[n × H1 ]× ∇G1
−∞ L
α

µ1
µ2

d

[

]

(

)

}

+ σ 1 n × E1α G1d + n, H 1α ∇G1d dldt ,

where G1d, 2 is the fundamental solution for the
diffusion equation.
If σ2=0, we have equations for seeking insulator
boundary:
1
1 
1  ε 1
+ [n × E1 ] × ∇
 (n, E1 )∇
dS = 0 , (3)
∫
4π S  ε 2
r − r′
r − r ′ 
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Monochromatic field

 µ1
1
1 
∫S  µ 2 (n, H1 )∇ r − r ′ + [n × H1 ] × ∇ r − r ′ dS = 0 . (4)


In the case of direct-current prospecting (low
frequency), the theoretical inverse problem for the
domain T with σ 2 = 0 is reduced to determining the
inclusion boundary S from relation

1
4π

In this case equations have the form

{(

)(

E (r ′) = ∫ n, E1a ∇
a
1

)

ε1
ε2

[

)]

(

G2 − G1 + ∇G2 η + ε 1 E S , n / ε 2 +

S

[ ]
[
]
+ [n × E ]× ∇G + iωµ [n × H ]G }dS +
+ ∫ {(n, E )∇G + [n × E ]× ∇G + iωµ [n × H ]G }dL,

+ n × E1a × ∇(G2 − G1 ) + iω n × H 1a (µ 2 G2 − µ1G1 ) +
S

∂U
= 0 , i.e. (∇U , n ) = 0 ,
(5)
∂n S
where U is the electric (total) potential, and n is the
normal vector to the surface S .

2

α

1

1

L

(

2

a
1

ε1

1

ε2

η=

(E , n ) S

= − σ1 ∇ S ⋅ [n × H ] .

{(

σ 1∗

)(

a
1

1

)

1

− σ ∇ S ⋅ [n × H 1 ] ,

where

H 1a (r ′) = ∫ n, H 1a ∇
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(8)

S

2

µ1
µ2

∗
2

)

G2 − G1 +

µ1
µ2

since

(H , n)∇G
S

2

+

S

[
]
[ ](
) (9)
+ [n × H ]× ∇G + σ [n × E ]G }dS +
+ ∫ {(n, H )∇G + [n × H ]× ∇G + σ [n × E ]G }dL,
exp(ik r − r ′ )
.
(10)
G (r ′ r ) = −
+ n × H 1a × ∇(G2 − G1 ) + n × E1a σ 2∗G2 − σ 1∗G1

Let us suppose that S is boundary between two
layers and z ( x, y ) → 0 , x → ∞ , y → ∞ . Then
from (5) we have the equation:
∂U ∂z ∂U ∂z ∂U
+
−
=0,
∂x ∂x ∂y ∂y ∂z

2

α

1

(6)

where DU

n
ij

n −3
ij

= c ⋅ DU ijn ,

2

a
1

1

1

∗
1

a
1

1

∗
1, 2

1, 2

4π r − r ′

Relations (8) and (9) are the equations of the TIP
for a monochromatic field (relative to the boundary
S ). The material properties of the anomalous region
are assumed to be parameters; i.e. the solution of the
TIP holds for various values σ 2 , ε 2 , µ 2 . The result is an
equivalent family of bodies that generate the same
electrical or magnetic field. In numerical solution of
equations (9) and (10), it is possible to use the
algorithm formulated in [1].
As a result of inverse problem solving we obtain
the bodies stellate relative to some point with different
values of conductivity (permeability), which generated
the same (electrical or magnetic) field. We have
obtained some numerical examples ( µ1 = µ 2 = µ 0 ,

Hence there is exist scalar function U : ∇ ⋅ U = H , and
the function U satisfy equation (6).
An original numerical algorithm is written for solving
equation (6). We used iteration procedure for
calculating values z ( x, y ) :
n +1 −3
ij

S

L

where z = z ( x, y ) is equation of surface S.
Let us consider another model (Figure 1), where
σ 2 >> σ 1 , and the source of primary field is magnetic
dipole.
So we have above S:
(∇, H ) = 0 , [∇ × H ] = 0 and (H , n ) S = 0 .

(h − z ) − (h − z )

∗
2

S

(7)

is difference between measured and

calculated values of U on the grid.

µ 0 = 4π ⋅10 −7 H / m) . Figure 2 show the cross sections
cut off by the coordinate plane on numerical results
solving TIP for various boundaries between air and
earth for function

e ik r
e ik r
e ik r
+ Q2 x
+ Q3 x
E1a = Q1x
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Figure 1: Solution of the structure inverse problem
(vertical cross-section).
1 - model solution, 2 - approximate solution.
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P4 (0,0,10) , Q1x = Q1 y = Q1z = 3 , Q2 x = Q2 y = Q2 z = 6 ,
Q3 x = Q3 y = Q3 z = −9 ,

Q4 x = Q4 y = Q4 z = 10 ,

σ 1 / σ 2 = 1 / 6 , ω = 2π ⋅10000 .

Figure 2: Cross-section on the coordinate plane for the
inverse problem solutions of Helmholtz equation. S is
the contour of the bodies for solutions for different
boundaries between air and earth.
CONCLUSIONS
On the base original explicit equations we have derived
algorithms for solving 3-D electromagnetic inverse
problem. Numerical examples for some models have
been constructed.
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SUMMARY
Self-potential source inversion is formulated as a linear problem by seeking the distribution of source amplitudes within
a discretized model that satisfies the measured data. Source inversion is ill-posed and non-unique, which is addressed
by incorporating model regularization into the inverse problem. A non-traditional regularization method, sometimes
referred to as “compactness” or “minimum support,” is utilized to recover a spatially compact source model rather than
one that satisfies more commonly used smoothness constraints. Spatial compactness is often an appropriate form of
prior information for the self-potential inverse source problem. Minimum support regularization makes the inverse
problem nonlinear however, requiring an iterative solution technique similar to iteratively re-weighted least squares
(IRLS) methods. An additional complicating factor is that the measured self-potentials are a function of the earth
resistivity structure as well as the unknown sources. The influence of imperfect knowledge of the resistivity in the
inverse problem is discussed, and illustrated through synthetic examples.
Keywords: self-potential, source inversion, least squares, IRLS, minimum support

within the brain due to various stimuli (Michel et al.,
2004). Many of the concepts used in EEG source
localization are applicable to self-potental source
inversion, as both techniques rely on passively
measured potentials to locate electrical sources within a
heterogeneous volume conductor.

INTRODUCTION
Self-potentials are the result of coupling between
electric and non-electric flows and forces in the earth.
Hydraulic, chemical, or thermal gradients produce a
source current that must be balanced by a conduction
current within the conductive earth structure (e.g.
Marshall and Madden, 1959; Sill, 1983). The passive
self-potential measurements, which result from this
conduction current, are somewhat unique in that they
are sensitive to active forcing phenomena in the
subsurface. Advances in self-potential acquisition and
processing methods have led to a recent resurgence in
the application of this technique.

As with other potential-field problems, self-potential
source inversion is highly non-unique; there are many
possible distributions of sources that fit the data
equally.
Additionally, the self-potential response
depends on the medium resistivity structure, which is
never perfectly known. These issues are addressed by:
(1) utilizing non-traditional inversion constraints that
are appropriate for self-potential sources, (2)
incorporating available resistivity information into the
inversion algorithm, and (3) understanding the effects
of uncertainty in the resistivity structure on the source
inversion results. Both synthetic and field data
examples are studied to illustrate the efficacy of this
approach.

In this study, we present an inversion methodology that
aims to characterize the spatial distribution and
amplitudes of sources that generate a measured selfpotential signal. This approach is general in that it is
not aimed at any particular forcing mechanism, and is
therefore applicable to a wide variety of problems. The
methods build on work by Shi (1998), and are
documented in more detail by Minsley et al. (2007).

SELF-POTENTIAL SOURCE INVERSION
The total current density in the earth [A·m-2] is
composed of a source current related to the forcing
mechanism and a balancing conduction current (e.g.
Sill, 1983). Streaming currents due to the drag of
excess charge in the pore space of a rock due to

This problem is analogous to electroencephalographic
(EEG) imaging techniques in the medical community,
which utilize passively measured electric potentials on
the scalp to infer the location of electrical activity
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hydraulic gradients are one common example of a
source current.

generally results in ‘smooth’ models. This has the
benefit of being a linear operator, and often results in
geologically appropriate models.
Self-potential
sources, however, are often spatially localized as they
come from the divergence of a source current, and
smoothness is not necessarily an inherent model
property.

Under the quasi-static assumption, the total current
density must be conserved, resulting in an elliptic
partial differential equation that governs the selfpotential response (1).
−∇ ⋅ σ∇ϕ = ∇ ⋅ js = s
(1)
On the left-hand side of this equation, σ [S·m-1]
represents the electrical conductivity structure of the
medium and ϕ [V] are the measurable self-potentials.
The source term, s [A·m-3], on the right-hand side is
defined by the divergence of the source current.

We therefore choose a non-traditional form of model
regularization which promotes spatially compact
sources.
Last and Kubik (1983) applied this
‘compactness’ strategy to gravity inversion, which has
been more recently applied to other geophysical
problems under the heading ‘minimum support’
(Portniaguine and Zhdanov, 1999).

The measured self-potentials, therefore, can be
expressed as
ϕ ( x ) = ∫ ϕ G ( x; x′, σ ) s ( x′ ) dx′ ,
(2)

The basic premise is that the minimum spatial region of
non-zero parameters should be used to fit the data.
This is accomplished by minimizing a volume metric,
given by
M
s2
(5)
volume = ve lim ∑ 2 k 2 .
β →0
k =1 sk + β
ve represents the volume of an individual model block
or element, which is assumed constant in this case. β is
a small number that is introduced to provide stability as
sk → 0. In the limit of β → 0, terms in equation (5)
evaluate to 1 for any value of sk ≠ 0, and they become 0
for sk = 0.

D

where ϕG represents the Green’s functions that are a
function of the conductivity structure and source
locations. In discrete form, this can be written as
(3)
φ = K −1s ,
where K is a sparse, banded operator that incorporates
model geometry and conductivity structure.
The inverse problem involves estimating s by
minimizing an objective function that is a combined
measure of data misfit (φd) and a weighted model seminorm (φm)

(

)

+ λ Wm s 2 . (4)

This metric is incorporated into the inverse problem by
defining a new diagonal weighting model operator,

Here, φd represents the subset of potentials sampled at
the measurement locations, and P selects the
corresponding rows from K-1. Wd and Wm are data and
model weighting operators, respectively, and λ is a
trade-off parameter that controls the relative influence
of the two terms.

(6)
Wm = diag sk2 + β 2
Because this is now a nonlinear function of the model
parameters, iteratively reweighted least squares (IRLS)
techniques must be utilized to solve the inverse
problem (e.g. Farquharson and Oldenburg, 1998). This
is accomplished by solving equation (4), then using this
source estimate to generate a new Wm according to
equation (6), and solving for a new source estimate.
This iterative procedure is repeated until a predetermined stopping criteria is met.

Φ = φd + λφm = Wd PK −1s - φ d

2
2

2

(

As stated in equation (4), this is a linear inverse
problem, which can be solved efficiently using the
transmission network analogy and conjugate gradient
algorithms (e.g. Zhang et al., 1995). Additionally, we
consider two aspects of the inverse problem in more
detail:
- Choices of Wm that promote model structures
appropriate to the self-potential source inversion
problem
- Errors in the source estimate associated with
imperfect knowledge of the medium conductivity
structure, which is incorporated into K.

)

−1/ 2

The result of this iterative procedure is an ensemble of
models that are increasingly spatially compact. This
does not remove the inherent non-uniqueness of the
problem, but provides the user with a choice of models
with varying spatial statistics that all fit the data. One
complicating factor is that there are now two
regularization parameters (λ and β), which cannot be
chosen independently, that control the solution.

COMPACT SOURCE REGULARIZATION

Figure 1 illustrates synthetic source inversion results
using a traditional smoothness constraint (A) and the
compact source constraint (B). The true source

The model regularization term in equation (4) often
utilizes a low order differential operator for Wm, which
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locations are depicted with white asterisks, and both
solutions fit the data equally. Note that the more
compact solution amplitudes are greater, which occurs
naturally as the model is required to become more
compact.

inverted using a homogeneous resistivity assumption
built into K. Various 1D, 2D, and 3D resistivity
structures are considered.
Figure 2 shows results of this synthetic test using one
of the 2D resistivity structures. The upper images
show the synthetic data (mesh plots) generated from a
point source embedded within the known resistivity
structure. In (A), a conductive block (10Ω·m) is
embedded within the background resistivity (100Ω·m).
In (B), the embedded block is more resistive
(1000Ω·m) than the background. The bottom images
are slices of the source inversion model, which uses a
homogeneous resistivity assumption. Distortion of the
true point source (white asterisk) is due to the incorrect
resistivity structure.
Note that the errors in the source inversion for the
conductive and resistive cases have very different
characteristics. In general, the source inversion errors
are most significant when: (1) resistivity errors are near
the source, (2) resistivity errors are near the receiver,
(3) the magnitude of the resistivity error is large, or (4)
the spatial extent of unknown resistivity is large.

Figure 1: Source inversion results using a smooth
regularization operator (A) and the compact source
method (B). The true source locations are depicted by
white asterisks. Both solutions fit the synthetic data
equally.
INFLUENCE OF THE RESISTIVITY
STRUCTURE
As discussed in equation (2), the self-potential reponse
is a function of both the unknown sources and the earth
resistivity structure. Assumptions about the resistivity
structure, which is never perfectly known, must be
incorporated into K. Ideally, a resistivity survey can be
carried out in conjunction with self-potential
measurements, but this is not always practicable. In
many cases, a homogeneous resistivity structure is
assumed during the self-potential data interpretation.

Figure 2: Upper images show synthetic data (mesh
plots) generated from a point source embedded within
known 2D resistivity structures (conductive block – A,
resistive block – B). Lower images show slices
through the inverted source model, which uses a
homogeneous resistivity assumption. Distortion of the
true point source (white asterisk) is due to the incorrect
resistivity structure.

It is therefore important to understand the influence of
imperfect knowledge of the resistivity structure on selfpotential inversion results. We accomplish this using
two different approaches: (1) deriving the sensitivity of
the measurable potentials to pertubations in resistivity
structure and (2) inverting simple synthetic source
geometries using an incorrect resistivity model, and
observing how the recovered sources are distorted.
The first approach, while more general, is difficult to
visualize, and is discussed in more detail by Minsley
(2007).

CONCLUSIONS
Source inversion is an important step in the
interpretation of self-potential data. The methods
presented here are robust in that they are not specific to
any particular forcing mechanism. While compact
source regularization is often appropriate, future
research will focus on inversion constraints that are
derived from the physics or chemistry of the

To get a feel for the influence of incorrect resistivity
assumptions on the inversion results, we perform
several synthetic examples.
Synthetic data are
generated by placing a point source in a known,
heterogeneous resistivity model. These data are then
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underlying forcing mechanism. Accounting for the
influence of resistivity structure is a critical step in selfpotential source inversion and error quantification.
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Efficient datasets - An alternative approach that analyses the data space
M. Müller-Petke and U. Yaramanci
Berlin University of Technology

S UMMARY
The quest and need for optimisation of geophysical data sets is either to improve the resolution or to reduce the field work
(or both) is of growing interest for geophysical applications. So far, the task is solved by analysing resolution measures
derived from the model resolution matrix. The dataset is changed iteratively in order to minimise these measures, i.e.
improve the resolution.
Here we present a direct method to estimate an efficient dataset. The approach is based on analysing the data space,
i.e. calculating the data resolution matrix. Essentially variable quantities of data errors are taken into account to define
the necessary amount of independent unique measurements. Applied to the technique of Magnetic Resonance Sounding
(MRS) we show that not only the singular value distribution of the forward operator is improved but also the resolution,
i.e. the inversion result of the efficient dataset compared to a logarithmic and linear spaced pulse moment series.
Keywords: MRS, Data Resolution Matrix, Efficient Dataset

I NTRODUCTION

ing the magnetic moment of the hydrogen proton out of its
equilibrium state in the earth magnetic field. Since the EM
field is diffusive the degree of excitation depends on the
depths, i.e. hydrogen protons at different depths emit signals of different amplitudes corresponding to the degree of
excitation (and phase relation). Changing the amplitude
of this excitation pulse (i.e. the energy of the diffusive
EM field) these depth ranges can be changed. The decay
curve carries 3 measures. The relaxation time related to
the pore size and the initial amplitude and phase related to
the subsurface water content and resistivity respectively.
Determining a 1D water content the MRSounding curve,
i.e. the initial amplitude and phase (or real and imaginary
part) versus the pulse moment is inverted (Yaramanci &
Hertrich, 2006).

The quest and need for optimisation of geophysical data
sets is either to improve the resolution or to reduce the
field work (or both) is of growing interest for geophysical applications (triggered mostly by Electrical Resistivity Tomography (Dahlin & Zhou, 2004)). The necessity becomes obvious especially when taking 2D and 3D
prospectings into account. So far, the task is solved by
analysing resolution measures derived from the model resolution matrix, i.e. to adopt a dataset iteratively until consideration concerning the model resolution matrix are met
(Stummer, Maurer, and Green (2004), Wilkinson, Meldrum, Chambers, Kuras, and Ogilvy (2006)).
Here we present a direct approach to estimate an efficient
dataset using the data resolution matrix. Variable quantities of data error (e.g. noise) are included to define the
independent number of measurements. The approach is
applied to the technique of Magnetic Resonance Sounding to derive an efficient series of pulse moments that is
compared to linear and logarithmic space series of pulse
moments.

DATA R ESOLUTION M ATRIX : C OMPLEX DATASET
Besides the model resolution matrix Rm that describes the
relation between the true subsurface model and the estimated model as a weighting function (Menke, 1984), the
data resolution matrix Rd describes the relation of one datum to all other, i.e. the uniqueness of the information of
this datum. If the corresponding row of Rd for one datum
is “delta like” (no off diagonal elements) this datum bears
unique information. The more off diagonal elements exist the more data is weighted inside the inversion to one
information.

MRS P RINCIPLES
The detected MRS signal is a decay curve at resonance
frequency of the relaxation process of a system of hydrogen protons at a given excitation intensity. The relaxation
is caused by an electromagnetic excitation pulse of a certain amplitude and duration at resonance frequency excit-

In a first step we only consider the real part of the measurement. This is valid if resitivity does not affect the
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be checked visually by the Picard Plot claims that |uTi d|
(uTi : data space eigenvectors; d: data/ pulse moments) decay on average faster then the singular values σi . Since
|uTi d| converges against the quantity of data error the condition is satisfied in a first order if σi is above the level
of data error. To retrieve the maximum number of independent measurements d theoretically the data and model
space must be a continuous functions, since model and
data space are correlated. As long as the Picard condition
is satisfied the imaging process is stable, or vice versa, the
amount of independent measurements is given.

measurement. Fig.1 shows Rd for 48 m loop radius, maximum pulse moment of 18 As, 1 Ωm and 1000 Ωm ground
resistivity, respectively. For large resistivities the imaginary part obviously contains no information since the
electromagnetic phase vanishes. The same conclusion can
be drawn directly from the singular value distribution. If
one considers a fixed limit for the ratio of the largest singular value to the smallest included value, the distribution
of singular values for 1000 Ωm ground resistivity includes
less singular values than for 1 Ωm. The difference is the
phase information.

a)

b)

c)

d)

Due to numerical reasons the task is solved inversly. Starting with few thick layers and less amount of pulse moments the layer thickness is stepwise decreased, i.e. the
number of basis layers and the amount of pulse moments
is increased as long as no additional singular values fit
the conditions. Hence in the first step the minimum basis layer thickness concerning a certain noise level is
searched. At the time the necessary amount of pulse moments are given to achieve this resolution.

Figure 1: Data resolution matrix for a complex dataset at
two ground resistivities. a) and c) data resolution
matrix: loop radius of 48 m b) and d) singular value
distribution. Depending on the ground resistivity
the imaginary part of the dataset contains significant information. For the further investigation only
the real part is taken into account, i.e. insulating
condition are assumed.

Figure 2: Picard Plot 48 m loop radius, 1000 Ωm ground
resitivity, 600 pulse moments from 0.2 As - 18 As.
The quantity of data error defines the amount of independent measurements. To estimate this quantity
the model space discretisation is stepwise decreased
until the nose level is reached and the independent
measurement (38) can be found.

E FFICIENT DATASETS : I NDEPENDENT
M EASUREMENTS

Fig.2 shows the Picard Plot calculated for 600 linear
spaced pulse moments (min = 0.2 As, max = 18 As)
and a linear spaced subsurface model of 2 m, 0.5 m and
0.25 m base layer thickness. Concerning 2 m layer thickness (blue line) 18 singular value (that correspond to the
amount of pulse moments) can be included calculating
a stable inverse. Since the values itself are fairly above
the level of data error the basis layer thickness can be reduced. Reducing the base layer thickness requires more
data can be included. The basis layer thickness is reduced
as long as no additional singular values (pulse moments)

An efficient dataset can be defined as a dataset including
exclusively measurements with unique information, i.e. a
data resolution matrix that contains only elements with
the value of 1 at the main diagonal. The crucial point
is not to find unique measurement but avoid redundancy.
Therefore, the first task to solve is: How many independent measurements exist? This is at least a question of the
quantity of data error.
The Picard Plot is a very useful tool to analyse this (Fedi,
Hansen, & Poaletti, 2005). The Picard condition that can
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are above the noise level. Reaching a base layer thickness
of 0.25 m some σi are within the level of data error. Consequently the smallest layer thickness resolvable during
inversion is reached and corresponds to and amount of 38
pulse moments or measurements.

moments (red line) is compared to a linear (blue line)
and a logarithmic (black line) spaced series of the same
amount of measurements, while the smallest and largest
pulses are identically. As expected the first few singular values are quite equal for any of the seriess. But is
outstanding that only the efficient series satisfies the Picard condition for all singular values (Fig. 3d), i.e. all
measurements can be included into calculating the inverse
operator.

E FFICIENT DATASET: S ELECT S EQUENCE M EMBER
Using the Picard Plot the minimum layer thickness of 0.25
m and the maximum amount of 38 independent pulse moments are calculated. Concerning this pulse moments basis the data resolution matrix (derived from and TSVD
with a cut-off at σi=38 ) shows the correlation between all
included measurements. Since much more data than necessary are used Rd is not an identity matrix (Fig. 3a).
To retrieve the independent ones, Rd can be analysed row
by row (Fig. 3b). Starting from the smallest pulse moment, the corresponding row of Rd indicates the next independent pulse moment if the weighting value is lower
than some threshold (here 0.01, according to the numerical variances). This scheme is continued until the last
pulse moment.

a)

b)

c)

d)

E FFICIENT DATASET: I NVERSION T EST
Finally, the inversion results of the linear, logarithmic and
the efficient series are compared. Both the smooth inversion (Fig. 4) and block inversion (Fig. 5) are based
on the singular value decomposition. The smooth inversion is a standard truncated singular value decomposition
with Tikhonov regularisation based minimisation of the
L2 − data norm and L2 − model norm. The block inversion is a picewise polynomial truncated singular value
decomposition (Hansen, 1996) based on minimisation of
the L2 − data norm and L1 − model norm. As underlying model a two aquifer case with a thin aquifer close
to the surface and a thicker aquifer at larger depths. Thus
the resolutionfor shallow and deep structures can be controlled. The synthetic dataset contains 10 nV Gaussian
distributed noise. The inversion parameters are identical
for all series (smooth inversion: truncation at σi=38 and
λtichonov = 100; block inversion: 10 discontinuities).
The images of all series reproduce the generel model
structure of the 2 aquifer case (Fig. 4/5). As expected the
efficient series shows the best overall results which is indicated by the lowest model rms value and smallest averaging areas (red bars, derived from the model resolution matrix of the smooth inversion for both inversion schemes).
Remark that for the block inversion the discontinuities are
constructed from the model null space. Consequently, it
appears to be valid to take the resolution properties derived from the smooth inversion.
The linear (Fig. 5b) series has less resolution and therefore higher averaging properties at shallow depths due to
less amount of small pulse moments. Consequently both
the boundaries and the watercontent of the shallow aquifer
are not met. In contrast the deeper aquifer is resolved best
compared to the other series. Since the upper boundery of
the shallow layer cannot be found using the block inversion the water content is underestimated. The logarithmic
(Fig. 5c) spaced series in contrast shows bad resolution
at large depths that is due to less amount of large pulses
and causes the underestimation of the deep aquifer water
content. Vice versa the shallow layer can be resolved best.
The efficient series (Fig. 5a) now combines the properties

Figure 3: Deviation of the efficient dataset. a) data resolution matrix: loop radius of 48 m, 600 pulse moments, 0.25m base layer thickness, truncation at
σi=38 ; b) row of R for q=3As; c) efficient series
compared to logarithmic and linear spaced; d) Picard plot for these series
The proper functionality of the derived dataset (Fig. 3c)
can be checked by analysing the Picard Plot. The singular
value distribution of the retrieved efficient series of pulse
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of both series while the amount of data is equal.
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It has been shown that the singular value distribution is
improved compared to a logarithmic and linear spaced
dataset. Consequently the image of the efficient dataset
reproduced the used model best in terms of model rms.
This can also be approved by model resolution properties
of the inverse operator.
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measurements can be calculated. The approach takes variable quantities of data errors into account. The necessary amount of independent unique measurements (corresponding to mimimum resolvable basis layer thickness)
is defined in the first step. The efficient dataset is then
derived from the data resolution matrix in the next.
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The drawback of the method is the huge calculation time
due to the dense discretisation of the forward operator
concerning both data and model space.

c)

Figure 4: Smooth Inversion a) efficient b) linear spaced
c) logarithmic spaced series (all 38 pulse moments)
red bars indicate the averaging depth range derived
from the model resolution. The image of the efficient dataset reproduces the model best. The good
shallow resolution of the logarithmic and the good
deep resolution of linear spaced series are combined.
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Figure 5: Block Inversion a) efficient b) linear spaced
c) logarithmic spaced series (all 38 pulse moments)
red bars indicate the averaging depth range derived
from the model resolution. The image of the efficient dataset reproduces the model best. The good
shallow resolution of the logarithmic and the good
deep resolution of linear spaced series are combined.
C ONCLUSION
Using the data resolution matrix derived by a TSVD an efficient datasets, i.e. a dataset including exclusively unique
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A note on the interpretation of EM induction data by multi-dimensional
conductivity and resistivity models
Ulrich Schmucker, Goettingen
It is customary to use in this context gradient-type methods, yielding gradual improvements of
a starting model. This contribution describes an alternative approach based on integral
equations for the anomalous parts E a = E − E n and B a = B − B n of EM fields on the Earth’s
surface. Their normal part E n and B n are the fields in a laterally uniform structure
surrounding a laterally non-uniform anomalous domain A. The model parameter to be found
will be the laterally variable anomalous part xa of conductivity or resistivity within A. It will
be assumed that their solely depth-dependent normal part xn outside A and thereby E n and
Bn as functions of depth are known.
Denoting with ym (r ) an anomalous EM datum at surface location r for frequency ωm and
with x(r ′) the conductivity or resistivity at location r ′ within A , then the integral equation to
be solved towards xa (r ′) = x(r ′) − xn ( z′) is
ym (r ) = ∫ K ( x | r , r ' ) ⋅ xa (r ' ) d r ' .

(1)

A

The non-linearity of the arising well-posed inverse problem (after linearization) is expressed
by the model dependence of the data kernel K m . Hence, an iterative process is started with an
approximated data kernel K m( 0) ( xn | r , r&′) , depending on the known normal structure only. It

leads to a starting model xa( 0) and thereby in K m(1) ( xn + xa( 0) | r , r&′) to the exact data kernel for
this model. Evaluation of eq, (1) with K m(1) yields a new preliminary model xa(1) , and so on.
Provided the process converges, the data kernels become better and better adapted to less and
less changing models. It is terminated, when K m( j ) is sufficiently close to K m( j −1) . Thus, in
every iterative step an entirely new model is derived from the data rather than successive
model improvements from data residuals. This allows the assessment of accuracy and
v
resolution of the final model xa( j ) for target point r ′k , that is data errors ∆ym can be converted
v
into model errors ∆xa( j ) . Furthermore, from the final data kernel and its inverse the range or
“spread” can be specified, over which the true model is averaged in the neighbourhood of r ′k .
In case of 2-dimensional model interpretations, the data kernel represents the product of
Green’s function for the normal structure (in the appropriate mode) with the internal field,
which is Ex ( y′, z′) for E-polarisation and Bx ( y′, z′) for B-polarisation. Since the respective
integral equation contains as model parameter σ a ( y′, z′) for E-polarisation and ρ a ( y′, z′) for
B-polarisation, a joint interpretation of data for both polarisations does not exploit fully their
information contents. Hence, the interpretation of any of the E-polarisation transfer functions
for Eax , Bay or Baz leads in this approach to a conductivity model, whereas the GDS transfer
functions seem to possess the greater resolution power. The same applies to the resistivity
model derived from the B-polarisation transfer function for Eay . The cause may be that the
respective data kernels involve differentiated Green’s functions with respect to y and z.
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An extension to interpretations with 3-dimensional models is complicated by the fact that
their anomalous fields are composed of both the tangential electric TE mode and the
tangential magnetic TM mode, which should be interpreted separately: transfer functions for
the TE mode towards models in conductivity and those for the TM mode towards models in
resistivity. While the anomalous TE surface field is accessible to direct observations, because
the magnetic variation field on and above ground is exclusively a TE field, this is not the case
for the TM surface field. Noting that E a is a Laplacian potential field in the air space, the
expression
.
∂Eax / ∂x + ∂Eay / ∂y = −∂Eaz / ∂z |z =−0
(2)
reflects accumulated electric charges within the model and on its surface, and it can be shown
that this expression eliminates the TE mode of E a in the air space. It is in analogy to the
expression

∂Eax / ∂y − ∂Eay / ∂x = iωBaz

(3)

for the TE mode according to Faraday’s law, only that Baz is a readily observed field
component, when for laterally quasi-uniform source fields Bnx is zero..
The data kernel is now the dyadic product of a Green’s tensor with the internal electric vector
field, while the components of E a at the surface serve as data ym in eq. (1). The intended use
of their derivatives as datum requires again the differentiation of Green’s functions with
respect to x and y, and in the combinations of eqs (2) and (3) this eliminates either the TE or
the TM mode of E a . The combination of differentiated MT impedances according to (2) is
used then to derive a 3-dimensional resistivity model and the GDS transfer functions for Baz ,
Bax or Bay to obtain a conductivity model. According to the above cited experience with 2dimensional models, such separately conducted interpretations according to modes may lead
for the same reason to better resolved models as with joint interpretations of the
undifferentiated MT tensor elements. Obviously, the application of eq. (2) to real data
requires arrays with a sufficiently closely spaced network of recording sites.
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1. DECOMPOSITION OF 3D MAGNETOVARIATIONAL RESPONSE
FUNCTIONS IN MODELS OF (2D+2D)-TYPE
1

М. Berdichevsky1 , V. Kuznetsov2 , N. Palshin2
Мoscow State University, 2 Institute of Oceanology RAS,
e-mail: mark.berd@mtu-net.ru

Abstract
We consider superimposition 3D model of a (2D+2D)-type that contains two 2D structures of different strike and suggest a decomposition method, which divides a 3D anomaly into two
independent 2D anomalies.
Let us consider a 3D geoelectric layered medium that contains at different depth two 2D horizontal cylinders of arbitrary section and different strike. Such a medium will be referred to as medium
of a (2D+2D)-type. The cylinders are separated by sufficiently thick resistive strata so that there is no
galvanic connection between them. Assume that at sufficiently low frequency the inductive connection between cylinder is absent too. Under these assumptions each of cylinders manifests itself as independent two-dimensional body and a total effect of both the cylinders is a simple sum of partial 2D
effects generated by each cylinder. Assume also that the Earth is excited by a plane vertically incident
electromagnetic wave and an areal magnetovariational survey is conducted synchronously with observations at base site characterized by the normal magnetic field.
Determine the Schmucker tipper [S z ] connecting the anomalous vertical magnetic field H zA
at the observation site with the normal horizontal magnetic field H τN at the base site:

H z = [S z ] H τN

[S z ] = ⎡⎣ S zx S zy ⎤⎦

⎡H N ⎤
H τN = ⎢ xN ⎥ ,
⎣⎢ H y ⎦⎥

(1)

and the Schmucker perturbation tensor [S τ ] , connecting the anomalous horizontal magnetic field H Aτ
at the observation site with the normal horizontal magnetic field H τN at the base site:

H Aτ = [S τ ] H τN

⎡S
[S τ ] = ⎢ S xx
⎣ yx

S xy ⎤
S yy ⎥⎦

⎡H A ⎤
H Aτ = ⎢ xA ⎥
⎣⎢ H y ⎦⎥

⎡H N ⎤
H τN = ⎢ xN ⎥ .
⎣⎢ H y ⎥⎦

(2)

Introduce measurement coordinates x′, y′ with the x′ -axis directed along the strike of cylinder P1 and coordinates x′′, y′′ with the x′′ -axis directed along the strike of cylinder P2 . Azimuths

α′ , α′′ of cylinders P1 , P2 are counted clockwise from the x′ -axis: α′=0, α′′ ≠ 0 .
Decomposition of the Schmucker tipper [S z ]
Let the MV-sounding result in tippers [S z ] reflecting the total 3D effect of cylinders P1 , P2
and induction arrows defining the cylinders strike. We look for partial tippers [S′z ] and [S′′z ] reflecting
the 2D effect of cylinder P1 in the absence of cylinder P2 and the 2D effect of cylinder P2 in the
absence of cylinder P1 .

In coordinates x′, y′ we have:

91

1

Berdichevsky et al., 1. Decomposition of 3D MV response functions in models of (2D+2D)-type

⎡ cos α′′ sin α′′ ⎤
S zy′′ ] ⎢
(3)
⎥ = [− S zy′′ sin α′′ S zy′′ cos α′′].
⎣ − sin α′′ cos α′′⎦
Inasmuch as the cylinders P1 and P2 do not interact, their total effect is equal to the sum their

[S′z ] = [0 S zy′ ]

[S′′z ] = [0

partial effects. Thus,

H z = H z′ + H z′′ = [S′z ] H τN + [S′′z ] H τN = {[S′z ] + [S′′z ]} H τN = [S z ] H τN ,

whence

[S z ] = [S′z ] + [S′′z ] .

With a glance to (3)

(5)

S zx = − S zy′′ sin α′′

(6)

S zy = S zy′ + S zy′′ cos α′′,
from which

S zy′ =
and

S zx cos α′′ + S zy sin α′′

S zy′′ = −

sin α′′

(4)

[S z ] = ⎡⎣ S zx S zy ⎤⎦ = ⎡⎣0 S zx cotα′′+S zy ⎤⎦ + [ S zx
[S′z ] = ⎡⎣0 S zx cotα′′+S zy ⎤⎦
[S′′z ] = [ S zx

S zx

sin α′′

− S zx cot α′′]
− S zx cot α′′] .

(7)

(8)

So, with a knowledge of azimuths α′ = 0, α′′ and the total 3D tippers, we get the partial tip-

pers [S′z ] , [S′′z ] and divide the 3D anomaly of the vertical magnetic field into two independent 2D
anomalies.
Decomposition of the Schmucker perturbation tensor [S τ ]
Similarly we can decompose the Schmucker perturbation tensor [S τ ] . Let the MV-sounding
result in tippers [S z ] reflecting the total 3D effect of cylinders P1 , P2 and induction arrows defining
the cylinders strike. We look for partial tippers [S′z ] and [S′′z ] reflecting the 2D effect of cylinder P1
in the absence of cylinder P2 and the 2D effect of cylinder P2 in the absence of cylinder P1 .
In coordinates x′, y′ we have:

⎡0 0 ⎤
[S′τ ] = ⎢
⎥
⎣0 S ′yy ⎦

⎡cos α′′ − sin α′′⎤ ⎡0 0 ⎤ ⎡ cos α′′ sin α′′ ⎤
⎥⎢
⎥⎢
⎥
⎣ sin α′′ cos α′′ ⎦ ⎣0 S ′′yy ⎦ ⎣ − sin α′′ cos α′′⎦
⎡ sin 2 α′′S ′′yy
− sin α′′ cos α′′S ′′yy ⎤
=⎢
⎥.
cos 2 α′′S ′′yy
⎣⎢ − sin α′′ cos α′′S ′′yy
⎦⎥

[S′′τ ] = ⎢

(9)

In the absence of interaction between cylinders P1 and P2

Η Aτ = [S τ ] H τN = [S′τ ] H τN + [S′′τ ] H τN = {[S′τ ] + [S′′τ ]} H τN ,

(10)

whence

[S τ ] = [S′τ ] + [S′′τ ]

⎡ S xx
⎢S
⎣ yx

S xy ⎤ ⎡ sin 2 α′′S ′′yy
=⎢
S yy ⎥⎦ ⎢⎣ − sin α′′ cos α′′S ′′yy

− sin α′′ cos α′′S ′′yy ⎤
⎥.
S ′yy + cos 2 α′′S ′′yy ⎥⎦

(11)

We arrive at a matrix equation for unknown S ′yy , S ′′yy . Equations of this linear system are compatible if

S xy = S yx = − S xx cot α′′ .

(12)

Let (12) be satisfied. Then
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S xx
sin 2 α′′
S xy ⎤ ⎡
S xx
− S xx cot α′′⎤
=⎢
⎥
⎥
S yy ⎦ ⎣ − S xx cot α′′
S yy
⎦

S ′yy = S yy − S xx cot 2 a′′

⎡S

[S τ ] = ⎢ S xx
⎣

yx

S ′′yy =

(13)

S xx
− S xx cot α′′⎤
⎤
⎡
S′′τ ] = ⎢
[
⎥
⎥.
2
⎣ − S xx cot α′′ S xx cot α′′ ⎦
⎣ S yy − S xx cot α′′⎦
We get the partial tensors [S′τ ] , [S′′τ ] and divide the 3D anomaly of the horizontal magnetic field

⎡0

0

[S′τ ] = ⎢0

2

into two independent 2D anomalies. When studying media of a (2D+2D)- type, the 3D inversion can
be reduced to two 2D inversions.
Model experiments
As an example we refer to the 3D model shown in Fig.1. It consists of the sedimentary cover
( ρ1′ =10 Оhm ⋅ m, ρ1′′=1000 Оhm ⋅ m, ρ1′′′=100 Оhm ⋅ m ), lithosphere ( ρ′2 = ρ′′2 = ρ′′′
2 = 1000 Оhm ⋅ m )
and asthenosphere ( ρ3 = 20 Оhm ⋅ m ).The lithospheric layer ρ′′′2 contains the asthenosphere elevation in the form of conductive prism P1 of 5 Ohm ⋅ m resistivity, its thickness, width and azimuth
being 50 km, 300 km and 0o respectively. The lithospheric layer ρ′2 contains the crustal zone in the
form of conductive prism P2 of 6 Ohm ⋅ m resistivity, its thickness, width and azimuth being 3 km,
100 km and 135o respectively.
Decomposition of the Schmucker tipper [S z ] has been accomplished by (11) at the periods
Т=100, 1000, 10000 s.
Fig.2 displays the pseudo-topographies of Eucleadian norm S z =
tipper [S z ] = ⎡⎣ S zx

S zy ⎤⎦ and Eucleadian norms S′z =

′
the partial tippers [S′z ] = ⎡⎣ S zx

S z′y ⎤⎦ and

[S′′z ] = ⎡⎣ S zx′′

pseudo-topographies of Eucleadian norms S% ′z =

′
true partial tipper ⎣⎡S% ′z ⎦⎤ = ⎣⎡ S%zx

S zx′ + S z′y
2

2

S zx + S zy
2

and S′′z =

2

of the initial

S zx′′ + S z′′y
2

2

of

S z′′y ⎤⎦ . For comparison we present here the

2
S%zx′ + S%z′y

2

and S% ′′z =

2
S%zx′′ + S%z′′y

2

of the

S%zy′ ⎦⎤ , obtained in the absence of the prism P2 , and the true strike

′′ S%z′′y ⎦⎤ , obtained in the absence of the prism P1 . Inspecting pseudopartial tipper ⎣⎡S% ′′z ⎦⎤ = ⎣⎡ S%zx
topography of S z , we find that at T = 10000s the strike of the prism P1 and at T = 100s the
strike of the prism P2 can be evaluated quite reliably. So, we proceed to decomposition of the
Schmucker tipper with knowledge of strikes of the prisms P1 , P2 . Comparing pseudo-topographies of

S′z , S′′z and S% ′z , S% ′′z , we conclude that decomposition of the Schmucker tipper separates twodimensional effects of asthenospheric and crustal structures with reasonable accuracy.
Examining the decomposition of the Schmucker perturbation tensor, we arrive at the same
conclusion.
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Fig.1 3D model of the (2D+2D)-type.

Fig.2 Decomposition of the Schmucker tipper. The horizontal scales are in km.
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2. DECOMPOSITION OF 3D MAGNETOVARIATIONAL RESPONSE
FUNCTIONS IN MODELS OF (2D+3D)-TYPE
1

М.Berdichevsky1 , V.Kuznetsov2 , N.Palshin2
Мoscow State University 2 Institute of Oceanology RAS,
e-mail: mark.berd@mtu-net.ru

Abstract We consider a 3D superimposition model of the (3D+2D)-type that contains a 3D elongated structure against the 2D background and attempt to divide this model into 3D and 2D models
using an approach valid for models of (2D+2D)-type.
Let us consider a 3D geoelectric layered medium that contains a 3D elongated structure
against the 2D background. Such a medium will be referred to as medium of the (3D+2D)-type. Assume that the Earth is excited by a plane vertically incident electromagnetic wave and an areal magnetovariational survey is conducted synchronously with observations at base site characterized by the
normal magnetic field. Our question is whether it is possible to separate effects of the 3D elongated
structure and 2D background by means of approach suggested for a 3D model of the (2D+2D)-type.
Recall main points of this approach. We considered a 3D medium that contains two 2D horizontal
cylinders P1 , P2 of different strike and determine the Schmucker tipper [S z ] connecting the anomalous vertical magnetic field H zA at the observation site with the normal horizontal magnetic field H τN
at the base site:

H z = [S z ] H τN

[S z ] = ⎡⎣ S zx

S zy ⎤⎦

Sz =

S zx + S zy
2

2

⎡H N ⎤
H τN = ⎢ xN ⎥
⎣⎢ H y ⎦⎥

and the Schmucker magnetic perturbation tensor [S τ ] , connecting the anomalous horizontal magnetic
field H Aτ at the observation site with the normal horizontal magnetic field H τN at the base site:

H Aτ = [S τ ] H τN

⎡S
[S τ ] = ⎢ S xx
⎣ yx

S xy ⎤
S yy ⎥⎦

Sτ =

2

2

S xx + S xy + S yx + S xx
2

2

⎡H A ⎤
H τA = ⎢ xA ⎥
⎣⎢ H y ⎦⎥

⎡H N ⎤
H τN = ⎢ xN ⎥ .
⎣⎢ H y ⎥⎦

Here we introduce measurement coordinates x′, y′ with the x′ -axis directed along the strike of cylinder P1 and coordinates x′′, y′′ with the x′′ -axis directed along the strike of cylinder P2 . Azimuths

α′ , α′′ of cylinders P1 , P2 are counted clockwise from the x′ -axis: α′=0, α′′ ≠ 0 . In this model we

look for partial tippers [S′z ] , [S′′z ] and partial perturbation tensors [S′τ ] , [S′′τ ] reflecting the 2D effects
of cylinder P1 in the absence of cylinder P2 and the 2D effects of cylinder P2 in the absence of cyl-

inder P1 . Decomposition of [S z ] , [S τ ] is performed in assumption that the cylinders P1 , P2 do not

interact with each other. The Schmucker tipper [S z ] is decomposed by formulae

[S z ] = [S′z ] + [S′z′ ]

[S z ] = ⎡⎣ S zx

S zy ⎤⎦

[S′z ] = ⎡⎣0

S zx cotα′′+S zy ⎤⎦

[S′′z ] = [ S zx

− S zx cot α′′] .

The Schmucker perturbation tensor [S τ ] is decomposed by formulae

[S τ ] = [S′τ ] + [S′′τ ]

⎡S

[S τ ] = ⎢ S xx
⎣

yx

S xy ⎤ ⎡
S xx
− S xx cot α′′⎤
=⎢
⎥
⎥
S yy ⎦ ⎣ − S xx cot α′′
S yy
⎦
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⎡0

[S′τ ] = ⎢0
⎣

⎤
S yy − S xx cot α′′⎥⎦

⎡

0

[S′′τ ] = ⎢ − S

2

⎣

− S xx cot α′′⎤
S xx
.
′′ S xx cot 2 α′′ ⎥⎦
xx cot α

In the (2D+2D)-model the symmetric
magnetic perturbation tensor meets the condition
S xy = S yx = − S xx cot α′′ . This is the necessary condition for decomposition. It is referred to as decomposition condition. Taking into account a deviation from the (2D+2D)-model, we represent the perturbation tensor as [S τ ] = [Sˆ τ ] + [ δ] , where

[Sˆ τ ] is the corrected perturbation tensor that satisfies the

decomposition condition, and [ δ] defines the error of decomposition:

⎡ Sˆ

[Sˆ τ ] = ⎢ ˆxx

⎢⎣ S yx

− S xx cot α′′⎤
Sˆxy ⎤ ⎡
S xx
⎥=⎢
⎥
S yy
Sˆ yx ⎥⎦ ⎣ − S xx cot α′′
⎦

S xy + S xx cot α′′⎤
⎥ .
0
⎣ yx + S xx cot α′′
⎦
⎡

[ δ] = ⎢ S

0

Let us apply such a decomposition to the model of the type (2D+3D) shown in Fig.1. The
model is taken from [Ledo, 2006]. It consists of the sedimentary cover ( 10 Оhm ⋅ m, 100 Оhm ⋅ m ),
lithosphere ( 1000 Оhm ⋅ m ) and asthenosphere ( 20 Ohm ⋅ m ).The sediments contain a 2D resistive
ledge of resistivity 2000 Ohm ⋅ m , its azimuth being 0o, and a 3D horizontal prism of resistivity
4 Ohm ⋅ m , its azimuth being 135o. The prism is inserted into the ledge so that both the structures can
electromagnetically interact with each other.
Decomposition of the Schmucker tipper [S z ] and perturbation tensor [S τ ] has been accomplished at the periods Т=1, 10, 100 s.
Fig.2 displays the pseudo-topographies of Eucleadian norms S z of the initial tipper [S z ]

S′z , S′′z of the partial tippers [S′z ] , [S′′z ] . For comparison we present here the pseudotopographies of Eucleadian norms S% ′z and S% ′′z of the true partial tipper ⎡⎣S% ′z ⎤⎦ , obtained in the absence of the prism P2 , and the true partial tipper ⎡⎣S% ′′z ⎤⎦ , obtained in the absence of the ledge P1 . From

and

pseudo-topography of S z we find at T = 1, 10 s the strikes of the ledge P1 and prism P2 . Comparing the pseudo-topographies of

S′z , S′′z

and

S% ′z , S% ′′z , we see that decomposition of the

Schmucker tipper separates the three-dimensional effect of the prism P2 with reasonable accuracy,
while the two-dimensional effect of the ledge P1 is separated with some distortion.

The same can be said about decomposition of the magnetic tensor [ Z τ ] . Fig.3 shows the

pseudo-topographies of Eucleadian norms S τ of the initial tensor [S τ ] , Sˆ τ of the corrected tensor

⎡Sˆ τ ⎤ and S′τ , S′′τ of the partial tensors [S′τ ] , [S′′τ ] , obtained by decomposition of the corrected
⎣ ⎦
tensor ⎡Sˆ τ ⎤ as well as S% ′τ , S% ′′τ of the true partial tensors ⎡⎣S% ′τ ⎤⎦ , ⎡⎣S% ′′τ ⎤⎦ . Comparing the pseudo⎣ ⎦
topographies of S′τ , S′′τ and S% ′τ , S% ′τ′ , we see that decomposition of the Schmucker tensor separates the three-dimensional effect of the prism P2 with reasonable accuracy, while

the two-

dimensional effect of the ledge P1 is separated with some distortion.
Summing up, we arrive at conclusion that the suggested decompositions can be useful in
analysis and inversion of the magnetovariational superimposition functions.
Reference
Ledo, J., 2006, 2D versus 3D magnetotelluric data interpretation, Surveys in Geophysics, 27, 111148..
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Fig.3 Decomposition of the Schmucker magnetic tensor. The horizontal scales are in km.

Berdichevsky et al., 2. Decomposition of 3D MV response functions in models of (2D+3D)-type

98

4

4th International Symposium on Three-Dimensional Electromagnetics
Freiberg, Germany, September 27–30, 2007

MAGNETIC PERTURBATION ELLIPSES
1

M. Berdichevsky1, V. Kuznetsov2, N. Palshin2
Moscow State University, 2Institute Oceanology RAS

Сonsidering the Scmucker magnetic tensors [S] and perturbation vectors p and q , we
supplement these definitions with the perturbation ellipses which expand our information field.
The horizontal Schmucker tensor [S] establishes the relation between the anomalous
magnetic field H Aτ at an observation site and the normal field H Nτ at a base site located in a
horizontally homogeneous zone:
H Aτ = [S]H Nτ ,
where

⎡H N ⎤
⎡H A ⎤
⎡ S xx S xy ⎤
H Aτ = ⎢ xA ⎥
[S] = ⎢
H Nτ = ⎢ xN ⎥ .
⎥
⎢⎣ H y ⎥⎦
⎢⎣ H y ⎥⎦
⎣ S yx S yy ⎦
The perturbation vectors p and q define the anomalous magnetic fields that correspond
to the unit normal magnetic fields 1x and 1y polarized respectively in the x - and y -directions:
p = S xx 1x + S yx 1y
Re p = Re S xx 1x + Re S yx 1y
Im p = Im S xx 1x + Im S yx 1y

q = S xy 1x + S yy 1y
Re q = Re S xy 1x + Re S yy 1y
.
Im q = Im S xy 1x + Im S yy 1y

They indicate intensity and direction of the anomalous magnetic fields depending on polarization
of the normal magnetic field. Let us show that vectors p and q can be incorporated into ellipses
which give better image of geoelectric structures perturbing the magnetic field.
Introduce the following notations:

H xN = X H yN = Y
a = Re S xx b = Re S xy

H xA = U

H yA = V

c = Re S yx d = Re S yy .

In these notations the Schmucker tensor transforms the XY plane into the UV plane:

U = aX + bY
V = cX + dY .
It is easy to prove that a circle X 2 + Y 2 = 1 given in the XY plane (at base site) is transformed
into an ellipse
(c 2 + d 2 )U 2 − 2(bd + ac)UV + (a 2 + b 2 )V 2 = (ad − bc) 2
centered at the origin of the plane UV at observation site. This ellipse is referred to as the real
perturbation ellipse. It is an analog of the Doll telluric ellipse applied in the telluric current
prospecting.
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The transformation of the unit circle into a perturbation ellipse is shown in Fig.1. The
perturbation vectors Re p and Re q are transforms of the conjugate radii 1x and 1y of the unit
circle. Evidently the vectors Re p and Re q are conjugate radii of the perturbation ellipse. It is
seen from presented example that perturbation ellipse reflects the field anisotropy much better
than perturbation vectors. What we want to stress is that the minor axis of the perturbation ellipse
indicates strength and direction of maximum excess current.

Fig.1 The Schmucker perturbation vectors Re p and Im p are conjugate radii of the magnetic
perturbation ellipse.

In canonical form, the perturbation ellipse equation is
(U ′) 2 (V ′) 2
+ 2 = 1,
A2
B
where

A=

a 2 + b2 + c2 + d 2
(a 2 + b 2 + c 2 + d 2 )2
+
− (ad − bc) 2
2
4

B=

(a 2 + b 2 + c 2 + d 2 ) 2
a 2 + b2 + c2 + d 2
−
− (ad − bc) 2
2
4

are the major and minor semi-axes of the ellipse. The slope of the major axis is
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tan α =
=
=

2(ac + bd )
a 2 + b 2 − c 2 − d 2 + (a 2 + b 2 + c 2 + d 2 ) 2 − 4(ad − bc) 2

a 2 + b 2 − c 2 − d 2 − (a 2 + b 2 + c 2 + d 2 ) 2 − 4(ad − bc) 2
−2(ac + bd )
a 2 + b 2 − c 2 − d 2 + 2(ac + bd ) − (a 2 + b 2 + c 2 + d 2 ) 2 − 4(ad − bc) 2
a 2 + b 2 − c 2 − d 2 − 2(ac + bd ) + (a 2 + b 2 + c 2 + d 2 ) 2 − 4(ad − bc) 2

.

Similarly we construct the imaginary perturbation ellipse associated with the imaginary
perturbation vectors Im p and Im q . To this end we substitute

a = Im S xx

b = Im S xy

c = Im S yx

d = Im S yy .

By way of illustration let us consider the perturbation ellipses obtained in a model with
the 3D graben. The model is shown in Fig.2. The integral conductivity of sediments changes
from 5 S outside the graben to 100 S inside the graben. Fig.3 presents the map of the real magnetic perturbation ellipses covering the IV quadrant of the graben and its vicinity. Two features
of this map catch the eye: 1) the perturbation ellipses round the graben edge, 2) in the central part
of the graben they are aligned perpendicularly to the graben strike. To get more vivid pattern, we
turn to the map of the minor axes of the perturbation ellipses (Fig.4). Here a picture of current
channeling emerges: excess currents are concentrated along the graben.

Fig.2

Three-dimensional graben.
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Fig.3

Major and minor axes of the magnetic perturbation ellipses.

Fig.4

Minor axes of the magnetic perturbation ellipses.

Schmucker U., 1970, Anomalies of geomagnetic variations in the southwestern United States,
University of California Press, Berkeley-Los Angeles-London.
102

4

Click Here & Upgrade

PDF
Complete

Expanded Features
Unlimited Pages

Documents
4th International Symposium on Three-Dimensional Electromagnetics
Freiberg,
Germany,
Septemberon27–30,
2007
4th International
Symposium
Three-Dimensional
Electromagnetics
Freiberg, Germany, September 27 30, 2007

Examples of magnetotelluric data: invariants of rotation, and phases greater than 90
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SUMMARY
This paper presents a portfolio of analyses of representative magnetotelluric impedance tensors, in terms of invariants of
rotation of the measuring axes. These analyses range from principal value decompositions of the real and quadrature
(imaginary) parts taken separately, to the invariants of phase tensor analysis. Attention is paid especially to those
invariants which indicate dimensionality.
Some data have phases greater than 90 deg. It is shown that the Mohr circles for these examples do not enclose or
“capture” the origin points of their plots.
Keywords: electromagnetic, magnetotelluric, tensor, rotation, phase, decomposition, invariant, Mohr circle

INTRODUCTION

INVARIANTS OF ROTATION

Central to a magnetotelluric study of Earth structure is
the determination, from field observations at an array
of sites, of values of the magnetotelluric impedance
tensors for those sites. Often the interpretation of such
observed impedance tensors is straight-forward,
enabling the magnetotelluric study to proceed to
completion.

At the 3DEM3 meeting in Adelaide in 2003, Weaver et
al. (2003) discussed invariants of rotation of the
magnetotelluric impedance tensor, and presented three
such invariants (J1, J2 and J3) which were based on the
phase tensor analysis of Caldwell et al. (2004, see also
Bibby et al. 2005). The significance of invariants has
been recognized for some time (Ingham, 1988; Park
and Livelybrooks, 1989; Fischer and Masero, 1994,
Lilley 1998), and recently Szarka and Menvielle (1997)
and Weaver et al. (2000) have investigated sets of
seven invariants which, together with an eighth value
in the form of a geographic bearing, have been needed
to fully describe a complex magnetotelluric impedance
tensor value of eight elements.

Sometimes, however, individual sites may appear
anomalous, and need extra attention and understanding,
before their interpretation can proceed. The present
paper gives graphical analyses of some selected
examples, where calculating and displaying especially
invariants of rotation have been found to be helpful in
understanding perplexing characteristics.

The recognition that just three invariants carry much
important information in many practical situations is
now explored further. The present paper offers a range
of examples, in which these three invariants are
calculated and displayed as functions of period. For
comparison, a variety of other invariants are also
displayed, notably the principal decomposition values
of Lilley (1998), and the seven invariants of Weaver et
al. (2000).

These examples are discussed against a wider
background. The procedure for 1D inversion is
invariably based on an invariant (the 1D observed
impedance). Similarly 2D inversion is commonly
based on invariants, the TE (E-pol) and TM (B-pol)
impedances.
As the subject of magnetotelluric
interpretation advances further into 3D inversion and
modelling, the question of which parameters to invert,
from a wide range of possible candidates including
notably invariants as discussed in this paper, may be
expected to need frequent re-visiting.
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MOHR CIRCLES

EXAMPLE FROM EMSLAB

Mohr circle diagrams are included in the displays, not
only for the principal value decompositions, but also
for the phase tensor analysis as described by Weaver et
al. (2003). The J1, J2 and J3 invariants have a
particularly simple expression on a Mohr circle.

The second example presents data from the EMSLAB
experiment. Again, the data are initially presented as
apparent resititvity and phase values, computed from
the Zxy and Zyx imedance tensor elements, as
observed. Note that the phase for the Zxy tensor
element is at first in the expected quadrant, but that as
period increases the phase value changes smoothly to
be greater than 90 deg. There is also unusual behavour
evident where the apparent resitivity calculated for the
Zxx element, as observed, is greater than as calculated
for the Zxy element. Such behaviour may at times be
perplexing, but is to some extent resolved by inspection
of the Mohr circles for the data, which are shown.
These circles give a full representation of the observed
tensor, and demonstrate that the observed behaviour is
a distinctive consequence of the particular orientation
which the observing axes happened to have with the
geologic structure.

It is also instructive to examine all Mohr circles (full
tensor, and phase tensor) in such cases, to see whether
the circles enclose or “capture” the origins of axes. In
the present examples, they do not do so. .

PHASE VALUES EXCEEDING 90 deg
A related matter is that of magnetotelluric phase values
which exceed an expected maximum value of 90 deg.
Such cases are often perplexing and need special
attention (for example Heise and Pous, 2003). The
graphical displays of this paper include examples
where observed phase exceeds 90 deg. The figures
explain simply how other orientations of the observing
axes will produce phases which are less than 90 deg,
and in fact show clearly the ranges of observing axes
orientation for which anomalous phases will occur.

CONCLUSIONS
In the routine processing of observations from an array
of many magnetotelluric stations, any particular station
may be unlikely to receive undue individual attention
and analysis. However, when results are found for a
station which are perplexing, that station may well
deserve extra attention, until its characteristics are
understood. Adopting analyses such as demonstrated
in the present paper may be of assistance in such
perplexing cases, helping the interpreter to understand
particularly some 3D behaviour.

EXAMPLE FROM AUSTRALIA
The first example is from a sedimentary basin in
Australia. The diagram depicting these data show first
apparent resistivity and phase curves calculated from
the Zxy and Zyx impedances as observed. The analysis
starts with principal value decomposition of the real
and quadrature parts of the impedance tensor taken
separately (Lilley, 1998), and the recombination of the
real and quadrature principal values to give principalvalue apparent resistivities and phases, together with
values of the rotation angles, theta-e and theta-h. The
analysis then moves to the calculation and presentation
of the invariants of rotation of Weaver et al. (2000),
and to the phase tensor analysis of Caldwell et al.
(2004). Seven invariants (I1 to I7) monitor the
dimensionality of the impedance tensor as a function of
period, and especially three (J1, J2 and J3) summarise
neatly the extent to which the dimensionality is 1D, 2D
or 3D. The angles calculated (alpha, beta and gamma)
are auxiliary to the analysis, and the strike angle is
presented as theta-s. Many of the phase tensor
quantities are also displayed neatly in a Mohr circle.
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SUMMARY
Since nearly fifty years there has been an ongoing discussion about the mechanisms controlling the low-frequency
polarization, i.e. the frequency dependence of the complex resistivity. Numerous measurements have been carried out
both in the laboratory and at test sites. There also exist various equivalent circuits of the subsurface to explain the
effects, but there is a lack of numerical modeling of the processes. We follow the model of Marshall and Madden
(1959) who were able to estimate the high-frequency (ac) and low-frequency (dc) limits of the conductivities in 1D
cases for sequences of two alternating materials and therefore could also calculate the maximum frequency effect based
on their assumptions.
We solve the numerical problem in the time domain and can not only calculate a chargeability of our models but also a
time constant. Furthermore, a fit to traditional Cole-Cole curves is possible which permits an estimation of the
frequency exponent.
We extend the studies of Marshall and Madden (1959) by simulating the processes for models that vary in more than
one spatial dimension.
The numerical modeling proves to be helpful for the understanding of the governing mechanisms in the pore space that
lead to frequency-dependent conductivities.

Keywords: induced polarization, frequency effect, pore scale

consequence, the grain size controls the relaxation
time.
In the second approach the charge buildup is caused by
pore spaces of varying thickness where the narrow
passages act as ion-selective membranes (e.g., Titov et
al. (2002)). Here, theory suggests that the length of the
pore-throat is the decisive parameter controlling the
relaxation time.
A recent paper by Scott (2006) where gel-filled
samples with reduced mobilities in the bulk pore fluid
are compared to common water-saturated samples
(keeping the ionic composition nearly constant) and
only little effect on the relaxation is observed adds
interesting aspects. We now want to make a
contribution by numerical modeling of the processes.

INTRODUCTION
Induced polarization (IP) has become a more and more
common tool in the applied geophysics. In addition to
the early employment in the mineral exploration, the
method is today often used for hydrogeophysical
applications. It also has the potential to distinguish
between sand layers containing salt water as pore fluid
and clay layers with the same DC resistivity.
Many theories exist to correlate the complex electrical
resistivity to the hydraulic conductivity, but no
relationships have been obtained that are applicable to
more than a few limited types of samples. A better
understanding of the relaxation processes and their
relationship with geometrical parameters describing the
pore space (e.g., grain sizes) would be extremely
helpful.
Currently, two main theories exist to explain the IPeffect. The first is based on processes within the
electrical double layer (EDL) along the boundary
between grain surface and pore fluid. An external
voltage leads to a charge buildup caused by the excess
of ions that are moving at different speeds along the
EDL (e.g., Lesmes and Morgan (2001)). As a

THEORY
To model the mechanisms in the pore space we start
with the equations of motion for the ion species (e.g,
Marshall and Madden (1959)):

∂p
= ∇ ⋅ (D p ,i ∇p ) − ∇ ⋅ ( μ p ,i pE )
∂t
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∂n
= ∇ ⋅ (Dn ,i ∇n ) − ∇ ⋅ ( μ n ,i nE )
∂t

can either be seen as anion or as cation excess
concentrations.

(2)

where p and n are the concentrations of cations and
anions, Di the diffusion coefficients (of the ith domain),
μi the corresponding mobilities and E the electric field.
Additionaly, Poisson’s equation shall be satisfied

∇⋅E =

F

ε0

( p − n) ,

(3)

as well as Einstein’s relation

D =

μk BT
e

.

(4)

Here, ε0 denotes the permittivity of free space, F is the
Faraday constant, kB is Boltzmann’s constant, T
denotes temperature and e is unit charge.
Equations (1) and (2) control the currents consisting of
a diffusion part caused by concentration gradients and
another part driven by the electric field. Equation (3)
couples the concentrations with the electric field.
Equation (4) directly relates the diffusion coefficients
to the mobilities.
The system of equations is solved using COMSOL
multiphysics modeling software.

Figure 1: Excess concentration along the pore channel,
early times. Between 0.9 and 1.2 mm the anion
mobility is reduced.

EXAMPLES
In the following models we start to impress a constant
voltage at the ends of the pore channel at t = 0 and
observe the developing concentration gradients. The
software also allows to use time-varying voltages (e.g.,
a sinusoidal signal or a switch-off).
The first example is a 1D-case of two different media
alternating every 0.3 mm along the pore channel and an
impressed outer electric field of 1V/m. All parameters
are constant along the pore except for the anion
mobility, which is reduced from the background value
of 5E-8 m/s² by a factor of ten in the second medium
(right half in figures 1 and 2).
We observe a concentration buildup (figure 1) at the
boundary between the two media (x = 0.9 mm) ending
up in a stationary case (figure 2) with constant
concentration gradients.
The background concentration of 1 (mol/m³) has been
subtracted from the data shown in figures 1 and 2. In a
first approximation cation and anion concentrations are
equal, as a significant difference leads to huge electric
fields that immediately reduce the contrast. Only a very
small charge buildup (i.e. p-n) is observed at the
boundaries between the two media (here around 1E-8
of the excess concentration) influencing the processes
via equation (3). Therefore, the concentrations shown

Figure 2: Excess concentration along the pore channel,
late times. Between 0.9 and 1.2 mm the anion mobility
is reduced.
From the known concentrations and potentials we can
calculate a time-dependent resistivity. The dc and ac
limits (not shown here) are in very good agreement
with the theoretic values of Marshall and Madden
(1959).
We fit a Cole-Cole model to the resistivities and find a
model that fits our data well (figure 3). At the time
limits we see that the model (dashed line) can not
completely explain our data (solid line) but basically
we have the ability the estimate all four Cole-Cole
parameters. For this model we obtain a dc-resistivity ρ0
= 181 Ωm, a chargeability m = 0.2, a time constant τ =
12 s and a frequency exponent c = 0.65.
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DISCUSSION AND CONCLUSION
We are able to model the equations of motion of the
ion species for all kinds of pore geometries and
estimate the time (or frequency) dependent resistivities.
Therefore, we can study the correlation of the geometry
not only to the expected frequency effect (as in
Marshall and Madden (1959) for 1D cases) but also
predict the relaxation times or fit the data to existing
relaxation models (e.g., Cole-Cole). Potentially, this
can give significant insight in the correlation between
geologic parameters as e.g., hydraulic conductivity and
the measured relaxation response.
Besides the geometry the numerical modeling is also
flexible concerning the applied electric field. Apart
from the shown switch-on response also the switch-off
case or other signals (e.g., sinusoidal behavior) can be
modelled.
Furthermore, surface charges can be modelled to
simulate the typical negative boundaries of clay
particles. So, we are neither limited to the EDL
approach nor to the pore constriction model.
In the future we plan to examine more realistic pore
geometries and find realistic estimates of the mobilities
in the pores and their throates. Subsequently, we can
compare our results with artificial samples consisting
of only one grain size.
Additional calculations could be carried out
considering simple chemical reactions between the
ions.

Figure 3: Cole-Cole fit (dashed) to numerical results
(solid). Resistivity (Ωm) vs. log10(time in s).
In the second model we use a 2D geometry decreasing
the pore diameter in the sections where the anion
mobility is reduced. The stationary case of the excess
concentrations is shown in figure 4.

Figure 4: 2D model. Excess concentration, stationary
case.
As expected, there are obvious geometry effects caused
by changes of the concentrations in perpendicular
direction to the pore channel. Looking again at the
development with time (along the center of the pore
channel, figure 5) we see that the steady state is
reached earlier than in the 1D example and the
concentration gradients do not become constant.
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Figure 5: 2D model. Excess concentration, time
development.
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In the All-Russia Institute of Geophysical Prospecting of
the Ministry of Natural Resources of Russia and in the
Carpathian Branch of Institute of Geophysics National
Academy of Sciences of Ukraine, joint laboratory research is being conducted into seismoelectric and electroseismic characteristics of rocks in cores from deep boreholes drilled in different oil and gas provinces of Eastern
Europe and Western Siberia; physical modeling of the 3D
heterogeneities of the seismoelectric active environment
in plating bath is being carried out as well. Effects of the
1st and 2nd types are studied in detail.

compared to coarse-pored environment.
Seismoelectric effect of the 1st type (rock resistivity variation under the effect of vibration) for terrigenous rocks
(Western Siberia, Volga-Ural region) is not significant and
is always characterized with a 10–15 % increase of ρ after
vibration. On the contrary for carbonaceous containers of
fissure type, manifestation of the effect of the 1st type is
marked with a decrease of resistivity of rocks after vibration, which may reach 50 %.
In 3D physical modeling, several problems were dealt
with that were principal for seismoelectric method:

In modeling in the electromagnetic tub, the regularities are
studied of distribution in 3D heterogeneous environment
of electromagnetic field excited by mechanical vibrations
(seismoelectric effect of the 2nd type). Porous synthetic
materials saturated with NaCl aqueous solutions of various concentrations (cement tile, ceramics) are used as the
material for modeling. Modeling scale is 1:104 . Owing
to the fact that it is difficult to formulate similarity criterion for heterogeneous environment forming the model,
measurements were made in two frequency ranges: ultrasound of 10–220 kHz and low-frequency range of the
order of (3–5) · 102 Hz. Similar frequency range was used
in laboratory studies of natural samples, core.

1. Record point position, that is the site of point on
the profile where observed seismoelectric anomalies should be referred to;
2. Sensitivity of the method to the heterogeneities of
seismoelectric active environment;
3. The form of observed anomalies and the assessment
of 3D heterogeneous environment lateral influences
on electromagnetic fields; comparison of seismoelectric anomalies and anomalies obtained with the
use of electromagnetic methods;
4. Depth of seismic electric prospecting.

Special devices were worked out to conduct the research.
Mechanical vibrations for laboratory research and for
modeling were excited in two ways: in harmonic and impulse conditions. A direct relation was established between the manifestation intensity of seismoelectric effect
of the 2nd type and porosity coefficient of rocks under
studies for terrigenous collectors of oil and gas (within
Kp = 10–20 %); with small values of porosity (1–4 %),
inverse relationship is noted in some cases.

The problems set up were solved for models of horst,
graben and a heterogeneity in the form of a rectangular
lens having a considerably less acoustic rigidity as compared to the basic environment of which models were
built. Basic environment is represented with cement plates
with resistivity of the order of 200 Ohm·m, and the heterogeneity is represented with coarse-pored plate of resistivity of the order of 20 Ohm·m. In the modeling installation, field sources are acoustic transducers with vibration
units of piezo ceramics cased in a metallic water-proof
body. Frequencies were used from 10 to 220 kHz. The
transducers were fixed on a massive guide of coordinate
system and were put in contact with unsaturated solution
of NaCl (M = 20 g/l) that filled a large electrolytic tub
(5 × 5 × 0.7 m3 ) half-full with cement tile permeated with
electrolyte. The receiving part of the installation is represented with two perpendicular lines MN and three induc-

From preliminary results of research, the greatest seismoelectric activity is noted above hydrocarbon deposits in
layers overlapping oil deposits where in rock pores micro inclusions of oil and water both occur. Seismoelectric activity increases with increasing temperature and decreases as the salt concentration grows in strata water.
With similar coefficients of porosity, the greatest seismoelectric activity in noted in fine-porous rocks, which can
be accounted for by larger specific surface of particles as
112
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tion frames to measure orthogonal components of magnetic field Hx , Hy and Hz .
The above-mentioned models were studied as well as
the “normal” section (three-layer horizontal homogeneous
environment). Besides, the graben was studied with the
use of magnetotelluric sounding.
Seismoelectric effect of the 2nd type was measured with
variable and constant r (r is the distance between the
source of acoustic vibrations and the electromagnetic field
receiver). The experiments made corroborate the possibility of studying seismoelectric effect of the 2nd type in certain seismic geological and geoelectric conditions in the
field and in the laboratory because the registered signal
is sufficiently large and the form of anomalies observed
reflects the investigated objects in qualitative sense.
Certain analogies can be noted between seismic electric
anomalies and anomalies in classical methods frequency
sounding (FS), time domain electromagnetic (TDEM)
sounding.
Thus positive structures of active highresistance layer are shown by the increase of electric field
intensities. The form of the observed anomalies, similar to
the case of electromagnetic sounding, is related to the direction of electrical field primarily excited and therefore it
is different for longitudinal and transversal seismic waves.
There are distorting effects that may have similar manifestations. Thus if the vibrator and the receiver are placed
at opposites sides from the active high-resistive uplift,
“shadow” effect in noted, i. e. weakening of electric response. A similar effect is noted in dipole profiling in
electric prospecting. However, there are some differences
as well. Seismoelectric anomalies have a more complicated morphology than electric prospecting anomalies.
Besides, the plots of anomalous fields are asymmetric;
they are characterized by smooth form and commonly
they poorly reflect position of one or other subvertical geological boundary.
Record point for seismic electric prospecting is the location of measuring dipole. Record point for electric and
magnetic FS and TDEM (axial dipoles) is the center of
the installation. The differences in the form of the anomalies are associated with the fact that physical processes
that go on near heterogeneity margins with electric magnetic sounding and with the registration of seismic electric
effect of the 2nd type differ. With electromagnetic sounding, the redistribution of currents takes place, and in case
of seismic electric prospecting, diffraction phenomena are
likely to appear near vertical and subvertical boundaries in
seismic fields, which changes and commonly strengthens
the magnetic field and expands the anomalous zone.
Evidently in certain seismic geological and geoelectric
conditions that most likely are associated with oil and gas
in the interior of fissure traps and water-bearing reservoirs

in breccias, seismoelectric research can be a significant
addition to geophysical methods.
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1

SUMMARY
Mechanical and electromagnetic perturbations will be coupled in a fluid saturated porous medium. When a seismic
pulse propagates through a medium with a specific chemical and elastic properties it causes a relative movement
between the solid and fluid. Then this movement will induce an unbalanced situation in the electrical flux. The
unbalanced electrical flux will separates the dipoles and multi-poles at the both sides of an interface and makes it
possible to record the electromagnetic perturbations at the earth’s surface. In this paper, electroseismic wave
propagation have been studied and simulated in a layered and porous medium saturated with liquid. For this purpose the
governing equations of Pride (1994), the coupled equations of the Biot and Maxwell’s, were used and for calculating
the electroseismic traces, the generalized reflection and transmission matrix method (GRTM) was applied.
Keywords electroseismic, electromagnetic perturbations, flux-force transmission, reflection and transmission matrix.
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elastic equations are proposed by Pride(1994). In a
Using Fig.1, elastic and electromagnetic properties of
the layers, reflection and transmission matrices are
computed. Based on these coefficients, contributed
seismograms are calculated and depicted in Fig.2.
There are two kinds of seimoelectric signals: "A"
responses which are received simultaneously at all
stations and are related to electromagnetic waves
generated by seismic incident waves, "B" responses are

specific situation for a layered medium, Haartsen and
Pride (1997) proposed that , these equations convert to
a familiar system of first order depth related
differential equations:

∂ K K K K
B = A. B + F
∂z
Where:

K
B

is

displacement

electromagnetic wave fields,

vector

K
F is

of

Fig2: Calculated seismogram from previous model
properties

stress-

the source vector

A coefficient matrix (data kernel function).
K
Breaking down B in up going and down going wave
and

vectors, reflection and transmission matrices are
computed by the Kenneth et al(1979) method, then
seismogram is calculated, based on these reflection
coefficients.
The model consists of a layered sandstone medium
with a thickness of 100 meter, situated between two
half space with smaller porosity, Fig.1.Fluid chemical
properties are the same for this three layers and the
distance between the stations is 10 m.
related to existing electric field in seismic wave front.
Figure 1: layered model with a permeable sand stone
layer.

CONCLUSIONS
We studied the propogation of a seismoelectric
wave in a layered porous medium,numerically. It
has been shown that the acoustic and
electromagnetic wave fields could be converted at
a mechanical interface and this conversion could
be simulated by the General Reflection and
Transmision Matrix method
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A new, faster technique of three-dimensional magnetotelluric data acquisition
Gerard Muñoz, Oliver Ritter, Thomas Krings, Michael Becken
GeoForschungsZentrum Potsdam

SUMMARY
One of the difficulties for obtaining meaningful three-dimensional magnetotelluric models is getting a sufficient spatial
coverage of the target area. A huge number of stations is required if the target area is large and / or site spacing is dense.
The deployment of a large number of MT stations results in big costs both in terms of time and money. In this work we
present a technique of 3D data acquisition and processing that can reduce the needed setup time. This technique was
used to acquire MT data in a dense grid in the area around the Groß Schönebeck (Germany) geothermal test site. Five
standard MT stations (base stations) were distributed in the studied area of approximately 5 x 15 km and kept recording
for the whole duration of the experiment. In addition, at 158 stations (grid stations) only horizontal electric fields and
the vertical magnetic field were recorded covering the area with a site spacing of 500 x 500 m. Given that the
deployment of horizontal magnetic sensors is not necessary, the setup time of one of these stations is much shorter than
for a standard MT station, thus increasing the number of sites that can be deployed per day.
We applied both standard and remote-reference processing. A reference site was operated on the 250 km distant Island
of Rügen. As a first approach, the impedance tensor and the geomagnetic transfer functions at the grid stations were
calculated by simply using the horizontal magnetic fields measured at the five base stations. The spatial variability of
the horizontal magnetic fields is estimated form horizontal magnetic inter-station transfer functions between the base
sites. If the subsurface is predominantly 1D, as is the case for our short-period data, the anomalous horizontal magnetic
fields are small and the inter-station impedance estimates are close to the local impedances.. For more complex
structures, the transfer functions will be biased by the local variation of the horizontal magnetic field. To interpret these
data, we suggest to (i) modify existing inversion codes to handle inter-station transfer functions and, alternatively, (ii) to
apply techniques to predict the horizontal magnetic fields at the grid stations from the observed vertical magnetic fields,
using some hypothetic event analysis or related decomposition schemes.
Keywords: 3D data acquisition, processing, remote reference
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Laboratory measurements of electrokinetic phenomena
F.C Schoemaker, D.M.J. Smeulders and E.C. Slob
Delft University of Technology, The Netherlands

SUMMARY
Electrokinetics is the area where the interaction between the seismic and electromagnetic effects is studied. We present
laboratory measurements of the phenomenological coefficients which are required during the analysis of fluid saturated
porous media. Samples consisting of capillary tubes were used. The dynamic permeability which is a measure of the
fluid flow response to an applied external oscillating pressure gradient, such as exists in seismic waves, was measured.
This measurement is followed by the analysis of the dynamic coupling factor, which is essential for the interaction
between seismic and E-M phenomena. The governing electrokinetic theory is also written down and used for the
derivation of the characteristic wave velocities. From this analysis it has become clear that the shear wave, in
comparison to the other compressional waves, is most sensitive for detecting electrokinetic effects.
Keywords: Electrokinetics, streaming potential, experiments

INTRODUCTION
Exploration companies are extensively studying the
structure of the earth using electro-magnetic (E-M) and
seismic techniques. In this way they are capable of
finding water, gas and oil reservoirs or minerals. Due
to an increased demand for these assets, there is a
growing demand for new and improved exploration
techniques. Through the years seismic and E-M
methods have proven their effectiveness therefore
geophysists are now also looking for hybrid methods.
Electrokinetics is the area where the interaction
between the seismic and electromagnetic effects in
saturated porous media is studied. Electrokinetic
effects are studied within a wide variety of scientific
disciplines, e.g. microsystem industry, medicine,
groundwater and waste management, earthquake
prediction
and
monitoring
and
geophysical
prospecting.

Figure 1: Laboratory set-up: Dynamic Darcy Cell.

In this paper our attention is directed towards measurement of the frequency-dependency of electrokinetic
phenomena. Thereby a short theoretical description is
given of the governing equations followed by
computed results of the characteristic acoustic waves.
A comparison is made of how much the electrokinetic
coupling affects the characteristic waves. Thereafter
the
theory
behind
the
frequency-dependent
phenomenological coefficients is shown and compared
to experimental results which are obtained with the socalled Dynamic Darcy Cell (DDC). In figure 1 a photo
is shown of this set-up.

Background
When brine flows through porous rocks two effects
play a role. The first is the viscous effect characterized
by Darcy’s law. The second is the electrokinetic
coupling caused by the relative motion of charges in
response to an applied electric field (electro-osmosis)
or an applied pressure gradient (streaming-potential).
For example, glass immersed in an aqueous solution
becomes negatively charged due to the fact that the
silane terminals Si-O-H located at the surface of the
glass become protonated in the presence of an aqueous
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the magnetic field, electric field and electric-current,
for more details see (Pride 1994).
Setting the coupling coefficient L (ω ) equal to zero, the

solution. The mobile charge distribution, within the
liquid forms a so-called 'electric double layer' near the
immersed surface. This EDL consists of a fixed layer at
the surface, the ´Stern layer´, which is a molecular film
of counter-ions bonded to the solid by electrostatic
interaction. The second layer is a diffuse layer, which
extends from the fixed layer into the bulk solution; it is
known as the ´Gouy-Chapman diffuse layer´. This
diffuse layer results from a statistical equilibrium
between thermal and electrical forces. Both the viscous
and the electrokinetic coupling effects are strongly
frequency-dependent. For low frequencies, the velocity
profile is parabolic and Darcy’s law is generally valid.
For higher frequencies, the drag that the solid part of
the medium exerts on the fluid part, is dominated by
inertial effects as the viscous boundary layer decreases.
This drag is characterized by the tortuosity or the
related formation factor. Similarly the electric coupling
is governed by the visco-electric steady-state properties
of the fluid-saturated porous medium at low
frequencies. For high frequencies, inertia effects will
become dominant, as the viscous skin depth decreases.

Biot equation and Maxwell relations decouple and the
ordinary Biot waves and Electromagnetic waves are
found. Solving the Biot equations results in the
prediction of three wave types: two compressional and
one shear wave (see e.g. Smeulders, 2005). If the
electrokinetic coupling is included ( L ≠ 0 ) (Pride,
1996), the three wave type characteristics are affected
by electrokinetic effects, and their phase velocities and
attenuation factors are modified. Results are shown in
figures 2.
In figure 2a the phase speed versus the frequency are
plotted as a function of reduced frequency. From the
figures we notice that the electrokinetic coupling
hardly affects the compressional waves. The shear
wave, however, does show coupling effects which will
be the subject of further research investigation.

THEORETICAL FRAMEWORK
The governing equations were derived by Pride (1994).
Using an eiωt dependence, they can be written as:
)
)
iωφρ f w + iω (1 − φ ) ρ s v = ∇ ⋅ τ b ,
(1a)
k (ω )

)
)
)
⎡⎣ −∇p − iωρ f v ⎤⎦ + L (ω ) E ,
η
)
)
)
−iωφ p = Q∇ ⋅ v + R∇ ⋅ w ,
)

)

φ [w − v ] =

(1b)
(1c)

de
de
dε ⎤
⎡
iωτ b = ⎢( P + Q − 2G ) kk + ( R + Q ) kk ⎥ δ ij + 2G ij , (1d)
dt
dt ⎦
dt
⎣

Figure 2a: Phase velocity versus frequency for the
characteristic waves..

with the strain rates given by:
)
deij 1 ⎛ ∂v)i ∂v j ⎞
= ⎜
+
⎟,
2 ⎜⎝ ∂x j ∂xi ⎟⎠
dt
)
) ∂w
⎞
d ε ij 1 ⎛ ∂w
j
,
= ⎜ i+
⎟
2 ⎜⎝ ∂x j ∂xi ⎟⎠
dt

(1e)
(1f)

Maxwell’s equations:
r
r
)
)
J = σ E + L (ω ) ⎡⎣ −∇p − iωρ f v ⎤⎦ ,

(2a)

r
r
r
iωε 0ε r E = ∇ × H − J ,
(2b)
r
r
iωµ0 µ r H = − ∇ × E
(2c)
) )
In these equations, v , w are the solid and fluid velocity,
p is the fluid pressure, τ b the total stress, φ the

(

)

(

)

porosity, k (ω ) the dynamic permeability, η the fluid
viscosity, ρf and ρs are the fluid and solid density,
respectively. P, Q and R are the Biot-Gassmann
constants, G the shear modulus. In the E-M equations
we have ε 0 and ε r the permittivity in vacuum and the
r

Figure 2b: Attenuation versus frequency for the
characteristic waves.

r r

relative permittivity, σ the conductivity, H , E , J are
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Parameter analysis

Instrumentation

We now take a look at the phenomenological coefficients (colored red in the above governing equations).

At the inlet of the DDC (figure 1) an oscillating
pressure is applied. The tube is standing in a vertical
position, with the inlet at the bottom. There a
vibrating exciter drives a rubber membrane which
induces the oscillating pressure. Vibrations are induced
in a frequency band ranging from 5 Hz up to 200 Hz.
Two identical piezoelectric transducers are used to
measure the pressure, one at the inlet and the other at
the outlet mounted at the top, just above the porous
sample in the electrolyte. On the top and bottom of the
porous medium, electrodes are placed from which the
potential gradient is measured. The obtained results
will be compared with the existing theory. This is
necessary because in contrast to the recent advances in
the theoretical area, fieldwork and laboratory
measurements are still under-exposed. Most of the
laboratory measurements, were measured with Direct
Current (DC), thereby neglecting frequency effects.
The porous sample consists of capillary tubes of glass,
which are glued together with an epoxy resin. Use is
made of glass tubes, for their simple geometry which
allows an easier interpretation of the underlying
physics.

Dynamic permeability:
For a porous medium consisting of an ensemble of
parallel tubes (radius R), the dynamic permeability can
be computed exactly (Cortis et al, 2003):
k (ω ) ⎡ 8 ⎛
2 J1 ( β R ) ⎞ ⎤ ,
=⎢
⎜1 −
2 ⎜
⎟⎟ ⎥
ko
⎣⎢ ( β R ) ⎝ β R J 0 ( β R ) ⎠ ⎦⎥

(3a)

with k0 = (1/ 8 ) φ R 2 the steady state permeability, ρf the
fluid density β 2 = −iωρ f / η and R the radius of the
capillary, J0, J1 are Bessel functions of respectively
order zero and one. This is an exact solution derived
from the Navier-Stokes equations. The dynamic permeability for a porous medium of arbitrary shape was
later described by Johnson, Koplik and Dashen
(Johnson et al, 1987):
1
⎡
⎤
k (ω ) ⎢⎛
ω ,
M ω ⎞2
= ⎜1 − i
−i ⎥
⎟
⎢⎝
ωc ⎥
2 ωc ⎠
ko
⎥⎦
⎣⎢

(3b)

where ωc = ηφ / ( ρ f k0α ∞ ) is the rollover frequency
describing the transition from low frequency, viscosity
dominated flow towards, high frequency, inertia
dominated flow. The shape factor M (usually taken 1)
describes the ruggedness of the pore morphology, at
microscopic scale.

RESULTS and CONCLUSIONS
In Figure 3a, the real and in Figure 3b the imaginary
part of the dynamic permeability are plotted for both
the exact solution (equation 3a) and the generalized
approximate solution (equation 3b). We notice that
both models are almost indistinguishable. At low
frequencies (viscosity dominated), the dynamic
permeability necessarily tends to its steady-state value,
whereas above the rollover frequency a strong decline
can be observed (inertia dominated flow). The
Imaginary part displays a pronounced maximum at the
rollover frequency.
In Figure 4, Real and Imaginary parts of the dynamic
coupling factor (equation 4a and 4b) are plotted. Here
we observe also similar transition as described for the
dynamic permeability. In figure 4a a small difference is
observed between the exact solution at micro-scale and
the approximate solution at macro scale.

For the same sample consisting of parallel tubes also an
exact expression for the electrokinetic coupling can be
derived. This can be reached by combining the charge
transport flux within an individual cylinder and
Poisson´s equation for electrostatics (Packard, 1952).
For steady state conditions we obtain:
∇V (ω ) ⎡ εξ ⎤ ⎡ −2 J1 ( β R ) ⎤ ,
(4a)
L ω =
=

( )

∇P ( ω )

⎢ ση ⎥ ⎢ β R J β R ⎥
)⎦
⎣ ⎦⎣
0(

with ∇V (ω ) the potential gradient, ε the permittivity of
the fluid, and σ the fluid conductivity. Like before, this
result can be generalized to a porous medium of
arbitrary pore structure (Pride, 1994):
2
2
3
⎡
ωρ f ⎞ ⎤
⎡ εξ ⎤
ω 2 ⎛
d⎞ ⎛
2
⎥
L (ω ) = ⎢ ⎥ ⎢1 − i
1
2
1
i
d
−
−
⎜
⎟
⎟
Λ ⎠ ⎝⎜
Λ ⎠⎟ ⎥
ωc M ⎝⎜
⎣ ση ⎦ ⎢
⎣
⎦

−

1
2

(4b)

From our analysis it is possible to conclude, that we
can measure the dynamic permeability and electrokinetic coupling factor in one single experimental setup. Reducing this way the chance of measurement
errors caused by sample handling and manufacturing.
The measured dynamic permeability values are in good
agreement with the theoretical predictions. The
electrokinetic coupling factor can be studied by
analyzing the shear waves, due to their larger

where d is the Debye length and Λ a characteristic pore
size parameter representing a weighted volume-tosurface ratio.
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difference between with and without electokinetic
effects in comparison to the compressional waves.
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S UMMARY
Resistivity is an important parameter for hydrogeophysical characterisation. In order to investigate large-scale structures
the usual multi-electrode devices cannot be applied. We present a measuring technology with fixed stations and variable
current input up to 40 Amperes. Each station consists of three differently oriented dipoles, current is also injected into
three directions.
The interpretation consists of three parts: (i) First the time series have to be pre-processed. A novel approach based on
a least squares method is used to correlate current and voltage yielding the resistance and its error. (ii) Then both scalar
and tensor apparent resistivities are calculated. The latter are able to illustrate the directional dependence of the measured
electric fields. (iii) Finally the data are used to find a subsurface model via modeling and inversion. Finite-element based
methods on unstructured meshes provide best flexibility to handle large-scale and small-scale structures at the same time.
The methodology is applied to data over a buried valley structure in Northern Germany and provides valuable insight into
the subsurface.
Keywords: DC resistivity, apparent resistivity tensor, modeling, inversion

I NTRODUCTION

T ENSOR ANALYSIS
The apparent resistivity is the (scalar) resistivity of the
equivalent homogeneous half-space reproducing the measured voltage. Therefore we transform the resistance into
an apparent resistivity ρa = G · U/I by the geometric
factor G, which is derived by the solution of the homogeneous half-space.
Similarly, the apparent resistivity tensor is the property
of an anisotropic half-space representing a laterally varying isotrope resistivity. For two current injections implying the theoretical current densities ~j1 = [j1x j1y ]T and
~ 1 = [E1x E1y ]T and
~j2 = [j2x j2y ]T , the electric fields E
T
~
E2 = [E2x E2y ] are measured by voltage readings. The
~ i = ρ̃a~ji yields (Bibby, 1986)
definition E


1
ρxx ρxy
ρ˜a =
=
·
ρyx ρyy
j1x j2y − j1y j2x


E1x j2y − E2x j1y E2x j1x − E1x j1x
(1)
E1y j2y − E2y j1y E2y j1x − E1y j1x

In order to investigate the ground with dc resistivity measurements we cannot use the common multi-electrode devices due to their spatial limitations. In case of a onedimensional underground Schlumberger soundings can be
applied. For 3d structures the only choice are dipoledipole type arrays. However the geometric factor grows
heavily with increasing dipole distance. Moreover, even
for short distances the geometry factor can reach infinity
for a dipole spread along the potential line thus making
the concept of apparent resistivity inapplicable.
To overcome these problems the apparent resistivity tensor has been introduced (Bibby, 1986). It is derived by
measuring the electric field (two voltages) at each site for
two current injections. The tensor represents the underground resistivity distribution and its directional dependence. There exist so-called invariants that are mainly independent on the dipole orientation.
We will apply this technique to the investigation of a
buried valley. Similar to (Bibby, Risk, & Caldwell, 2002)
we apply three current injections at each source position
and measure three potential differences at each station.
We develop a new methodology of processing the time
series by means of a least-squares approach. Then preliminary results of the study are presented.

representing the distortion of the electric field with respect
to the current. The tensor can be imaged by an ellipse illustrating the preferential current flow. Furthermore, rotational invariants can be derived. P1 = (ρxx + ρyy )/2
and P2 = det ρ̃a represent mean resistivities, P3 =
(ρxy − ρyx )/2 indicates the skewness.
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T HE 3 D EXPERIMENT

trode positions.

The area of investigation is located in Northern Germany
near Cuxhaven. The Target is one of the existing buried
glacial valleys, which are of importance for groundwater
supply. Many geophysical methods such as reflection seismics or air-borne electromagnetics have been applied so
far (BurVal Working Group, 2006) revealing a complex
valley-like structure with different sediment layers and a
clay cap.
We chose an area of ≈ 4 × 3 km and installed 20 E-field
sites. Each station consists of a central electrode and three
electrodes in 0◦ , 120◦ and 240◦ directions with dipole
lengths of about 75 m as shown in Figure 2. 20 transient
recorders of GEOLORE type, which have been developed
for MT studies (Golden, Roßberg, & Junge, 2004), sampled the 3 channels with 8 Hz sampling rate during the
whole experiment, about 2 weeks.

Figure 2: Setup of transient recorders with the data logger at the central reference electrode and three electrodes at ≈75 m distance.
P ROCESSING OF TIME SERIES
As a first step, the 2 weeks registration have to be split into
segments and associated to the source injections. Time
corrections and resampling had to be applied due to varying sampling frequencies of the current signal. Since there
is noise from different origins in the data, filtering is necessary. This includes (i) offset and drift correction, (ii) a
low pass in order to remove long-periodic telluric currents
and (iii) a removal of the 50 Hz and 16.7 Hz frequencies
of of anthropogenic origin. Identical filters are applied for
both voltage and current time series to avoid numerically
produced bias when estimating the resistances.
−4
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Figure 1: Measuring area, current (black) and potential (red) positions. The boundary of the valley as
known from EM measurements is delineated in red.
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Figure 3: Section of a square wave signal from a recorded
voltage time series with 50 Hz noise and longperiodic drift (top). In the signal spectrum (below)
the fundamental frequency (≈0.1 Hz) and its odd
multiples can be seen.

In a similar arrangement we set up the source dipoles. At
10 sites a square wave signal of up to 40 A was injected
into the ground using a high voltage generator, ensuring
large signals at greater distances. In total we have a number of 10 Current Locations × 20 Stations × 3 injection
directions × 3 measuring directions = 1800 independent
data. Figure 1 shows the measuring area and the used elec-

Figure 3 shows a section of the signal and its Fourier spectrum. The square-wave signal is represented by the odd
123

2/4

Schünemann,etGünther
& Junge 2007,
3D DCinvestigations
resistivity tensor investigations
Schünemann
al., Large-scale
3D DCLarge-scale
resistivity tensor

harmonics of the basic frequency of about 1/9 Hz. On the
square wave we see high-frequency oscillations from the
50 Hz AC mains power, shown at its alias frequency of
2 Hz in the spectrum. Furthermore we can observe a longperiodic noise both in the signal as well as in the spectrum.
There are different method to estimate the resistance as
fraction of voltage and current:

ρ in Ωm

37Ωm

source direction

1

1. stacking of the signals, estimating magnitudes separately

ρ=107.0Ωm

ρ=81.8Ωm

ρ=156.0Ωm

G=−2.60e5m

G=3.30e5m

G=9.10e5m
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ρ=36.3Ωm

ρ=−17.1Ωm

ρ=31.1Ωm

G=4.62e5m

G=4.86e6m

G=−4.05e5m
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2. estimating the magnitudes in frequency domain
3

3. estimating the correlation coefficient between current and voltage

ρ=38.7Ωm

ρ=30.2Ωm

ρ=21.8Ωm

G=6.44e5m

G=−3.63e5m

G=9.31e5m
25

1

The latter is the most intense but also most accurate approach. It has the advantage of treating an arbitrary current signal, e.g. breakdowns in the current occurred frequently. Cross-correlation methods were used to shift the
voltage signal to match the current signal.
We use the following relation to fit the voltage signal
U (t) = R · I(t) +

n
X

ai fi (t) + e(t)

2
receiver channel

3

Figure 4: Apparent resistivities and geometric factors G
for all combinations at receiver 14 caused by source
E1.
Only the central apparent resistivity is negative. The reason is probably the large geometric factor of about 5e6,
whereas the other combinations have absolute G values
below 1e6. From noise measurements yielding a minimum voltage of 20 µV to be measured we are able to obtain reliable ρa ’s up to G =3e6. The values for the source
directions 2 and 3 vary around 30 Ωm, however the first
injection yields very differing results. The reason can be
a problem in the source signal, electrode positions or a
strong lateral inhomogeneity in their vicinity.
For each pair of two current injections and voltage readings an apparent resistivity tensor can be constructed. So
we have 9 tensors for each source/receiver pair.

(2)

i

and determine the coefficient vector c = [R, a1 , . . . , an ]T
by a least squares fit
c = (AT A)−1 AT U

32

with A = [I, f1 , . . . , fn ] .

For the functions fi we tried polygonal functions
and long-periodic harmonic functions f2i−1 (t) =
sin(2iπt/T ) and f2i (t) = cos(2iπt/T ), where T is the
sample length, about 20 min. The latter performed best,
with a number of about 40 function pairs. Additionally
we are able to obtain an accuracy of the resistance from
the residual U − AI = e.

sources
1
2
1
3
2
3

S OME RESULTS
From the time series processing we obtain nine resistances for each source/receiver combination according to
the three source directions and the three receiver channels. Straightforward we can compute a geometric factor
G from the positions and thus produce scalar apparent resistivities. In the following we concentrate on source E1
and receiver 14, which are quite close to each other in the
centre of the valley. Figure 4 shows the resulting apparent
resistivities and their geometric factors for the individual
source/receiver directions.

1
36.1
-82.3
27.1
68.7
31.3
-1.6

2
-3.6
76.6
-5.4
106.8
-0.9
32.2

channels
1
3
33.5
-0.7
-82.2 76.6
30.6
-1.3
68.7 106.8
32.0
0.1
-1.6
32.2

2
34.8
-84.6
28.9
71.8
31.6
-1.0

3
-2.1
79.1
-3.3
110.4
-0.4
33.1

Table 1: Apparent resistivity tensors in Ωm for all combinations of source and receiver orientation.
Table 1 shows the apparent resistivity tensors. Consequently the first and second row exhibits unexpected
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C ONCLUSIONS

tensors with very differing main diagonal and large offdiagonal elements. Only the tensors based on source directions 2 and 3 are very similar, their main diagonals as
well as the invariants show values of about 32 Ωm. In order to obtain a geometrical overview, the median apparent
resistivities due to source E1 of all receivers are computed
and displayed in Figure 5 according to the station layout.
The source position is located between stations 22 and 14.

10

F1

14

F2

15

F3

11

F4

21

F5

22

F6

F7

−

Tensor measurements represent a costly but valuable
method to describe the large-scale resistivities in the
ground by direct current measurements. A high-voltage
generator and sensitive electrical field loggers are needed
to counteract the dipole type arrays. The accurate method
for determining the resistances showed up to be a a leastsquares approach including the current signal and longperiodic harmonic functions.
However the whole methodology is sensitive to mistakes
and even the tensors are not easy to understand. Yet to be
done are sensitivity studies, extensive modeling and inversion in order to fit the data, error propagation analysis and
resolution appraisal.

13

F8

16

F9

18

10

12
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We observe increased resistivities of 40-60 Ωm in the area
where the buried valley is situated. Outside the values
are dropping down to 10 Ωm or below. For the interpretation we must also take into account the penetration
depth which is increasing with growing source-receiver
distance. So the low apparent resistivities could be a result
of the known salt water at depth as well as the product of
negative near-surface sensitivities. Hence extensive modeling and sensitivity studies are required to find subsurface
models.
M ODELING AND I NVERSION
For an accurate prediction of voltages we solve the continuity equation with the finite element method (Rücker,
Günther, & Spitzer, 2006). We use unstructured tetrahedral meshes because they bear the biggest geometrical
flexibility to include information from other methods or
to create a resolution-dependent mesh for inversion. A
smoothness-constrained Gauss-Newton approach is used
(Günther, Rücker, & Spitzer, 2006). To account for the
very different quality of the input resistances the residuals
of the least squares estimation are used for weighting the
individual data. We use a combination of forward modeling and inversion to find a model. This procedure is currently ongoing.
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Hypothetical mid-crustal models of second-order magnetic phase transition
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1

SUMMARY
According to theoretical considerations and recent physical experiments, the so-called second-order magnetic phase
transition may accompany with a very sharp enhancement of the magnetic susceptibility. On the basis of geomagnetic,
geothermic, and magnetotelluric considerations, Kiss et al. (2005) suggested this transition between
ferromagnetic/ferrimagnetic and paramagnetic states of the material at the Curie/Néel temperature occurring in the
Earth’s crust at mid-crustal depths. Since then several pro and contra arguments have emerged. Here we present
magnetotelluric modelling results, discuss some new ideas about the thickness and magnetic permeability of the critical
layer. We conclude that the possible mid-crustal models due to the second-order magnetic phase transition are
elongated: linear or curved bodies (thin or thicker plates) of finite length just at the Curie depth.
Keywords: Magnetic phase transition, magnetic anomaly, conductivity anomaly

Earth magnetic minerals are shown (Kiss et al. 2005)
INTRODUCTION
If such a phenomenon occurs within the Earth, it
should take place at mid-crustal depths (depending on
geothermal conditions and on the type of magnetic
material), and it may easily produce extremely highsusceptibility zones of a thickness of a few hundreds of
meters (Figure 1). Such strongly magnetized zones
may be sources of well-known but not-yet explained
geomagnetic anomalies, and at the same time, they
may produce complicated electrical conductivity
anomalies, as well.
In this paper we discuss some new arguments (pro and
contra), present some magnetotelluric modeling results
and geomagnetic considerations.

It is known that the second-order magnetic phase
transition i.e. the transition between ferromagnetic
(ferrimagnetic) and paramagnetic states of the material
at the Curie (Néel) temperature is accompanied by a
sharp, theoretically infinite enhancement of the
magnetic susceptibility, the so-called Hopkinson peak
(See Figures 1, 2 in Kiss et al. (2005).

TWO NEW ARGUMENTS
Thickness and specific heat
The thickness of the material in state of second-order
magnetic phase transition is a few hundred meters.
Assuming a ∆Tc=10oC temperature interval for the
magnetic phase transition of magnetite, and a
geothermal gradient of about 40 oC/km, the expected
thickness is about 240 m, if the Curie temperature does
not depend on depth (pressure).
If the Curie
temperature depends on depth, the expected thickness
is about 260 m. The thickness might be further
increased due to the theoretical Hopkinson peak of the
specific heat (see blue curve in Figure 2), since it
accompanies with a significant retardation of the

Figure 1. Geothermal estimation for depth and
thickness of subsurface zones in state of second-order
magnetic phase transition. ∆Tc=10oC intervals for
various
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temperature-depth profile. In this case the thickness
may be as big as 2 km (shown by red lines).

the magnetic phase transition is not a significant
phenomenon, as it is stated by some rock physicists.
Sincerely, neither hypothesis can be excluded.
MAGNETOTELLURIC CALCULATIONS
One-dimensional
In case of a layered half-space, by applying a
traditional MT interpretation, the enhanced magnetic
susceptibility leads to a decrease in the conductivity
and not to its increase, as it had been expected. Figure
3 illustrates the effect of a 500 meters thick layer with
a relative permeability of 50 and resistivity of 100
Ohmm in a 100 Ohmm half-space with relative
permeability 1 in terms of apparent resistivity and
phase. Compared to this, the effect of a 10000 Ohmm
layer with relative permeability 1 is neglibible.
However, the same anomaly can be evoked by a
resistive layer whose thickness is increased by factor
50.

Figure 2: A Hopkinson peak in the specific heat
accompanies with a retardation in the depthtemperature profile, resulting possibly in an
appr. 2 km thick critical layer.

Why rock magnetic laboratory studies do not show
high susceptibility peak?
We have noticed that the usual heating speed (about
100-200 mK/s, appr. 6-12K/min) and the sampling
interval (∆t=1 min) in rock physics experiments is too
high to get the Hopkinson peak, since the sampling in
the temperature scale is not satisfactory (∆T=6-12 K).
The susceptibility should be measured a) with low
heating speed (about 5 mK/s=0.3 K/min, and b) with a
max. sampling interval of about 1-3 min. In this case
the temperature sampling interval would be ∆T=0.3-1.
K. Rüdt et al (2002) applied a heating speed of 5mK/s,
and ∆t=3 min in their physical experiment carried out
on artificial samples. The temperature sampling
interval was 0.9 K, high enough to get a precise
Hopkinson peak.
While the Earth’s interior is an ideal laboratory, it is
also possible that the real material is not so ideal, hence

Figure 3: Apparent resistivity and phase for the model
of a 500 meters (25 kilometers) thick layer with
relative permeability of 50 (1) and resistivity 100
Ohmm (10000 Ohmm) in a 100 Ohmm half-space
Two-dimensional
The effect of the magnetic susceptibility on MT data
can be calculated applying simulation codes that
incorporate the magnetic permeability as model
parameter as provided by Prácser (2006) and Franke et
al. (2006). We have found a satisfactory agreement
between their results and the solutions presented by
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Rijo (2004). E- and H-polarisation calculations over a
2D dike model (width: 1 km, thickness: 0.5 km, depth
of its top: 10 km) embedded in a homogeneous halfspace of 100 Ohmm were carried out. Both the
magnetic permeability and the electrical conductivity
of the model varied in a wide range: permeability
contrast „mu”= 50, 100, 200; conductivity contrast=
50, 100, 200 (corresponding to resistivity values of 2
Ohmm, 1 Ohmm, 0.5 Ohmm). The effect of the
magnetic permability on MT data in H-polarisation is
the same as that of the electrical resistivity (reciprocial
conductivity) in E-polarisation. However, it is
insignificant in E-polarisation (as well as the effect of
conductivity in H-polarisation). Some results are
shown in Figure 4.

MAGNETISM
The origin of a surprisingly large number of magnetic
anomalies is unknown. This is also the case in Hungary
(see Figure 5). It is usually assumed that they are due
to some large-size sources extended down to the Curiedepth. In the magnetic phase transition concept one can
assume these magnetic anomalies as consequences of
relatively thin bodies just at the Curie-depth. One of
the geomagnetic anomalies along the long profile
shown in Figure 5 was successfully modeled by
assuming a small-size prism at the Curie-depth for
magnetite, in case of geothermal gradient of the
Pannonian basin (Figure 6).

Figure 5: Geomagnetic ∆Z map of Hungary, with four
small sections of individual depth estimation. Location
of the geomagnetic anomaly, where the model
calculation in Figure 6 was carried out, is also shown
(Kiss et al. 2005)

Figure 4: MT apparent resistivity curves. Top: Hpolarisation curves for varying magnetic permeability;
bottom: E-polarisation curves for varying electric
resistivity (reciprocial conductivity)

Three-dimensional
3D magnetotelluric calculations (over thin circular
plates and cubic structures) show of course less
significant anomalies. However, it is not impossible
that in case of 2 km thick models and having very high
magnetic permeability contrast the 3D effects would
become measurable.

Figure 6: Measured and modeled ∆T (total field)
geomagnetic anomaly along the profile shown in
Figure 5, together with its possible interpretation (Kiss
et al. 2005).
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MODELS TO BE EXPECTED
If the second-order magnetic phase transition is a real
phenomenon in the Earth’s crust, we assume not only
thin sheet models (2D plates and 3D “pancake”
shapes). They may be even thicker (1-2 km at
midcrustal depths). Measurable magnetotelluric effects
are expected first of all due to elongated models, where
the E-polarisaton anomaly is due to the subsurface
electrical conductivity distribution and the Hpolarization anomaly is due to the subsurface magnetic
permeability distribution. Quasi 2D models, having
geometric features of tectonic lines: linear, curvilinear
and curved models (as indicated more or less by the
geometry of crustal magnetic anomalies in Figure 5)
are expected.
Have you already seen low apparent resistivity values
in E-polarisation, accompanied by high apparent
resistivity values in H-polarisation? One of the sources
of this field situation might be just the second-order
phase transition.

CONCLUSIONS
(1) Magnetotelluric anomalies due to the assumed
susceptibility (permeability) increase appear in Hpolarisation in the same way as the reciprocial
conductivity anomalies appear in E-polarisation. In Epolarisation the effect is insignificant as well as
conductivity anomalies in H-polarisation;
(2) The Hopkinson peaks may be much higher than
they are shown in recent rock physics experiments,
where the temperature sampling is too rough;
(3) The thickness of the material in the magnetic phase
transition may be also much larger than expected;
(4) In case of quasi circular 3D models the effect of is
small, but in case of quasi two-dimensional models:
elongated horizontal prisms of finite length, curved,
curvilinear models the effect may be significant.
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S UMMARY
We present a 2D damped least-squares inversion code for plane wave electromagnetic (EM) methods using an adaptive
unstructured grid finite element forward operator. Unstructured triangular grids permit efficient discretization of arbitrary
2D model geometries and, hence, allow for modeling arbitrary topography. The inversion model is parameterized on a
coarse parameter grid which constitutes a subset of the forward modeling grid. We investigate two types of parameter
grids: a regular type, however, containing trapezoidal cells and hanging nodes, and an unstructured triangular type.
The transformation from parameter to forward modeling grid is obtained by adaptive mesh refinement. Sensitivities are
determined by solving a modified sensitivity equation system obtained from the derivative of the finite element equations
with respect to the model parameters.
Firstly, the inversion of a COPROD2 data set in E-polarization is presented as an example to show that our inversion
code produces reasonable results for real data and flat earth models. Secondly, we demonstrate that surface topography
may induce significant effects on the EM response and the inversion result, and that it cannot be ignored when the scale
length of topographic variations is in the order of magnitude of the skin depth. Finally, we demonstrate the inversion of a
synthetic data set from a model with topography.
Keywords: Unstructured grids, finite elements, topography, VLF, MT, inversion

F ORWARD MODELING

The finite element discretization leads to a system of equations that can be expressed in matrix-vector form as

The forward computations are carried out using an adaptive unstructured triangular grid finite element algorithm
(Franke, Börner and Spitzer, 2004). In the case of
plane, diffusive, time-harmonic electromagnetic fields in
2D conductivity structures Maxwell’s equations can be
combined to yield two decoupled equations of induction
reading
∂ 2 Ey
∂ 2 Ey
+
= iωµσEy ,
2 2
2 2

∂ x  ∂ z 
∂
1 ∂Hy
∂
1 ∂Hy
+
= iωµHy
∂x σ ∂x
∂z σ ∂z

(K + M) ~u = f,

(3)

where ~u is either a column vector of the electric field
Ey or the magnetic field Hy at each node in E- and Hpolarization, respectively, and f is the right-hand side. K
and M are referred to as stiffness and mass matrices.
The remaining field components Hx , Hz for Epolarization and Ex , Ez for H-polarization can be determined at each grid node by

(1)
(2)

for E- and H-polarizations, respectively, in a right-handed
Cartesian coordinate system with the positive z-axis
pointing upwards. Ey is the y-component of the electric
field and Hy is the y-component of the magnetic field. y
denotes the strike direction. ω, µ, i, and σ are angular frequency, magnetic permeability, imaginary unit, and electrical conductivity, respectively. To solve for the unknown
fields, inhomogeneous Dirichlet boundary conditions are
applied that assign the field values of a horizontally layered half-space to the boundaries.

1 ∂Ey
1 ∂Ey
, and Hz = −
,
iωµ ∂z
iωµ ∂x
1 ∂Hy
1 ∂Hy
Ex = −
, and Ez =
.
σ ∂z
σ ∂x

Hx =

(4)

The apparent resistivity ρa and the phase φ for E- and Hpolarizations (in the case of VLF-R and MT methods) can
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be computed as

calculated by
2

v
u n
u1X
∆di 2 ,
RM S = t
n i=1




imag (Ey /Hx )
, φ = tan
, (5)
real (Ey /Hx )
for E-polarization,


2
imag (Ex /Hy )
1 Ex
−1
ρa =
, (6)
, φ = tan
ωµ Hy
real (Ex /Hy )
for H-polarization.

1 Ey
ρa =
ωµ Hx

−1

n

χ2 =

S ENSITIVITY CALCULATION
The element Sij of the sensitivity matrix S for the ith observation site and j th model parameter is calculated using the modified sensitivity equation method presented by
Rodi (1976) which requires (n + 1) forward computations
for each frequency

I NVERSION PROCEDURE
We apply a damped least-squares method for the minimization of the objective function ψ given by

Sij =

(8)


~
ST S + λI ∆~
p = ST ∆d,

a~i
a~i T ~u

−

b~i

!
−1

(K + M)
T
b~i ~u


∂(K + M)
−
~u,
∂(ln σj )

(11)

where a~i and b~i are column vectors to calculate the electric
and the magnetic fields in the case of E-polarization and
vice-versa in the case of H-polarization for the ith datum
from ~u. a~i is formed by simply keeping 1 at the position
of the ith datum and zeros at the other nodes. If the observation site is not located exactly at grid node then field
values are interpolated by two nearby grid nodes. b~i is
designed in such a way that it performs a numerical differentiation over ~u according to eq. (4).
The sensitivities for the logarithm of the apparent resistivln ρa
φ
ity Sij
and for the phase Sij
can be computed as follows:

where ∆d~ = d~obs − d~comp describes the discrepancy
between the observed data d~obs and the computed data
d~comp . S and ∆~
p denote the sensitivity matrix and the
model parameter update, respectively. The logarithm of
the conductivities are considered as model parameters.
The Lagrange parameter λ is introduced to constrain the
energy of the model parameter update to a finite quantity
p20 . To get the minimum of the objective function ψ, its
partial derivatives ∂ψ/∂∆pj are required to be zero for
all model cells j. The resulting normal equation reads


(10)

where i and n denote the standard deviation of the data
and number of the data, respectively. We stop the iteration
if one of the following criteria is met: (1) the maximum
number of iterations is reached, (2) the convergence of
RMS error stagnates, (3) χ2 ≈ 1.

The real part Re and the imaginary part Im of the magnetic transfer function in the case of VLF can be computed
as


Hz
· 100%,
Re = real
Hx


Hz
Im = imag
· 100%
(7)
Hx


T 

ψ = ∆d~ − S∆~
p
∆d~ − S∆~
p

+ λ ∆~
pT ∆~
p − p20 ,

1 X ∆di 2
,
n i=1 2i

(9)

ln ρa
Sij
= 2 real(Sij ) ,

where I is the identity matrix. Equation (9) is solved applying a direct solver at each stage of the iterative inversion process. Model parameters are updated in each iteration. In the first step of our approach, we find that the
maximum singular value of ST S proves to be a good guess
as the starting value for the Lagrange parameter λ. To get
fast convergence, λ is decreased by a factor of less than
one (e.g. 0.6) in each iteration.
The root mean square (RMS) error and χ2 -value can be

φ
Sij
= imag(Sij ).

(12)

An analogous strategy is used to calculate sensitivities
for the real and imaginary parts of the magnetic transfer
function in the case of VLF that corresponds to the Epolarization case. The only difference is that a~i and b~i
both are now designed to perform numerical differentiation over ~u to get Hz and Hx according to eq. (4).
For details of these derivations, the reader is referred to
Rodi (1976) and Farquharson and Oldenburg (1996).
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I NVERSION OF A FLAT EARTH COPROD2 DATA SET

ing topography. We perform the parameterization by segmentation either in rectangles and trapezoids (Fig. 2) that
form a rather regular type of grid or in unstructured triangular cells (Fig. 3) that closely correspond to the forward
modeling grid.

In this section, we show that our code is basically working
for real field data, however, for reasons of comparability
and due to the lack of available examples we restrict ourselves to a flat target area. We therefore invert, as an example, a COPROD2 data set (Jones, 1993) consisting of 20
sites and 4 periods in E-polarization to show that our code
produces results comparable to other flat earth inversion
codes. Here we have chosen the Occam inversion code by
deGroot-Hedlin and Constable (1993). Fig. 1a shows

Figure 2: Parameterizing the model in rectangles and
trapezoids (red lines). The unstructured forward
modeling grid is indicated in blue.
(a)

The rectangular/trapezoidal grid comprises hanging nodes
which enhance the flexibility with respect to resolution.
Both types are adaptively refined into unstructured triangular grids for forward modeling. In Figs 2 and 3, the
parameter grid is indicated in red and the first refinement
stage of the unstructured triangular forward modeling grid
in blue. Note that the latter is further refined using an
adaptive refinement strategy to actually perform the simulation.

(b)
Figure 1: (a) Model obtained from the inversion of the
COPROD2 data in E-polarization using the inversion code presented here. (b) Model obtained from
a smoothness-constrained joint inversion of the COPROD2 data in E- and H-polarizations according to
deGroot-Hedlin and Constable (1993) (modified after Jones, 1993).
our inverted model obtained in 15 iterations starting from
a 100 Ω·m half-space. The χ2 -value is 1.1 when the error floor is set to 10% in ρa and 2.9◦ in φ. The presence
of a conductive overburden down to 5 km depth and three
distinct anomalous regions below 10 to 50 km depth are
clearly visible. Fig. 1b shows the inverted model using
the Occam code starting from the same half-space model
and assuming the same error floor, however, considering
the data from both E- and H- polarizations. Both results
agree well.

Figure 3: Parameterizing the model in unstructured triangular grids (red lines). The forward modeling grid
is again outlined in blue.

T HE TOPOGRAPHY EFFECT
We now investigate the influence of the topography on the
VLF-R and VLF response and the inverse process. For
this purpose, we disassemble a model in a first step to separately examine its response originating from the subsurface and from topographic undulations. Since these features are inductively coupled, both superposed responses
are certainly not giving the total response. However, it

PARAMETERIZATION OF A MODEL INCLUDING
SURFACE TOPOGRAPHY

In the following, we discuss two possibilities of parameterizing a model whose surface is associated with a vary135
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F LAT EARTH INVERSION OF DATA FROM MODELS

instructively displays the order of magnitude of the associated effects. In a second step, we take data of a homogeneous earth model with surface topography and perform a
flat earth inversion to point out topography induced artifacts.

WITH TOPOGRAPHY

In this section we investigate how data from a model with
topography influence the results of our inversion algorithm if the topography is not taken into account. For
this purpose, we consider the synthetic VLF-R data set
shown in Fig. 4b which is generated for a homogeneous
1000 Ω·m model with topography and without anomalous
regions. We invert this data set using a flat earth assumption. The starting model is a 2000 Ω·m half-space. The inversion result obtained in 11 iterations is shown in Fig. 5.
There are clear artifacts associated with the topography
undulations. Conductive structures having resistivities of
≈ 500 Ω·m appear below the central valley and the transitions from the hills to the planes on the left- and right-hand
side whereas resistive anomalies around 2500 Ω·m show
up beneath the hills. Knowing the true resistivity, the maximum deviation of the inverted resistivities is more than a
factor of 2 in both directions of the resistivity scale.

D ECOMPOSING THE RESPONSE FROM SURFACE
TOPOGRAPHY AND SUBSURFACE CONDUCTIVITY
STRUCTURES
The synthetic model displayed in Fig. 4 consists of two
anomalous regions having resistivities of 100 Ω·m and
20 Ω·m, respectively, within a 1000 Ω·m half-space with
a smooth, but pronounced topography.

Figure 5: Flat earth inversion results of VLF-R data generated from a model including topography. For reasons of comparison, the original topography is plotted at the top.

Figure 4: Synthetic responses for different models: (a)
with topography and conductive regions (b) only
with topography and (c) only with conductive regions within a flat earth.

This example demonstrates that the topography effect may
become significant. It is therefore necessary to take into
account any arbitrary topography for simulation and inversion. Approximate data correction schemes then become
needless.

The observation sites are located at 50 m intervals from
−575 m to 575 m and marked by arrows. Synthetic data
are generated for three frequencies in the VLF range: 5,
16 and 25 kHz. In Fig. 4a, the total synthetic response
of the complete model is displayed in terms of apparent
resistivity and phase according to eq. 6 and real and imaginary part of the magnetic transfer function according to
eq. 7. In Fig. 4b, the perturbing bodies are removed so
that a homogeneous model remains. The response clearly
shows the influence of the topography. In Fig. 4c, the topography undulations are replaced by an average flat earth
level so that the remaining lateral variation in the response
is only due to the perturbing bodies. Note that the order
of magnitude of both effects is comparable.

I NVERSION OF SYNTHETIC DATA FROM MODELS
INCLUDING TOPOGRAPHY

To show that our code is able to cope with the problem
of topography induced artifacts we take the synthetic data
set from Fig. 4a for both the VLF-R and VLF case and add
5 % random noise for each frequency. We invert these data
using both parameterization schemes presented in Figs 2
and 3. Starting model is always a homogeneous 2000 Ω·m
model.
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For brevity, we are only going to show here the resulting models obtained by inversion of VLF-R data (Figs 6
and 7). The original rectangular anomalous regions are
indicated by dashed lines. Both parameterization schemes
recover the synthetic models satisfactorily after reaching
the χ2 -criterion (in 8 to 9 iteration steps).

exhibits characteristic artifacts and, thus, corroborates the
necessity to incorporate the topography into the inversion
process.
After demonstrating the effect of topography, we have
shown by inversion of VLF-R data that our code is able
to resolve anomalous regions in the presence of topography. Two parameterization schemes are tested for models
including topography. The best inversion results are obtaimed when the grid is adapted to the structures in the
inverse model. Future inversion strategies will therefore
incorporate adaptive parametrization schemes during the
inversion process.
Concluding, the inversion of models including surface
or subsurface topography, i.e., seabed topography, voids,
mining galleries, tunnels, caves etc. opens up new ways
for field surveys and specific applications and enhances
the interpretation techniques available at present.

Figure 6: Inverted model obtained by inversion of VLF-R
data using the rectangular/trapezoidal parameterization scheme.
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Figure 7: Inverted model obtained by inversion of
VLF-R data using the unstructured parameterization scheme.
At first glance, the parameterization using rectangles and
trapezoids seems to give better results in comparison with
the parameterization using unstructured grids. This, however, is due to the perfect match of structure and grid. The
future strategy is to adapt unstructured grids in each iteration step to some arbitrary structure obtained during the
inversion process.
C ONCLUSIONS
We have developed a 2D inversion code for inverting
plane wave EM data from models including topography.
At first, we have shown that our inversion code is able to
cope with real data in the form of a COPROD2 data set acquired in a flat earth environment. Using forward modeling, we have then demonstrated that the topography effect
may become significant. A flat earth inversion of data generated from a homogeneous model including topography
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Numerical simulation of magnetotelluric fields at Stromboli
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S UMMARY
Stromboli is a small volcanic island in the Mediterranean Sea off the west coast of Italy. It is famous for its characteristic
Strombolian eruptions. To get a better understanding of these processes further explorations of the inner structure of the
volcano are essential. By carrying out numerical simulations, we aim at showing that the magnetotelluric method using a
wide frequency range, e.g. 10−4 ...104 Hz, is applicable to this task.
To compute accurate electromagnetic fields the geometry of Stromboli volcano and the surrounding bathymetry need to
be considered as detailed as possible. This becomes feasible using 2D and 3D finite element techniques on unstructured
triangular and tetrahedral grids. First numerical simulations of MT measurements are computed applying a generalized
geometry: a frustum as the volcano, an underlying halfspace and a layer of sea water surrounding the volcano.
Keywords: magnetotellurics, volcano, numerical simulation

I NTRODUCTION
Stromboli volcano is 926 m high and extends down beneath the sea level to a depth of 2000 m. The first activities of the Palaeostromboli took place in the younger
Pleistocene about 40,000 years ago. The characteristic
Strombolian eruptions have proceeded in approximately
the same manner for at least the last two thousand years.
To get a better understanding of the processes that lead
to eruptions further investigations of the inner structure of
the volcano are essential. As shown by Müller and Haack
(2004) the magnetotelluric (MT) method might be applicable to this task. In order to calculate highly accurate
results, a detailed description of the geometry of Stromboli volcano and the surrounding bathymetry is necessary.
We apply 2D and 3D finite element techniques on unstructured triangular and tetrahedral to incorporate arbitrary surface and seafloor topography (Franke, Börner, &
Spitzer, 2007).

Figure 1: Stromboli (picture from “strombolionline”).
M AGNETOTELLURIC METHOD

First numerical simulations of MT measurements are
computed applying a generalized geometry: a frustum of
3000 m height as the volcano, an underlying halfspace
with a thickness of 5000 m and a layer of sea water surrounding the volcano. The electromagnetic fields, apparent resistivities and phases are calculated numerically at
the seafloor, the slopes, and on top of the volcano. To
resolve the upper structure of the volcano including the
chimney as well as the layers underneath the volcano and
the magma chamber, the computations are carried out for
a wide frequency range.

The behaviour of electromagnetic fields is governed by
Maxwell’s equations. Assuming a harmonic time dependency eiωt as well as the magnetic and electric fields H
and E as
H = µ−1 (∇ × A) and

E = −iωA,

the equation of induction for the magnetic vector potential
A reads
∇ × µ−1 (∇ × A) + (iωσ − ω 2 ε)A
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To solve the boundary value problem in the bounded domain Ω, electric and magnetic insulation are required for
boundaries parallel (Γ|| ) and perpendicular (Γ⊥ ) to the
current flow, respectively:
n×H

=

0 on

Γ||

n×A

=

0 on

Γ⊥ .

Furthermore, the magnetic field values for the top and bottom boundaries are calculated analytically for a 1D layered halfspace:
1 Am−1

H⊥

=

H⊥

= H(z),

Γtop

on
on

Figure 2: Section of the 2D model including the electrical conductivity distribution.

Γbottom .

The conditions of continuity for the magnetic fields are
valid at all interior boundaries representing possible jumps
in the conductivity:
n1 × H1 + n2 × H2

=

0 on

Γint .

To interpret MT measurements, apparent resistivity and
phase are computed from the electromagnetic fields

ρij =

1
| Zij |2
ωµ
Ei
Zij =
Hj

,

φij = arg(Zij ),

,

i, j = x, y
Figure 3: 3D model.

where Zij is the impedance for different directions of polarisation.

To the 2D simulations, we apply the finite element method
using unstructured triangular grids and quadratic Lagrange elements. In the 3D case, tetrahedral grids and
quadratic Nèdèlec elements are employed to compute
the electromagnetic fields. These approaches are very
well suited to take into account the steep topography and
bathymetry.

T HE MODEL
The geometry of Stromboli volcano and the surrounding
bathymetry have to be considered as detailed as possible
to obtain results that are close to reality. First 2D simulations of MT measurements imply a generalized geometry
depicted in fig. 2 with the following parameters: a frustum of 3 km height as the volcano, an underlying halfspace with a thickness of 100 km, a layer of sea water and
an air layer of 100 km. The electrical conductivities are
assigned according to Friedel and Jacobs (1997) and UNESCO (1983). Preliminary 3D calculations use an axially
symmetric model (cf. fig. 3) with a 50×50×17 km sized
rectangular prism surrounding the volcano.

M ODEL STUDIES
For the first analysis of the behaviour of MT data we have
carried out 2D computations. Figs. 4 and 5 display sounding curves of the apparent resistivity on the seafloor at
x = 50 km and on top of the volcano at x = 0, respectively. On the seafloor, the effect of the volcano i.e.
the deviation from the halfspace resistivity of 100 Ω m is
small and limited to the period range of 102 ...104 s (cf.
139
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fig. 4). These periods yield a skin depth that is larger
than the thickness of the sea layer and they are suited to
register a lateral effect of the resistive volcano. On top
of the volcano, however, as shown in fig. 5 the apparent
resistivity shows variations for periods between 10−2 and
104 s due to the conductive sea water and the underlying
halfspace. Hence, the challenge is to simulate the electromagnetic fields for a wide frequency range that is suited
to yield information about the conductivity distribution of
the halfspace and the volcano itself.

response associated with the volcano, i.e. the central part
of the curves, is complicated due to the concurrence of
topography and conductive sea water. Due to the axial
symmetry of the model the calculations for xy- and yxpolarisation show the same results which confirms the correctness of the 3D computations. The calculation of accurate 3D sounding curves, however, is very memory and
time consuming.

Figure 6: 3D apparent resistivity for xy-polarisation,
f = 10−3 Hz.
Figure 4: 2D sounding curve for E-polarisation on the
seafloor at x=50km.

Figure 7: 3D phase for xy-polarisation, f = 10−3 Hz.
Figure 5: 2D sounding curve for E-polarisation on top of
the volcano at x=0km.

C ONCLUSIONS

The 3D simulations show a very complex behaviour of
the apparent resistivity and the phase that are displayed
in figs 6 and 7 for the frequency of 10−3 Hz on a profile. Towards the model boundaries the apparent resistivity and the phase reflect the value of the halfspace. The

We have presented our first promising results for simulating MT data at volcano Stromboli. In order to provide
detailed information about the interior structure of the volcano that is of great interest with regard to eruption processes the elctromagnetic fields need to be computed for
140
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a wide frequency range and interpreted on the volcano as
well as on the seafloor. We have applied the finite element
method using unstructured triangular and tetrahedral grids
that are well suited to take into account the topographic
and bathymetric effects of the volcano’s slopes. By examining the distribution of the current density and the electromagnetic fields themselves a more fundamental understanding of the underlying physical phenomena might be
achieved. In the future, more detailed model studies aim
at resolving rising gas bubbles associated with Strombolian eruption processes. Furthermore, to be even closer to
reality we intend to use real topography and bathymetry
data of Stromboli in the form of digital elevation models.
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SUMMARY
An efficient algorithm for inverting static-shifted magnetotelluric (MT) data has been developed to produce a threedimensional (3D) model. In the Gauss-Newton approach, computational costs associated with construction of a full
sensitivity matrix usually make 3D MT inversion impractical. This computational difficulty can be overcome with using
approximate sensitivities. In this paper, we use four kinds of sensitivities in particular orders in the inversion process.
These sensitivities are obtained 1) analytically for an initial, homogeneous earth, 2) exactly for a current model, 3) by
the Broyden method, and 4) approximately from the previous sensitivity. Inversion experiments with synthetic and field
static-shifted MT data show that inversion results are highly dependent on characteristics of data and thus applying
various combinations of sensitivities is helpful for obtaining a good image with reasonable computation time.
Keywords: 3D, MT, inversion, sensitivity

INTRODUCTION
∆d = J∆m + Gs,
It is commonly accepted that three-dimensional (3D)
magnetotelluric (MT) inversion is too expensive to be
used as a practical interpretation tool for MT data.
Many studies during past a few decades, however,
show that 3D MT inversion can be carried out
efficiently by using approximate sensitivities (Smith
and Booker, 1991; Sasaki, 2004) or avoiding the
calculation of a full sensitivity matrix (Mackie and
Madden, 1993; Newman and Alumbaugh, 2000).

(1)

where ∆d is a vector of differences between observed
and predicted data, ∆m is a model correction vector, J
is the sensitivity matrix, s is a vector of static-shift
parameters, and G is a matrix which relates s to the
observed data (deGroot-Hedlin, 1991). Rather than
solving equation (1) directly, which is numerically
unstable and nonunique, we solve the corresponding
optimization problem minimizing an objective function
with constraints

In this paper, we propose an efficient algorithm for 3D
inversion of MT data, which gives both resistivities and
static shifts simultaneously. The algorithm is based on
the Gauss-Newton approach which requires the
evaluation of a sensitivity matrix. To reduce the
computation time required for the inversion to a
reasonable level, the algorithm evaluates the sensitivity
matrix approximately in the inversion process.

φ = ||Wd(J∆m + Gs - ∆d)||2
+ λ2[||Rmk+1||2 + α2||mk+1 - mb||2] + β2||s||2, (2)
where Wd is a matrix of weights defined from
observation errors, R is a roughening matrix, mb can be
a base model or a model of the previous iteration, λ is a
Lagrange multiplier, α and β are adjustable constants
(Sasaki, 2004), and mk+1 is the (k+1)th model being
determined together with s to minimize φ. Static shifts
are assumed to have a Gaussian distribution (Ogawa
and Uchida, 1996). Minimizing φ is equivalent to
solving a system

INVERSION METHOD
An MT inverse problem is iteratively solved since
measured MT responses are nonlinear with respect to
subsurface electrical properties. This nonlinear MT
inverse problem can be linearized as
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⎡ Wd ( Jm k + Δd ) ⎤
Wd G ⎤
⎢
⎥
0 ⎥⎥ ⎡m k +1 ⎤ ⎢
0
⎥
⎢
⎥=
⎥,
0 ⎥⎣ s ⎦ ⎢
λα m b
⎢
⎥
⎥
βI ⎦
⎢⎣
⎥⎦
0

(3)

and the sensitivity updated by the Broyden method
(Loke and Barker, 1996) (U), respectively, and
proposed two ways of using these sensitivities in a
particular order in the iteration process (e.g., IIIII and
IIEUU for five iterations).

where I is the identity matrix. A modified GramSchmidt method is used to solve equation (3) to give
mk+1 and s at each iteration. The iteration process
continues until a root-mean-square (rms) misfit
measure is reduced to an acceptable level. The rms data
misfit is defined as

In this study, we further introduce approximate
sensitivities (A). Since evaluation of EsJx in equation
(6) spends most of computation time in constructing a
sensitivity matrix, we replace EsJx at the kth iteration
to either EsJx, k −1 if the exact sensitivity were calculated

⎡ Wd J
⎢
⎢ λR
⎢ λα I
⎢
⎣ 0

R=

Δd T WdT Wd Δd
,
N

at the previous iteration or 0 otherwise. The reference
model for calculating the primary field is a
homogeneous half-space having either the conductivity
of the block of the receiver in the current model or the
initial conductivity:

(4)

where N is the number of data. In solving equation (3),
an optimum value of λ is searched to minimize R at
each iteration.

Jx
Jx
⎪⎧≈ E p , k + E s , k −1
E kJx = E Jxp , k + E sJx, k ⎨
.
Jx
⎪⎩≈ E p ,1

SENSITIVITY

We use a filter proposed by Guptasarma and Singh
(1997) to compute E Jxp efficiently, which is also used

The sensitivities of MT fields with respect to the
conductivity of an inversion block can be obtained
from forward modeling results by an adjoint-equation
method (McGillivray et al., 1994). For example, the
sensitivity of the x-component of the electric field with
respect to the conductivity of the mth block having a
volume of V is given by
∂Ex
= ∫ E Jx ( r ) ⋅ E ( r ) dV ,
∂σ m V

(7)

in constructing both I and E.

EXAMPLES
We test the four kinds of sensitivities (I, E, U and A) in
various orders on synthetic and field data, and compare
inversion results with each other.

(5)

Synthetic data

Jx

where E and E denote the electric fields due to a
plane-wave source and an x-directed unit electric
dipole source (Jx) at a measurement site, respectively.
Decomposing EJx into primary ( E Jxp ) and secondary

We first apply inversion procedures with three kinds of
combinations of sensitivities, IUUUU, IAAAA, and
IIEAA, to synthetic static-shifted MT data generated
from a 3D model proposed by Sasaki (2004) (Fig. 1),
and compare the results with those obtained from IIIII
and IIEUU, which are conducted by Sasaki (2004). The
model consists of a conductor of 5 ohm-m embedded in
a vertical contact of two media of 100 ohm-m and 10
ohm-m. Synthetic data are generated for seven
frequencies, ranging from 0.1 Hz to 100 Hz, at 100
stations. Prior to inversion, we added Gaussian random
noise with a standard deviation of 1.5 % to the MT
impedance. Apparent resistivities were further static
shifted using random values from a Gaussian
distribution with a mean of zero and a standard
deviation of 0.5. We use a homogeneous half-space of
30 ohm-m as an initial model, and set parameters α
and β to 0.2 and 0.2, respectively.

( EsJx ) fields, EsJx can be obtained from

∇ × ∇ × E sJ x + iωμσ E sJ x = −iωμ (σ − σ p ) E Jpx ,

(6)

where E Jxp are calculated for a reference model having
a homogeneous conductivity of σp.
In a 3D case, constructing the sensitivity matrix
requires a huge number of forward calculations even
though the reciprocity principle is applied. To reduce
the computational burden, Sasaki (2004) used three
kinds of sensitivities: the sensitivity calculated
analytically for an initial homogeneous half-space (I),
the exact sensitivity evaluated for a current model (E),
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The five methods effectively reduce the rms data misfit
almost up to a noise level of 3.8 %, which is added to
the synthetic data (Fig. 2). Using U or A at the second
iteration reduces the rms data misfit more effectively
than using I. Horizontal slices of reconstructed images
at depths of 150, 500, 800 and 2,000 m (Fig. 3) show
that both of the vertical contact and the conductor are
resolved by all of the five methods. In particular, the
methods including A (IAAAA and IIEAA) can give a
clear image of the conductor separated from the
vertical contact. Approximated or updated sensitivities
applied to the inversion processes with (IIEUU and
IIEAA) or without (IUUUU and IAAAA) the exact
sensitivity gives rise to good images. In addition, both
IIIII and IUUUU spend less than one third of
computing time of the two methods including E (Table
1).

image in a deeper part can be reconstructed only by the
exact sensitivity because of the existence of the very
low resistivity in the surface layer. These results
suggest that the effectiveness of the sensitivities
depends highly upon the characteristics of data.
Applying various combinations of the sensitivities is
therefore recommended to obtain reasonable results
efficiently from the 3D inversion of MT data.
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Field data
Next, we test the inversion algorithm on field data
obtained in Pohang, Korea (Lee et al., 2007). The MT
surveys were conducted for geothermal exploration in
2002 and 2003 (Fig. 4). The survey area is known to
have a thick surface layer of semi-consolidated
mudstones with resistivities less than 10 ohm-m. MT
data at 13 frequencies, ranging from 0.02 to 66 Hz,
from 44 stations are used for 3D inversion.
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We start with a homogeneous half-space of an average
value of observed apparent resistivities, and set
parameters α and β to 0.2 and 1.0, respectively. We
test six kinds of sensitivity combinations,
IUUUUUUUUU,
IAAAAAAAAA,
IEEEEEEEEE,
IAEAEAEAEA, IIIIIIIIII, and IIEUUUUUUU, where
the last two approaches are proposed by Sasaki (2004).
Reconstructed resistivity images are shown in Fig. 5.

CONCLUSIONS
To solve an MT inverse problem efficiently, we
employ various combinations of four kinds of
sensitivities: the sensitivity for an initial, homogeneous
half-space, the exact sensitivity, the sensitivity updated
by the Broyden method, and the approximate
sensitivity which is proposed in this study. Inversion
experiments to synthetic data show that the sensitivity
for an initial model, and the updated and approximated
sensitivities give reasonable results with short
computation time compared to the time of the exact
sensitivity. In the case of field data, in contrast,
inversion experiments indicate that the computation
time of the three sensitivities except for the exact
sensitivity shows a relatively great difference from that
of the exact sensitivity. The subsurface resistivity
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(a) plan view

(b) cross-section

Figure 3: Horizontal depth slices of reconstructed
images obtained from the five inversions of synthetic
data for the model shown in Fig. 1. The images are at
depths of 150, 500, 800, and 2,000 m.

Figure 1: Plan (a) and cross-sectional (b) views of a
test model which consists of a conductor of 5 ohm-m
in a vertically contacted media of 100 ohm-m and 10
ohm-m. The conductor with a dimension of 400 m ×
800 m × 600 m is embedded at a depth of 400 m.
Crosses indicate MT stations.
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Figure 4: Locations of MT sites in the Pohang area.
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Figure 2: Lagrange multipliers and rms data misfits
during five different inversions of synthetic MT data
generated from the model shown in Fig. 1; (a) IIIII,
(b) IIEUU, (c) IUUUU, (d) IAAAA, and (e) IIEAA.
Dotted lines show a noise level of 3.8 % added to the
synthetic data.

Table 1: Comparison of computing times of the five
inversion procedures
Method
Time
(min.)

IIIII

IIEUU

IUUUU

IAAAA

IIEAA

42

159

49

68

157

Figure 5: Horizontal depth slices of reconstructed
images obtained from inversion procedures of (a)
IIIIIIIIII, (b) IUUUUUUUUU, (c) IAAAAAAAAA, (d)
IEEEEEEEEE, (e) IIEUUUUUUU and (f)
IAEAEAEAEA for the field data obtained in Pohang.
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Calculation of 3D transient responses
G. Li, D. Taylor, B.Hobbs and Z. Dzhatieva

MTEM Limited

SUMMARY

This paper presents a means of avoiding the shortcomings of 1-D reflectivity and 3-D perturbation modeling
codes. In the context of simulating transient responses to a series of pulse-coded electrical transient signals,
modeling results are required for a wide range of offsets, survey geometries and source configurations. While
it is attractive to provide all the traces for a survey on the same time base, this presents computational
difficulties. Within a survey, high frequencies may be needed to resolve near-surface properties and arrivals
at small offsets. At large offsets it is time-consuming to obtain correct results at these high frequencies and
difficult to recognize the appearance of errors in a consistent manner. We present a method of estimating the
arrival times and related frequency ranges for offsets in a survey based on the model resistivities and thus
avoid frequencies which are not only inappropriate but which are also liable to give erroneous
Keywords: 3D forward modeling, Transient response, Time range, Frequency range

errors in 1-D modelling and associated convergence
failures in the solution of the 3-D integral equations.

INTRODUCTION
There are many methods available for TEM field
modeling. There have been numerical solutions for the
transient responses of 3D thin plates in free space
(Annan,1974) and for a 3D prism in an homogenous
half space (SanFilipo et al., 1985). There is an
asymptotic solution for a sphere in a layered earth?
(Lee, 1981). Newman et al. (1986) introduced a new
technique to calculate transient responses for arbitrary
3D anomalous bodies in a layered earth using the
integral equation. Wang and Hohmann(1993)
developed a finitedifference method to calculate the
transient EM field over a 3D structure. Zhdanov et.al
(2000 and 2002) introduced a new integral equation
method (Intem3d) for solving the 3-D problem as a
perturbation of a 1-D reflectivity solution.

DISCREPANCIES IN FREQUENCY DOMAIN
Even for an homogenous half space model, the 1-D
reflectivity method cannot deal with high frequency
components unless a very large number of quadrature
steps are used. The difficulty in compution increases
with offset, with frequency and with condictivity, the
inverse of resistivity.
The discrepencies arising from failure can be clearly
seen in the frequency domain responses for a long
offset shown inFigure 1. The discrepancies distort the
early part of the time domain response. The upper part
of the frequency range in Figure 1 may be appropriate
for complex structures with large-scale conductivity
variations or a shallow target., but it is not appropriate
for the offset used for Figure 1 The results with a
reduced range are shown in Figure 2 There is a clear
need for different frequency ranges for different
offsets within a survey.

Intem3d can calculate transient 3D electrical fields in
complex structures with large-scale conductivity
variations, which we require. The basic code provides
solutions in the frequency domain which we then
transform to the time domain.
We use Intem3d with different frequency ranges for
different offsets to avoid discrepancies, unpredictable
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TIME AND FREQUENCY RANGES
If we know the resistivity and offset for a half space
model, we can exactly determine the arrival time of an
impulse. For an arbitrary 3D model, if we know the
ranges of resistivities between the source and receiver
and offset, we can estimate the time range. Then the
frequency range can be derived from the time range.
Forward modelling can then calculate the frequency
and time points which are related to the resistivity
model and survey geometry. In Figures 3 to 9 we show
results form a sequence of offsets with frequncy ranges
chosen automatically to avoid unnecessary errors from
high frequencies We thus obtain the main features of
the response in both frequency and time domains. The
model here is complex with large-scale resistivity
variations and a large offset range..
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The effect of 3D anisotropic asthenosphere structures.
R. Logunovich1, M. Berdichevsky2 and D. Avdeev1,3
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Moscow State University, Moscow, Russia
3
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1

SUMMARY
Recognition of possible anisotropy in crust conductors is one of the important problems in the modern magnetotellurics
(MT). In this paper, we numerically investigate conditions under which the MT responses can distinguish whether the
conductors are isotropic or anisotropic. In order to do that, we perform a number of numerical experiments with 3-D
models that include an isotropic (or anisotropic) crustal conductor of a prismatic shape. To derive these conditions, we
compare the responses for model with the isotropic conductor against those obtained for the models with the anisotropic
conductor.
Keywords: Three-dimensional modeling, magnetotellurics, anisotropic asthenosphere

background. The top layer of the background has a
thickness of 1 km and a resistivity of 3 Ωm. It is
underlined by a highly resistive 99-km thick layer of
105 Ωm resistivity. These two layers are sitting on top
of 10 Ωm half-space. In our numerical experiments we
considered various scenarios, depending on whether
the resistivity ρ a of the conductor is isotropic or
anisotropic. For all the experiments, our modeling
domain comprises of Nx×Ny×Nz = 1000×250×8=
2,000,000 rectangular cells with horizontal sizes of 5
km. This domain covers the conductor and some parts
of the surroundings. For this model we calculated the
MT responses in the period range of 10 to 40,000 s,
using an integral equation forward modeling code x3d
by Avdeev et al. (1997, 2002).

INTRODUCTION
This study is a straightforward continuation of previous
works on the effect of anisotropic structures (Pek &
Verner, 1997; Bahr & Duba, 2000; Pek & Santos,
2002; Berdichevsky & Pushkarev, 2006). In paper by
Berdichevsky & Pushkarev (2006) the authors claim
that the effect from two-dimensional (2-D) transversal
anisotropic structures is basically the same as the effect
from similar, but isotropic structures. They
demonstrated that such an equivalence of the isotropic
and anisotropic structures is however violated, the
same moment as an adjustment distance becomes
smaller than the half of the structure width. The
adjustment distance is traditionally defined as the
square root of the product of the sedimentary
conductance times the resistance R of underlying
resistive layers.

In Figures 2 the responses are shown for an MT site,
located just above the center of the conductor. For
completeness, in Figure 3 we present the responses
calculated for another MT site, which is placed over
the middle of the longer side of the conductor. Both
locations are shown in Figure 1 as red dots.

In this work, we consider the same equivalence
problem, but our analysis involves three-dimensional
(3-D) isotropic and anisotropic models. For these
models we numerically simulate the magnetotelluric
(MT) responses and compare them to evaluate the
anisotropy effect.

In Figures 2 and 3 we also compare the responses
calculated for a conductor of isotropic resistivity
( ρ xa = ρ ya = ρ za = 9.1 Ωm) with those obtained for an

MODEL STUDY

anisotropic conductor of the same geometry. Two types
of possible anisotropy are considered -- longitudinal
and transversal. Within the anisotropic conductor, the
anisotropy factor λ = ρ x ρ y was set to 0.1 for the

Our basic 3-D model is presented in Figure 1. It
includes an asthenosphere conductive block of
2000×200×50 km3, which sits in a three-layered
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transversal anisotropy ( ρ za = ρ xa ) and to 10 for the

1000

longitudinal anisotropy ( ρ za = ρ ya ).

a
ρa, Ohm.m

100

Comparing black and blue curves (that are on top of
each other), one can see from the figures that the
transversal anisotropy does not manifest itself within
the whole range of periods considered. On the contrary,
the longitudinal anisotropy curves (shown in red) are
different from their isotropic counterparts.
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Figure 2: Comparison of the MT responses for an MT
site 1, which is located just above the center of the
conductor (shown in Figure 1). A – The apparent
resistivities, B – the phases of the impedance. Solid
lines present xy − responses, dashed lines –
yx − responses, the results for the transversal
anisotropy are shown in blue, those for the longitudinal
anisotropy are in red, for isotropic – in black.
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Figure 1: 3-D MT model used in this study: A – plane
view, B – the central cross-section. Dashed box
presents the modeling domain, solid box – the
asthenosphere conductor.
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Figure 3: Comparison of the MT responses for an MT
site 2, which is located just above the middle of the
longer side of the conductor (see Figure 1). The
notations are the same as in Figure 2.
CONCLUSIONS
In this paper, two different types of the conductor
anisotropy were considered – longitudinal and
transversal ones. Our results, presented in Figures 2
and 3, along with other results, we obtained for similar
models but with different values of the aspect ratio
Dx D y (not presented here), suggest that isotropic
and transversal anisotropic structures remain
practically equivalent, provided that d ≥ D y 2 and
Dx D y ≥ 10 .

On the contrary, for longitudinal

anisotropic conductors, the equivalency to isotropic
ones depends on the anisotropy factor λ and can be
significantly violated.
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SUMMARY
The 3D inversion code for magnetotelluric data WSINV3DMT (Siripurnvaraporn et al., 2005) is used in this work to
explore the results of several inversions, focusing on the structures and responses of the inverted models and their
geoelectric dimensionality. To accomplish this, the synthetic datasets to be inverted were obtained from the model of
Ledo et al. (2002), which studied the 3D effects in 2D interpretation of magnetotelluric data, and whose data analysis is
well known. These datasets include the direct responses as well as some affected by galvanic distortion.
The tests performed show how the choice of the impedance components and the number of sites determine the accuracy
of the inversion results, and in which cases the structures and dimensionality can be recovered.

Keywords: 3D MT inversion, geoelectric dimensionality, galvanic distortion.

INTRODUCTION
The 3D magnetotelluric inversion code WSINV3DMT
(Siripurnvaraporn et al., 2005) seeks, for the minimum
norm model, to fit observed impedance tensor
components. Based on the Occam code (Constable et
al., 1987), it works in data space, which significantly
reduces the computing times.
In this work we use the synthetic model from Ledo et
al. (2002) to perform several inversions and compare
the responses and dimensionality of the models
obtained.
The goals are to establish how well the structures can
be retrieved from the data responses inverted, what is
the weight of the different data components in the
inversion, and to test whether it is possible or not to
recover galvanic distortion bodies as part of the
structure recovered
3D SYNTHETIC MODEL AND RESPONSES
The synthetic model considered, from which the
responses to be inverted were generated, consists of a
3D conductive body embedded in a 2D structure
(Figure 1).
The forward responses of this model were computed
using the code RM3D code (Mackie et al., 1993), with
a 99x99x50 elements mesh, at 11 periods, from 0.001 s
to 1000 s.

Figure 1: 3D electrical conductivity regional model
used to generate synthetic responses. Distances are in
km. Black line on XY view indicates the position of the
profile (From Ledo et al., 2002)
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These responses were retrieved as three different
datasets:

LINE AND DISTLINE INVERSIONS
Both the original line (LINE) and the distorted one
(DISTLINE) were inverted including all the sites, 11
periods and the 4 complex (8 valued) tensor
components.
In the first case, rms reduced from an initial value of
3.3 to 2.9 by the 5th iteration. Both diagonal and offdiagonal components fits are good, except in the range
between 0.0312 s and 3.2 s where the inverted model
mesh probably lacks sufficient discretization.
Although all four components were inverted, the
recovered model is mainly 2D, and not even the
structures below the inverted sites are well recovered.
Comparison between the dimensionality obtained for
the original and inverted datasets shows an agreement
at short periods, up to 1 s. At longest periods, the
inverted model images as 1D or 2D features that in the
original data are seen as 3D.
For the distorted dataset, rms started at 129 and
significantly reduced to 17 by the 5th iteration, which is
still a poor fit. The resulting model shows abrupt
resistivity changes at all periods, and the structures
extend laterally out of the inverted profile.
In order to better characterise the uppermost structure
further work will consist of refining the first layers
mesh, inverting only the shortest periods with a better
resolution, and fixing the resulting model to invert the
rest of the periods.

1) LINE: an EW line with 30 sites distributed along the
width of the model (Figure 1);
2) DISTLINE: The same EW line, in which random
galvanic distortion C, with site gain g = 1 and without
anisotropy, was added to each site.
(Both datasets 1 and 2 are coincident with line 1
studied in Ledo et al., 2002).
3) GRID: a rectangular grid with 96 sites covering the
model surface (see Figure 2).

Figure 2: Plan view of the synthetic model (central
frame with the 96 sites of dataset GRID. The external
frame shows the extension of the model to run the
inversions.

GRID INVERSIONS
In order to obtain a better representation of the model,
a rectangular grid dataset was created (see Figure 2).
A first inversion was performed considering 5 periods
between 0.01 s and 10 s, and only 2 components of the
impedance tensor.
Rms changed from 3.6 in the first iteration to 2.5 by the
7th. Even if only the off-diagonal components were
inverted, the shorter spacing between sites allowed for
a better retrieval of the original structures in the final
inverted model (Figure 3).

All the inversions of these datasets were performed
using the default inversion parameters provided with
the code. Five or eleven periods were inverted
(between 0.01 s and 100 s), using either the 4 complex
components of the impedance tensor or only the 2 offdiagonal ones. The assumed error was set to 5% in the
off-diagonal components and the same value was then
applied to the diagonal components (following
Siripurnvaraporn et al., 2005, test example). The initial
model consisted of a homogeneous half-space. The
mesh for inversion was reduced to 28x28x20 cells,
given limitations in computing time and space. The
lateral cells were extended horizontally (see Figure 2)
to avoid problems with the boundary conditions.
Although the WSINV3DMT code provides the
responses of the inverted model, these were retrieved
using RM3D code to make their further analyses and
comparisons easier.
Dimensionality analysis was carried out using the
WALDIM program (Martí et al., 2004), following
WAL invariants criteria (Weaver et al., 2000).

Figure 3: Depth slices of the synthetic model and the
inverted model at z=2 km.
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As for the model responses computed using RM3D, the
diagonal components were significant, and the
dimensionality analysis gave results similar to the
original dataset: 1D at short periods and 2D and 3D for
the rest. The dimensionality information may be used
then to invert only 4 components at short periods and 8
components for the others, fixing the uppermost layers
of the model.
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One of the issues yet to be solved concerns the errors
in the diagonal and off-diagonal components. The
performed tests show how, when both diagonal and
non-diagonal have the same error percentage, the
inverted model does seldom change with iteration.
Following the same procedure as in the code testrun
example (% in the non-diagonals, and same value in
the diagonals), the model changes and the responses
misfits reduce. However, the diagonal responses have a
very low weight, which is almost equivalent to
inverting only the off-diagonal components.
Even if affected by 3D effects, in general, the diagonal
values of the responses are low compared to the nondiagonal. A further test will consist of rotating 45º the
responses and the dataset GRID, in order to invert
responses with all the components of the same order of
magnitude.
CONCLUSIONS
The choice of the sites to be inverted seems to be of
much more importance in the resulting model than the
number of impedance components. When the dataset is
dense enough, the model structures are recovered to
within a reasonable degree, as shown also in the model
responses and dimensionality. Data affected by
galvanic distortion must be inverted using a finer grid
at the uppermost model layers. Further tests must be
performed to solve the error weights.
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SUMMARY
Controlled source electromagnetic (CSEM) sounding is increasingly being adopted by the hydrocarbon industry at the
exploration stage (MacGregor et al., 2006). In its current form the method makes use of a deep towed EM source and a
receiver array placed on the sea floor, and is capable of detecting thin hydrocarbon-bearing layers at depths of up to
several kilometres below mudline.
During initial assessment and subsequent development of oil and gas fields, wells are routinely drilled for a variety of
purposes. The boreholes provide a possible means of placing either EM sources or receivers within or beneath the target
reservoir, and this in turn presents the opportunity of applying CSEM methods using a combination of seafloor and
borehole sources and receivers to improve the characterisation and monitoring of the reservoir. The majority of both
theoretical and experimental studies of the use of EM methods to map the interwell region have been for the land case
(for example Wilt and Alumbaugh, 2003). Edwards and Scholl (2006) present a marine borehole comparison to the
standard seafloor to seafloor configuration, with a theoretical study using a downhole vertical electric dipole source and
an array of seafloor receivers. In this paper we consider the advantages a seafloor source with a downhole receiver
affords in the detection and characterisation of buried resistive layers.
Keywords: Exploration, Borehole Methods, CSEM, 3D Modelling

In Figure 2, we directly compare the horizontal radial
field calculated for a single receiver in a conventional
survey geometry, to that which would be recorded by a
downhole receiver positioned beneath the target layer.
The seabed receiver shows the characteristic rapid
decay of fields with range. For this model, target
sensitivity begins at a source-receiver offset of around
2.5km, with the increase in fields due to the layer
reaching 80% at a range of 5km. In contrast, the
borehole receiver sees significantly different fields in
the presence of the target layer over most source
offsets. At short horizontal offsets, fields are attenuated
by the target layer; at longer offsets, higher fields are
recorded in the presence of the layer. Maximum
normalised field strengths dwarf those recorded by a
seabed receiver, reaching 1300% at a horizontal range
of 5km.

3D MODELLING
To illustrate the interaction of the electric fields with
the reservoir, we show a vertical cross section through
the plane of the modelled horizontal electric dipole
(HED) source (Figure 1). In a simple halfspace earth
with no resistive hydrocarbon layer (Plots A and B),
source fields are rapidly attenuated in the conductive
seawater and 1Ωm background sediments. When a
hydrocarbon layer is included (Plots C and D), field
strengths are increased over the majority of the
modelled space.
CSEM surveys take advantage of the change in fields
at the seafloor due to the presence of a target layer.
Figure 1 shows that greater field variations are
produced beneath the seabed, particularly in near the
target layer itself. This provides an early indication of
the improvement in reservoir characterisation BCSEM
may offer. It is also interesting to note that the
horizontal component fields primarily increase in
strength above and below the target layer, whilst Zcomponent fields increase within the layer.

We now consider the sensitivity of a downhole receiver
to the physical properties of the target layer, namely
thickness and resistivity. Conventional CSEM is
predominantly sensitive to the transverse resistance
(resistivity, thickness product) of a target layer, but
largely insensitive to the absolute thickness or
resistivity of the target.
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(a)

(b)

(c)

(d)

Figure 1: Components of the electric field produced from an HED source. Plots A and B
are the horizontal radial (Exx) and vertical (Exz) fields respectively from a model
comprising a 1km, 0.3125Ωm water layer overlying uniform sediments with a resistivity
of 1Ωm. Plots C and D show the same field components when a resistive hydrocarbon
layer is included in the model (2700mbss, 50m thick, 65Ωm).

(a)

(b)

Figure 2: Borehole CSEM (BCSEM) and CSEM comparison for a single downhole and
seafloor receiver respectively. (a) Horizontal radial amplitude response at the seafloor
(red) and downhole (blue). Models used are as previous figure: the response from
halfspace models is illustrated with dashed lines; solid lines represent the response in
the presence of the target layer. (b) Target responses normalised by the corresponding
background models. The modelled downhole receiver sees a far greater effect on fields
compared to the seafloor receiver.
The sensitivity for a BCSEM survey is illustrated in
figure 3. In this case, the field strength is significantly
more affected by changes in resistivity than changes in

thickness. This should allow target resistivities to be
more accurately measured from a BCSEM survey.
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the 1D and 2D response, with over half an order of
magnitude difference at maximum offset.

CONCLUSIONS
Conventional seafloor CSEM continues to gain
acceptance as an important exploration and appraisal
tool. The greater changes in amplitude measured
downhole provide the potential to detect and monitor
reservoirs which are beyond the current capabilities of
CSEM. The effect that 2D structures have on the
calculated response shows the potential for this method
to detect reservoir edges up to several kilometres from
the borehole location, essential if the technique is to be
used in determining and monitoring reservoir lateral
extents. Coupled with the greater target sensitivity of
BCSEM, detectable features may also include small
hydrocarbon accumulations remaining after the bulk of
the reservoir has been swept. Furthermore, target and
edge sensitivity occurs downhole at shorter source
receiver offsets than at the seafloor, reducing the
overall size (and therefore cost) of potential CSEM
reservoir monitoring techniques.

Figure 3: Sensitivity of a BCSEM survey
geometry to target layer properties. The vertical
component of the electric field within the
resistive target layer is plotted as a function of
layer thickness and layer resistivity. It can be
seen that layer resistivity has a far greater effect
on field strength than thickness.
Whilst the ability to detect vertical changes in the
reservoir using BCSEM has been touched upon above,
this in itself provides little more than a conventional
well logging tool. Greater value will be gained from
borehole CSEM if it can be used to determine reservoir
lateral extent. This information would feed in at the
development stage and aid decisions relating to
optimising the recovery from the reservoir; for
example on the locations of further injection or
production wells. Theoretical studies using 2D
structures to establish the edge detection capabilities of
various EM methods exist in the literature. In one
example, seafloor-to-seafloor CSEM edge detection
has been investigated by Eidesmo et al (2002).

(a)

(b)

Here, we illustrate one example of the effect that a
reservoir edge has on the fields recorded by a BCSEM
receiver. Figure 4 shows both the horizontal and
vertical fields modelled for a receiver positioned within
a reservoir, and 2km from its edge. The two
components are calculated at different heights relative
to the reservoir in order to show the maximum change
in field strength for each component. For the vertical
component we show the in target response and for the
horizontal component we show the response directly
below the layer. This is directly compared to the same
components modelled for the 1D reservoir case, and
when no reservoir is present. Even at this distance from
the edge, a significant and measurable effect from the
edge can be seen. The on target response is virtually
indistinguishable from the 1D response. As the source
moves off target, there is increased separation between
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Figure 4: Sensitivity of a BCSEM survey geometry to a
reservoir edge. (a) a schematic of the BCSEM survey
geometry modelled here. A single downhole receiver
within the reservoir layer, and 2km from its edge,
measures the fields produced by a deep-towed HED
source in the water column. (b) the in-line horizontal
(Exx) component of the field, also illustrated for the 1D
target layer and no target layer cases. (c) as (b), for the
vertical component measured within the target layer.

(c)

Below: the mesh used for 3-D modelling (left); and the
amplitude of Exx in the plane of the source dipole
(right).
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S UMMARY
The importance of 3D forward and inversion codes in electromagnetic interpretation is continuously increasing. As all
inversion algorithms are based on a forward calculation, the forward codes are the important basis for all kind of 3D
interpretation - either for forward modelling itself or integrated in the inversion. Therefore a user must acquaint himself
with the strengths and weaknesses of the 3D forward code. There are many ways of accomplishing this; the one described
here is the comparison of 2D and 3D forward modelling responses. The idea behind this kind of testing is that 3D model
responses become more and more identical to the 2D responses if the extension of the body becomes large, in an inductive
scale-length sense, in one direction. The dimensionless ratio of the body length to skin depth at a specific frequency in the
host medium (Jones, 1983) gives a limit for the period range where the agreement of 2D and 3D responses is supposed to
be good - if it is not that can be a hint that there is an issue either with the forward code or its implementation.

I NTRODUCTION

W HY ARE 2D AND 3D RESPONSE COMPARABLE
AND WHAT ARE THE LIMITS ?
Using a one-dimensional subsurface model to calculate the 1D, 2D and 3D forward response it is obvious
that all responses should be identical - meaning that the
impedance elements at all frequencies and sites should
be Zxx = Zyy = 0 and Zxy = −Zyx , whereas the
magnitude of the off-diagonal elements of the 3D forward
response should be identical (within acceptable bounds) to
the one of the 1D and the 2D forward modelling. Also for
a two-dimensional Earth model the results of the 2D forward and 3D forward algorithms must match each other
at specific locations and for specific frequencies. Jones
(1983) showed that the difference between data from a
profile over a 3D structure (e.g. a dyke of finite length l)
and a real 2D response is dependent on the dimensionless
ratio δl , where δ is the skin depth at a specific frequency in
the host medium. If this ratio is far greater than 1, then the
2D and 3D results should approximately give the same
resistivity structure, whereas if δl is smaller than 1 (i.e.
either the length l is too short or the frequency is too low)
this assumption will not be valid.

Independent of the size of a survey area the subject of interest for electromagnetic studies is, very rarely, validly
interpreted as one-dimensional. Even two-dimensional interpretations are often not valid for all frequencies and all
sites - which is why three-dimensional modelling tools
are required. For magnetotelluric studies there are already 3D forward modelling codes (e.g., Avdeev, Kuvshinov, Pankratov, & Newman, 1997; Mackie, Madden, &
Wannamaker, 1993; Mackie, Smith, & Madden, 1994;
Siripunvaraporn, Egbert, & Lenbury, 2002; Xiong, Luo,
Wang, & Wu, 1986; Xiong, 1992) and more recent also
3D inversion codes (e.g. Farquharson, Oldenburg, Haber,
& Shekhtman, 2002; Siripunvaraporn, Egbert, Lenbury,
& Uyeshima, 2005) are available.
Using 3D inversion codes should never be done without
being aware of the fact that the engines of all 3D inversion
programs are the 3D forward algorithms which are running in the background, and which, in fact, dominate the
time of the 3D inversion run. Therefore, the reliability of
the used 3D forward routine should be tested thoroughly
before undertaking extensive 3D inversion. There are different ways of testing, the one which we describe here is
the comparison of 3D responses with 2D forward modelling results.

This means for the 2D vs. 3D comparison that the high
frequencies (or short periods) will give a good correlation
for a certain range, whereas at lower frequencies (longer
periods) this conformity cannot be expected.
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0.1 s
1s
10 s
100 s
1000 s
10000 s

1 Ωm
253
80
25.3
8
2.53
0.8

10 Ωm
80
25.3
8
2.53
0.8
0.25

100 Ωm
25.3
8
2.53
0.8
0.25
0.008

Dyke model
A 5 km wide and 20 km thick dyke of 1000 Ωm is located
5 km below the surface and is embedded in a 100 Ωm homogeneous half-space (see Figure 1 for a cross-section
of the model). The length of the dyke (in perpendicular
direction to the cross-section) is varied for the 3D modelling, which is done using the forward code from Xiong
et al. (1986); Xiong (1992).
Figure 2 shows the comparison of the off-diagonal elements of resistivity and phase. The solid line is the 2D
reference data, the symbols represent 3D responses calculated for the different body length of 10 km, 20 km, 50 km
and 100 km. All four plots show clearly that the agreement of 2D and 3D becomes better with increasing body
length. This observation is in accordance with the ratio of
body length to skin depth. The result of the 3D response
with 100 km body length shows the same period limit of
good agreement between 2D and 3D responses as it is predicted in Tabel 1.

Table 1: This table gives the δl ratio for different periods (0.1 s to 10000 s) and different resistivities of
the host medium (1 Ωm, 10 Ωm and 100 Ωm). The
length l of the body is assumed to be 40 km.

In Tabel 1 are δl ratios for a period range from 0.1 s to
10000 s listed. The values are related to a body with a
length of l = 40 km for 3 different host medium resistivities (1 Ωm, 10 Ωm and 100 Ωm).
For the 1 Ωm host medium a 2D and a 3D response would
be identical (within acceptable bounds) down to 100 s,
may be even down to 1000 s, whereas for the 100 Ωm host
a correlation would only be reasonable for periods smaller
than 1 s (may be 10 s).

C OMPARISON OF 2D AND 3D RESULTS
The 2D forward code of Rodi and Mackie (2001) was used
to calculate the responses, which were assumed to be the
absolute correct and impeccable 2D responses which are
used as the reference datasets. Two different subsurface
models were used for the 2D vs. 3D comparison: a dyke
model and a layered earth model with two blocks in the
top layer.

Figure 2: Resistivity and phase plots of the 2D result
(solid line) and the 3D responses for different body
length l of 10 km, 20 km, 50 km and 100 km.
Two blocks in layered earth
This 3D model (see Figure 3) has often been used by
different authors (e.g. Mackie et al., 1993; Siripunvaraporn et al., 2005; Wannamaker, 1991) and goes back
to Dr. M.S. Zhdanov. The model is based on a threelayered earth with 10 Ωm down to 10 km, 100 Ωm from
10 - 30 km and then a halfspace of 0.1 Ωm. In the first
layer are two 20 km x 40 km blocks (over the whole layer
thickness) with resistivity values of 1 Ωm and 100 Ωm respectively embedded.
For this model responses at six different stations were calculated and for the 3D response the 3D code described by
Mackie et al. (1993, 1994) was used. Setting the origin at

Figure 1: Cross-section of the dyke model along the xaxis.
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the boundary between the two blocks for x-direction and
in the middle of the block in y-direction the site locations
are -25 km, -15 km, -5 km, 5 km, 15 km and 25 km in xdirection and y = 0 for all.

els and codes gave the expected result). Each codes has
weak and strong aspects and it is useful to get an idea of
them before using a 3D inversion code where the 3D forward algorithm is used as engine.

Figure 3: Plan view and cross-section of the used 3D
model (redrawn after Mackie, Madden, & Wannamaker 1993).
Figure 4 shows the resistivity and phase curves for both
off-diagonal elements at all six sites. The agreement of
the 2D and 3D results is good down to periods of 10 s sometimes even down to 100 s. That is in good accordance with the expected period range calculated using the
ratio of length to skin depth of the host (see Table 1).
C ONCLUSIONS
For the chosen models and codes the comparison for 2D
and 3D response gave the expected results: good agreement for the short period range. Also the increasing of
the part with reasonable agreement of the 2D and 3D
responses towards longer periods with increasing body
length could be seen. For this combination of codes and
models the comparison can be consider as being successful.

Figure 4: Resistivity and phase plots of the 2D responses
(solid and dashed line) and the 3D responses (solid
dots and open circles) for all 6 sites over the model
shown in Figure 3.

Although the experience while testing different codes and
models showed that there are a few difficulties with the
3D forwards codes (not all combinations of chosen mod161
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SUMMARY
In recent years 3D inversion of magnetotelluric (MT) data has experienced a significant advance due to the advent of
new codes, particularly WSINV3D by Siripurnvaraporn et al. (2005), based on a data-space variant of the Occam
approach (Constable et al., 1987), that the authors have made publicly available. In this work we focus on that inversion
code.
Before applying the code to observed field data, we have undertaken tests using synthetic data to understand how the
program works, what its strength and weaknesses are, what values of the parameters are the most suitable for each
situation, and what resolution is obtained for the resulting models.
To accomplish this, we have used different grids and data sets from simple synthetic models (a cube embedded in a
homogeneous medium, and a fault model). After comparing the results obtained from the use of different parameters
(e.g. model scale length) and mesh sizing, some statements can be concluded on the smoothness of the inversion model,
and the fits between the data and inversion model responses. These are complemented with a list of “open questions”
describing issues, which are not completely understood, or at least understood by the authors – we are hoping to receive
clarification and solutions from other participants who might have dealt with the same or similar problems.
Keywords: 3D MT inversion, synthetic models.

of caution and which settings are the most suitable for
each kind of dataset.

INTRODUCTION
The 3D magnetotelluric inversion code WSINV3DMT
(Siripurnvaraporn et al., 2005) seeks for the minimum
norm model to fit the impedance tensor components.
Based on the Occam code (Constable et al., 1987), it
works in data space, which reduces significantly the
computing times.
Before applying the WSINV3DMT code to observed
field data and interpreting the resulting models, it was
subjected to performance tests using synthetic data. In
this paper the tests of synthetic responses retrieved
from two simple subsurface models will be presented:
a N-S striking fault and a conductive cube embedded in
a resistive homogenous host.
Aspects of the testing were - amongst others - the
behaviour of the code if the synthetic data was
generated in different ways and the effects of changes
in the inversion parameters (set in the 'startup' file).
It was hoped that these tests would give guidelines
useful for a later use with real data: what are the
strengths and weaknesses of the code, which
configuration parameters have to be treated with a lot

SIMPLE 2D N-S STRIKING FAULT
The first synthetic model is a 2D model. It consists of a
vertical N-S striking fault with a 200 Ω·m quarterspace on the west side and 20 Ω·m quarter-space on the
east side of the fault. The model has dimensions of 22
km (NS) x 22 km (EW) x 18.2 km (z), with a modeling
mesh consisting of 14x14x13 cells, horizontally with a
finer grid in the centre (see Figure 1), and increasing
thicknesses with depth.
At nine periods (from 0.001 s to 10 s, logarithmically
distributed) the responses were computed for 36 sites
forming a regular square grid, covering both sides of
the fault. A 5% error was added to each component of
the impedance tensor responses.
Prior to the inversion, the datasets were created in four
different ways:
1.
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2.

3.

4.

the fault to be more continuous/smoothed, which is the
direction of the larger model scale length value.
The second dataset was inverted with default model
scale length and with δ = 1.0 for all 3 directions. As in
the test with dataset 1, the model with larger δ (right
side of Figure 2) is smoother - in this case for both
horizontal directions. It is also smoother in x direction
as the result of the first test (δx = 0.5) – which is
consistent with the observation of having a smoother
model when δ in that direction is larger. However, it
seems to be true only for horizontal directions. As can
be seen from Figure 3, it is obvious that the result for a
changed δ in z-direction does not behave as expected:
the model with the larger model scale length in zdirection is not the smoother one. There is no known
explanation yet for this surprising observation.

RM3D) for 36 sites centered in the middle of
the grid; each line has 3 sites west and 3 sites
east of the fault.
Default 3D Mackie forward modeling
(RM3D) for the 3 southern lines and copying
the retrieved responses (mirror-inverted) to
the 3 northern lines.
Default 3D Mackie forward modeling
(RM3D) only for the third line (counting from
south) and copied to all the 5 other lines.
Using the 2D forward modeling code from
Wannamaker et al. (1987): fault in the middle
of the profile and large extensions of the
model space in E-W direction and depth;
responses of this profile were copied to all
lines.

These responses were inverted using the
WSINV3DMT code with default parameters and a
halfspace of 100 Ω·m as the starting model.
The expected result of this inversion is a model with a
symmetry axis in E-W direction through the center of
the grid. However, the result shows instead (e.g. Figure
1) an obvious asymmetric pattern, regardless of how
the set of responses was retrieved.
Figure 2: Depth slices of the inversion result using the
default model scale length (δ = 0.1 for all 3 directions)
on the left and with δ = 1 for all directions on the right
hand side.

Figure 1: Two depth slices of the model resulting from
the inversion of the fault model responses. Both slices
show that the inversion result is asymmetric, even if
the input was symmetric.
Figure 3: Sections of the inversion result using the
default model scale length (δ = 0.1 for all 3 directions)
on the left and with δ = 1 for all directions on the right
hand side.

MODEL SCALE LENGTH
One of the inversion parameters is the model scale
length (δ), which can be defined separately for each
direction (x, y and z). For two slightly different
datasets – retrieved as described in the previous section
at nº1 and nº 2 respectively - the inversion was run
once with default (δ = 0.1 for all 3 directions) and once
with a changed model scale length. The location of the
sites is the same as before, and the initial model was a
100 Ω·m halfspace.
For the first dataset, the model scale length was
changed only in the x direction (δx = 0.5). Compared to
the default inversion the resulting model using the
changed model scale length shows features parallel to

WSINV3DMT TESTRUN MODEL
In this section, the forward responses and the
consequent inversion results, obtained from RM3D
code (Mackie et al., 1993) and the forward modeling
implemented in WSINV3DMT, were compared. The
synthetic model used as testrun in Siripurnvaraporn et
al. (2005) was considered.
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iteration numbers 4 and 5 of the response set from the
WSINV3DMT forward code. However, comparing this
result with the one of the other response sets significant
differences become obvious. Even if the model scale
length for both inversions was set to the default it
seems that the Mackie response inversion results are a
lot less smooth.
With regard to the misfits, both inversion results
mostly fit the responses reasonable well but the
discrepancies are bigger for the WSINV3DMT
responses.

This model consists of a 16 km x 16 km x 5 km block
of 1 Ω·m (100 m below the surface) embedded in a 100
Ω·m surrounding.
The forward responses were computed using both
codes at 5 periods, from 0.1 s to 1000 s, for a set of 36
sites distributed over a regular grid centered on the
conductive body. Both sets of responses seem to be
quite similar for all sites, with a few variations
especially for the longest periods.
The inversion was run for both sets of responses with a
5% error, using default parameter settings and a
homogeneous halfspace of 50 Ω·m as the initial model.
The maximum number of iterations was set to 5. The
WSINV3DMT responses finished the inversion by
exceeding the maximum number of iterations, whereas
the inversion of the Mackie response stopped already
after iteration number 4. To compare the results,
sections and depth slices are plotted in Figure 4.

SUMMARY OF OPEN QUESTIONS
The last section of this work summarizes the questions
that came up during testing. Some of them are already
mentioned in other parts of this paper, one other one is
‘new’ and explained here in more detail. These
questions regard the unexpected asymmetry of the
inverted models, and the results from changing the
model scale length and relaxation time parameter.
Asymmetry. Why do inversion results show
asymmetric pattern when starting model and responses
were absolutely symmetric?
Model scale length. Why does a larger δx or δy result in
a smoother model whereas a larger δz seems to make
things less smooth? Is there any relation between the
model scale length and the grid/cell size? Are there any
useful hints of how to use the model scale length
correctly?
Relaxed vs. default inversion. In Siripunvaraporn et al.
(2005) there is a section about changing a few
parameter settings to allow the inversion to finish in
less time. One of these parameters is the maximum
number of iterations for the forward modeling. Just
changing that does not result in a faster inversion. It
was suggested to change a second parameter: it is not
completely understood if the normalized misfit and the
normalized residual are the same, and where to change
it? Is it one of the parameters in the startup file or has it
to be changed somewhere else in the source code?

Figure 4: Sections and depth slices of the inversion
results with WSINV3DMT responses after the final
iteration number 5 (= maximum number of iterations)
on top, the intermediate result after iteration number 4
in the middle, and the final iteration result (iteration
number 4) of the Mackie responses at the bottom.

A few minor issues, which are left out here, will be
mentioned on the poster itself. All these questions
hopefully will encourage discussions, suggestions,
ideas, etc. to help understanding the WSINV3DMT and
its parameters better and solve problems with which
may be a few other users struggled too.

The top graphs are the final results of the
WSINV3DMT responses (iteration step 5) and in the
middle is the result after iteration number 4 shown to
have a better comparison to iteration step 4 (which is
the final result) of the Mackie responses on the bottom.
There are only a few small differences between
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S UMMARY
This work presents a numerical simulation technique that goes along with the development of a probe for measuring the
electric properties conductivity and permittivity of planetary regolith on Mars, Mercury and Moon. The actual hardware
development is carried out by the European Space Agency ESA. So far, the existing prototype has exclusively been tested
in the laboratory using polyethylene, quartz glass beads or a Mars soil simulant called JSC-1. Our simulation techniques
aim at accompanying the hardware development and conduct virtual experiments, e.g., to assess the response of arbitrary
heterogeneous conductivity and permittivity distributions or scrutinize possibilities for spatial reconstruction methods
using inverse schemes. In a first step, we have developed a finite element simulation code on the basis of unstructured,
adaptive triangular grids for arbitrary two-dimensional axisymmetric distributions of conductivity and permittivity. The
code is able to take into account the spatial geometry of the probe and allows for possible inductive effects. In previous
studies, the quasi-static approach has been used to convert potential and phase data into apparent material properties. By
our simulations, we have shown that this approach is valid for the frequency range from 102 Hz to 106 Hz and electric
conductivities of less than 10−2 S/m. Moreover, we may describe the impact of a heterogeneous environment on the
apparent quantities. We prove the accuracy of our code and, as a comprehensible example of a heterogeneous distribution
of the electrical properties, present a simulated vertical log through a horizontal subsurface layer. Finally, we present
spatial distributions of the complex sensitivity having in mind a future data inversion concept.
Keywords: Electromagnetic modeling, finite element method, adaptive unstructured grids, electric permittivity, electric
conductivity, terrestrial planets, regolith

I NTRODUCTION

mented by the knowledge of soil stratigraphy and texture,
this yields a better understanding of near-surface environmental processes like impact gardening, space weathering, material erosion, vertical mixing, lateral redistribution, and volatile exchange. Since the electric properties
conductivity and relative permittivity are supposed to be
sensitive to the occurrence of volatiles (Hamelin, Trautner and Grard, 2003), Trautner and Grard (2002) have developed a low-power probe (Fig. 1) for measuring electric
conductivity and permittivity as a complex quantity in frequency domain. The probe is designed to record a vertical
profile while being hammered into the ground by a selfdriven mechanism called mole. The electric coupling is
rendered capacitively via a pair of transmitter ring electrodes TX. The probe depicted in Fig. 1 has a diameter
of 38 mm and a length of 400 mm. Early works on capacitively coupled devices go back to Grard (1990). The
injected alternating current in the order of I0 = 10−9 A
at frequencies in the kHz-range is mainly dielectric since
the expected resistivity of the near-surface region on Mars
is in the order of 108 -1010 Ωm. The extremely high resis-

The near-surface regions of terrestrial planets like Mercury, the Earth’s Moon and Mars have been investigated
in the past and/or will be investigated in the near future
by several lander missions. Network and multi-site missions for Mars such as MESUR, Marsnet, InterMarsnet,
NetLander, Beagle-2, and ExoMars will possibly be continued or relaunched. The Martian surface is especially
interesting, e.g., for understanding the climate and meteorology of terrestrial planets and finding possible indications for extraterrestrial habitats. The latter requires particular attention to searching for volatiles such as water
and ice. Measurements of dielectric properties are particularly useful for the detection of subsurface water/ice
deposits including adsorbed water (Möhlmann, 2004), intergranular ice, ice-rich frozen ground, massive ground
ice (Clifford and Parker, 2001; Heggy et al., 2001), liquid water in the form of near-surface brines, or clathrated
gas hydrates (Longhi, 2006), thereby providing important
constraints on the volatile content of the subsurface. Aug167
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tivity yields a voltage signal in the order of mV, which is
recorded by another pair of ring electrodes RX.

giving
~
∂A
∂t
1
~
∇×A
µ0 µr

~
E

= −∇V −

~
H

=

(3)
,

(4)

where µ0 is the free space magnetic permeability, µr the
relative magnetic permeability, t the time, and V the electric potential. To completely describe the behavior of low
frequency electromagnetic fields in a source-free, conductive, and polarizable medium we have to solve Ampere’s
law and the equation of continuity augmented by the dielectric current. In the frequency domain they read
∇ · ~j
~
∇×H
Figure 1: Prototype of the permittivity probe according
to Trautner and Grard (2002). TX are transmitters
and RX are receivers.

0 = ∇ · [(σ + iωε0 εr )∇V ]
= ~j = (σ + iωε0 εr )∇V ,

=

(5)
(6)

TX and RX are lined up in a classical equidistant 4point-arrangement along the cylindrical body of the probe
(Fig. 1). Power consumption totals only 80 mW. The
potential measurements are interpreted in a quasi-static
mode. Using a reference measurement for vacuum the
apparent relative permittivity εar and the apparent electric
conductivity σ a are determined by

where ~j is the electric current density, εr the relative electric permittivitty, σ the electric conductivity, and i the
imaginary unit. Substituting eqs 3 and 4 into eqs 5 and 6,
setting the complex valued conductivity σ
e = (σ +iωε0 εr )
and the magnetic permeability µ = µ0 µr we obtain the
governing coupled system of equations
h
i
~+σ
−∇ · iωe
σA
e∇V
= 0
(7)


~ +σ
~ +∇× 1∇×A
e∇V = 0 . (8)
iωe
σA
µ

|∆V0 |
· cos(φ0 − φ)
|∆V |
|∆V0 |
= −
ωε0 · sin(φ0 − φ) ,
|∆V |

Using finite elements we obtain a system of integral equations according to the weak formulation
Z
Z


~
∇γ · iωe
σA + σ
e∇V dΩ − γ jn dΓ = 0 (9)

εar
σa

=

(1)
(2)

Ω

where ∆V0 and φ0 are the reference potential difference
and phase for vacuum and ∆V and φ are the corresponding quantities in an arbitrary medium. ω is the angular
frequency and ε0 is the dielectric constant.

Γ



Z
h
i
1
~ dΩ+
~+σ
~τ · iωe
σA
e∇V dΩ+ ∇×~τ ·
∇×A
µ
Ω

 Ω

Z
1
~
~τ · ~n ×
∇×A
dΓ = 0 , (10)
µ
Γ

Z

G OVERNING EQUATIONS AND NUMERICAL

which forms the basis for the subsequent discretization. γ
and ~τ are arbitrary scalar or vector test functions, respectively. The integration is carried out over the domain Ω.
To achieve uniqueness of the solution, a Coulomb gauge
~ = 0 is applied. The solution for V and A
~ are
∇·A
sought such that eqs 9 and 10 hold for all test functions
γ and ~τ . The integrals over the boundary Γ of the domain Ω are obtained using boundary conditions for the
normal component of the current density jn = ~n · ~j =
~ · ~n and the tangential component of the
σ
e∂n V + iωe
σA


~ , where ~n is the
~ = ~n × 1 ∇ × A
magnetic field ~n × H
µ
outward normal on the boundary. Using mixed boundary conditions for the electric potential and the magnetic

FORMULATION

Numerical simulation techniques are helpful for optimizing the experimental setup and investigating physical phenomena which occur with the particular design of the
probe. In a first approach, we use high-level programming
languages (Femlab/Matlab) which take over the majority
of administrative work in coding FE techniques and help
to check out basic simulation strategies.
In order to comprehensively describe the nature of the
physical problem we have to take into account the cou~ and H.
~
pling of the electric and magnetic fields E
~
We therefore introduce the magnetic vector potential A
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numbers B  1, (Benderitter et al., 1994), where inductive effects are negligible. The induction number is
defined by B = L/p with a typical scale length L of the
measurement and the electromagnetic skin depth p.

vector potential at the outer boundaries the error propagating into the domain could significantly be reduced. The
source currents are provided by inhomogeneous Neumann
boundary conditions for the electric potential at the surface of the current electrodes TX.

z

ACCURACY AND ADAPTIVE GRID

Er
Hϕ?

In the contact area of the electrodes large conductivity
contrasts exist (copper/regolith) which produce huge gradients of the electric potential. Therefore, in this region
the unstructured triangular grid has adaptively been refined to a high degree (Fig. 2).

Model domain

r

θ

L

x

a)

Eθ

VED

y

ϕ

.

electric field

Close-up range
around electrodes

analytical

relative error

Probe

b)
Figure 2: Discretization of the model domain. The grid
is strongly refined close to the electrodes.

Figure 3: a) Schematic representation of a vertical electric dipole (VED) and corresponding field proper~ z and its
ties. b) z-component of the electric field E
relative error in the equatorial plane as a function
of the distance r to the dipole center for (1) mixed
boundary conditions and (2) Dirichlet boundary
conditions.

This is of particular concern, because the measurement of
the potential difference is carried out at the potential electrodes RX. We have checked the accuracy of our code by
comparison with the analytic solution for a vertical electric dipole in a homogeneous medium and the frequency
of 1 kHz (Telford, 1990). Fig. 3 shows the orientation
of the dipole and field properties (a) and the results for
Dirichlet and mixed boundary conditions (b). Note the
high accuracy for the latter except for the region close to
the singularity.
In the frequency range 102 Hz < f < 106 Hz the model
response has been proved to be stable (not shown here).
At the low frequency end, the problem is ill-conditioned
for frequencies f < 102 Hz and, thus, becomes numerically instable. For high frequencies f > 106 Hz the chosen approach is not valid anymore because the problem
increasingly becomes a pure wave phenomenon.
Through our numerical simulations, the quasi-static approach of eqs 1 and 2 has been verified for conductivities σ < 10−2 S/m. The frequency range
102 Hz < f < 106 Hz is characterized by low induction

N UMERICAL SIMULATION RESULTS AND
SENSITIVITIES

In the following, we present a simple, but meaningful
model of a horizontal layer of anomalous electric properties being penetrated by the probe in the vertical direction
(Fig. 4a). While moving downwards, the probe records a
vertical profile of the complex conductivity comparable to
a borehole log. For the sake of simplicity, the probe is kept
fixed in the simulation and the layer is moved upwards.
The two left-hand subplots of Fig. 4b show the potential
difference ∆V and phase φ measured at the receivers RX.
The signature of the anomalous layer is clearly visible.
The two right-hand subplots of Fig. 4b show εar and σ a
according to eqs 1 and 2.
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method. Each model parameter has been changed by 5%.
The model background is σ = 10−8 S/m and εr = 4. Fig.
5 shows the spatial distribution of the sensitivities of the
potential difference |∆V | and the phase φ with respect to
changes of the
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Figure 5: Sensitivities of the absolute values of the potential difference |∆V | (left) and the phase φ (right)
with respect to changes of the relative permittivity εr (a) and changes of the conductivity σ (b) for
f = 1 kHz.

Figure 4: a) Simulation of a vertical log through a buried
horizontal layer of anomalous electric parameters.
For simplification of the simulation process the
layer is moved instead of the probe. b) Potential difference ∆V and phase φ measured at the receivers
RX (left) and converted properties apparent conductivity σ a and apparent relative permittivity εar
(right) for different positions ∆z of the layer with
respect to the center of the probe.

relative permittivity εr and the conductivity σ for a frequency of f = 1 kHz. The pattern resembles the DC
sensitivity distribution (Spitzer, 1998). The region dominating the response is comparable with the separation of
the electrodes. Looking at the absolute values of the sensitivites it becomes obvious that the potential difference
∆V at the receivers RX is mainly influenced by the relative permittivity εr , whereas the phase φ is dominated by
the electric conductivity σ.
Further numerical simulations not explicitly presented
here have been carried out to investigate how a narrow
vacuum interspace between probe and surrounding material biases the outcome of the measurement. In other
words, we quantify the influence of this spatial gap on the
determination of the material parameters εr and σ. Such
a gap appears as a realistic scenario for the mole pene-

The true values of the anomalous layer of εr = 7 und
σ = 10−6 S/m are reasonably well recovered. A resolution study has shown that layers down to a thickness
of d > 2 cm are still detectable by the probe. However,
it becomes clear that the apparent quantities εar und σ a
are not sufficient to give a clear picture of the true model
and that inversion methods are required for reconstruction. Note that the influence of the anomalous layer is still
significant at a distance of three times the layer thickness
∆z ≈ ±15 cm.
Sensitivities have been calculated using the perturbation
170

4/5

Spitzer, et
Panzner,
and Sohl,
2006, Numerical
simulation
of a permittivity probe
Spitzer
al., Numerical
simulation
of a permittivity
probe

trating into coarse material. It might be relevant in the
sense of weak coupling between electrodes and medium
in strongly heterogeneous ground. For simplicity, the gap
encloses the probe completely on its cylindrical shell and
is defined by a constant width k. Note that the simulation
code, however, is able to cope with arbitrary cylindrical
geometries. The results exhibit that the relative error in εar
and σ a is below 2%, and therefore negligible, as long as
the gap is smaller than k = 2 mm. This is particularly interesting because the gap is located in the highly sensitive
region of the probe (see Fig. 5).
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C ONCLUSIONS AND OUTLOOK
We have developed a 2D adaptive unstructured grid finite element forward modeling software to simulate the
response of a permittivity probe designed by ESA. With it,
we are able to verify the chosen quasi-static approach in
the frequency range 102 Hz < f < 106 Hz for conductivities σ < 10−2 S/m. Moreover, we may carry out a wide
variety of virtual experiments taking into account inductive effects whenever they occur. This is especially helpful for studying the physical response in heterogeneous
media. In perspective, we want to extend our simulations
to 3D, evaluate the possibility of applying spatial reconstruction techniques for the electric material properties,
and carry out resolution studies under the following constraints: 1) The available electric power for planetary field
surveys is likely to be very low. 2) The payload is restricted to an absolute minimum. Hence, additional electrodes have to be positioned well-directedly, e.g., using
the feet of the landers. This altogether results in surveys
with sparse data sampling and limited spatial range. Still,
rocks or ice lumps that are not penetrated directly might
be resolved in the target area if the survey is designed intelligently. Concluding, even coarse 3D models revealing
structures within the regolith will provide valuable information on the near-surface constitution of planetary bodies.
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S UMMARY
Ground-penetrating radar (GPR) data for objects such as utility pipes or wires are influenced both by the vectorial antenna radiation patterns and the targets’ scattering properties. In this synthetic study for dielectric pipes, we use recently
developed vector-migration schemes to eliminate the effects of the antenna radiation patterns from the GPR data and then
analyze scattering effects in the vector-migrated images. Pipe reflection amplitudes in our migrated images agree qualitatively with those described by other workers, and we find in our images indications of depolarization and systematic
phase differences between images of pipes and planar reflectors. This study serves as a starting point for further, more
quantitative investigations of pipe scattering properties.
Keywords: Ground-penetrating radar, finite-difference time-domain modeling, vector migration, polarization

I NTRODUCTION

been investigated, e.g., by Roberts and Daniels (1996) and
Radzevicius and Daniels (2000). Their results show:

The amplitudes and phases of ground-penetrating radar
(GPR) data depend on the subsurface reflectivity properties and on the antenna radiation patterns and electromagnetic vector-wave propagation. We have recently developed 3-D vector-migration schemes that practically eliminate the radiation-pattern and wave-propagation effects
from GPR data (Streich and van der Kruk, 2007; Streich
et al., 2007). The elimination of radiation-pattern effects
has been demonstrated on synthetic and field data containing dipping planes, which do not exhibit directional scattering properties. Vector-images of dipping planes were
nearly independent of the antenna-to-plane orientation.

(i) For metal pipes and dielectric pipes with permittivities larger than that of the surrounding medium, the
direction of preferential scattering is usually aligned
with the pipe orientation (Roberts and Daniels,
1996; Radzevicius and Daniels, 2000).
(ii) For dielectric pipes with permittivities lower than
that of the surrounding medium, the direction of
preferential scattering depends on the pipe diameter (with respect to the dominant GPR wavelengths) and may be perpendicular to the pipe orientation (Roberts and Daniels, 1996; Radzevicius and
Daniels, 2000).
(iii) For conducting and dielectric pipes, depolarization
does not occur if the incident electric field is oriented exactly parallel or exactly perpendicular to
the pipe (Radzevicius and Daniels, 2000).

For other objects such as pipes, the data amplitudes are
also influenced by polarization effects that depend on the
polarization and incidence angle of the electromagnetic
field relative to the reflecting object. Polarization effects
may comprise preferential scattering (i.e., variations of
the scattering amplitudes depending on the polarization of
the incident field relative to the pipe), and depolarization
(i.e., changes of the relative amplitudes of the scattered
field components compared to the incident field components). Scattering amplitudes are functions of the relative
antenna-to-pipe orientation, pipe and background properties, scattering angle, and pipe thickness with respect to
GPR wavelength. Scattering strengths of pipes as functions of the material properties for a fixed antenna-to-pipe
orientation have been analyzed by Zeng and McMechan
(1997), whereas polarization effects as functions of the
material properties and antenna-to-pipe orientations have

In this preliminary study, we analyze scattering amplitudes in migrated images of synthetic dielectric pipes.
We applied our vector-migration algorithms to synthetic
data generated using a 3-D finite-difference time domain
(FDTD) modeling algorithm (Lampe et al., 2003). Since
the migration corrects for the radiation patterns, polarization effects are effectively separated from radiation pattern
ones. In the obtained migrated images, amplitude variations with the relative antenna-to-pipe orientation should
be due to scattering effects only. We analyze here the
image amplitudes for different antenna-to-pipe orientations and compare them to theoretically expected ones
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ponent data comprise the E11 , E21 , E12 , and E22 components for antenna offsets both in the x1 and x2 directions
(Figure 1 shows the broadside configurations of E11 and
E22 and the two corresponding cross-polarized configurations used here). To prevent artifacts resulting from the
FD model boundaries, the size of the used data volumes
was reduced slightly (e.g., to 6.8 x 7.4 x 5 m for 1 m antenna offset).

(e.g., Radzevicius and Daniels, 2000). Following this initial analysis, further work should be targeted at obtaining
quantitative estimates of scattering properties from the migrated images.
S YNTHETIC DATA GENERATION
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Figure 2: Vertical sections through the multicomponent
synthetic data for the (a) E11 , (b) E21 , (c) E12 and
(d) E22 components (see Figure 1) for an antenna
offset of 1 m. For the same color values, the amplitudes in (b) and (c) are 1/4 those in (a) and (d).

χ

Slices through the synthetic data are shown in Figure 2.
For the 1-m antenna offset, the data amplitudes are largest
in the E11 section and somewhat lower in the E22 section.
The amplitudes are practically zero in the cross-polarized
E12 configuration. For this configuration, the electric field
incident onto the pipe is polarized in the x1 direction (see
Figure 1), and reflection at the pipe does not produce any
energy detectable by the x2 -oriented receiver. In contrast,
reflection at the pipe generates a small electric field component parallel to the x1 -oriented receiver for the E21 configuration. Here, the electric field incident onto the pipe is
polarized slightly oblique to the x2 axis, and thus a small
portion of the field reflected at the pipe is polarized parallel to the x1 axis.
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We simulated a dielectric pipe with a diameter of 0.2 m
and a relative permittivity of εr = 4. The pipe was oriented parallel to the x2 axis (Figure 1) and embedded
in a homogeneous medium with εr = 8 (corresponding
to the situation (ii) listed in the introduction) and its top
was located at a depth of 1.8 m. A constant conductivity
of σ = 0.2 mS/m was used for the background medium
and pipe. The sources were infinitesimal dipole antennas
emitting a Gaussian wavelet with a center frequency of
∼70 MHz. The model dimensions were 7.5 x 7.5 x 5 m.

(a) E11

0

Time [ns]

Synthetic GPR data were generated data using the 3-D
FDTD algorithm of Lampe et al. (2003). This versatile
FDTD modeling tool is second order in space and time
and uses a standard staggering scheme and the generalized
perfectly-matched-layer boundary conditions of Fang and
Wu (1996).

χ22
x1

Figure 1: Geometry for our synthetic surveys of a dielectric pipe: Within each set of antennas (underlain in gray), Tα and Rβ denote the transmitting and
receiving antennas used to obtain the Eαβ components. χ11 and χ22 are the images associated with
the different antenna sets. Dashed lines indicate
typical wave-propagation paths.
As in Streich and van der Kruk (2007), we simulated
common-offset measurements by modeling a single x1 line of sources oriented both in the x1 and x2 directions. For each source point and orientation, receivers
were placed on a 0.1 x 0.1 m surface grid. From the
obtained raw data volumes, we extracted multicomponent
common-offset data for various antenna offsets (we show
here data and images for an offset of 1 m). The multicom-

V ECTOR - MIGRATION RESULTS
The data were imaged using (i) a multicomponent vectormigration (Streich and van der Kruk, 2007), which corrects for exact-field radiation patterns by combining data
from a co- and a cross-polarized data component into
a migrated image, and (ii) a single-component vectormigration (Streich et al., 2007), which eliminates the vec173
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torial radiation-pattern effects from a single co-polarized
data set. For comparison, we also applied a vectormigration that corrects for far-field radiation patterns (van
der Kruk et al., 2003) and a modified Gazdag phase-shift
migration, which includes a geometrical spreading correction and a 90◦ phase correction (van der Kruk et al., 2003).

single-component images differed by 3.2%.
mgzd

mgzd

Depth [m]

(a) χ11

In the employed vector-migrations, scattering objects are
assumed to be composed of point scatterers that do not
interact (the first-order Born approximation is used). Migrated images for different antenna-to-pipe orientations
and antenna offsets exhibit amplitude and phase variations
due to variations of the incident electric field polarization
relative to the pipe.

2

3

(b) χ22

2

3

4m

3

3

Depth [m]

far,SC
(c) χ11

In Figures 3 and 4, we display results of the modified
Gazdag, single-component far-field vector and exact-field
multi- and single-component vector migrations; the various χ11 and χ22 images were obtained from the E11 and
E22 configurations, respectively (see Figure 1). The two
Gazdag phase-shift images χmgzd
(α ∈ {1,2}) are someαα
what less focused than the vector-migrated ones and differ in amplitude and phase as a result of both polarization
and radiation pattern effects (Figures 3a, b and 4a). The
ar,SC
show consistent phases
far-field vector-images χfαα
for the two antenna orientations (Figures 3c, d and 4b).
The pipe reflection amplitudes are higher in χf22ar,SC , for
which the antennas were oriented parallel to the pipe, than
in χf11ar,SC , for which the antennas were oriented perpendicular to the pipe. Conversely, for the exact-field
C
and
multi- and single-component vector-images χexa,M
αα
exa,SC
, the pipe reflection amplitudes are ∼ 22% higher
χαα
C
C
and χexa,SC
than in χexa,M
and χexa,SC
in χexa,M
11
11
22
22
(Figures 3e–h and 4c). This exact-field imaging result
agrees qualitatively with results of Roberts and Daniels
(1996) and Radzevicius and Daniels (2000), who also
found, for comparable models containing low-permittivity
dielectric pipes, that scattering amplitudes were largest
for antennas oriented perpendicular to the pipes. Far-field
imaging has resulted in false indication of polarization effects here.
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Figure 3: Vertical sections through various images χ11
and χ22 of the dielectric pipe for 1-m offset antennas. (a, b) were obtained from modified Gazdag
phase-shift migration, (c, d) from far-field singlecomponent vector-migration, (e, f) from exact-field
multicomponent and (g, h) from exact-field singlecomponent vector-migration.

Comparison of the single-component exact-field images
(Figures 3e and f) to the multicomponent ones showed that
C
computed from the E22 and
the multicomponent χexa,M
22
E12 components was identical to the single-component
computed from E22 alone. This was expected,
χexa,SC
22
because depolarization does not occur for this configuration (Radzevicius and Daniels, 2000). In contrast,
we observed amplitude differences between the multiC
and
and single-component exact-field images χexa,M
11
exa,SC
χ11
of 0.3%; minor depolarization occurred here. For
a different model with the pipe oriented at 45◦ to the antennas (not shown here), amplitudes between multi- and

Furthermore, the images of the dielectric pipe show distinctly different phase characteristics from images of planar reflectors. After deconvolving the source wavelet,
planar reflector images have approximately the expected
(van der Kruk et al., 2003) shape of a band-limited deltafunction, with the polarity determined by the polarity of
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the material contrast. This is illustrated by the traces
shown in Figure 4d, which were extracted from exactfield images of an 18◦ dipping planar boundary with relative permittivities of 7 above and 10 below (Streich et al.,
2007). In contrast, the phases of the exact-field pipe images differ by ∼ 90◦ from that of a band-limited delta
function (Figure 4c).
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SUMMARY
Magnetotelluric (MT) data are commonly acquired along one or more profiles, regardless of the complexity of the
underlying structure, due to logistical and monetary constraints. In addition, transects may not be perpendicular to
regional strike because of topography and access. This is the situation for MT data acquired along a 140 km transect
crossing the Proterozoic Belt Basin within the Cordilleran foreland of northwest Montana. We present the results of
two- (2D) and three-dimensional (3D) inversion of this dataset and two additional sub-parallel profiles. The emphasis is
upon structural differences in the resulting models and their dependence on assumptions of dimensionality and choices
of regularization. The interpreted structure is largely consistent between 2D models and 3D model slices, with a general
shallowing of structure in the 3D model relative to the corresponding 2D model. The 3D inversion of profile data
recovers off-profile structure, particularly at greater depths constrained by long-period data. Our findings suggest that a
two-stage approach to 3D inversion is appropriate, where results from a smoothing-regularized inversion are used to
‘seed’ a second inversion. Attention must be given to the choice of data and associated errors when inverting the full
impedance tensor, because diagonal and off-diagonal tensor elements in quasi-2D strike coordinates may vary by many
orders of magnitude. Enforcing an error floor proportional to the square root of the product of the off-diagonal
impedance values can easily result in excessive downweighting the 3D data.
Keywords: inversion, magnetotellurics, three-dimensional, two-dimensional

INTRODUCTION
The Middle Proterozoic Belt Basin, spanning parts of
Montana, Idaho, Washington, and British Columbia, is
one of the deepest basins in North America. More than
18 km of fine-grained sedimentary strata were
deposited rapidly between 1.5-1.4 Ga. The basin was
split by rifting during late Proterozoic development of
the North American passive margin. Basin strata were
relatively undeformed until Mesozoic Cordilleran
thrusting and early Eocene extension. Many questions
are still outstanding and require an understanding of
deep basin structure, including the flexural load of the
Basin, its role during Cordilleran deformation, and
controls on ore-forming fluids that produced
stratabound Cu/Ag and sedimentary exhalative
Pb/Zn/Ag deposits within the Basin.

Figure 1: Location of the MT survey superimposed on
a gravity map. Long period stations (red dots), the main
profile (bold red line), and broadband stations (white
dots) are shown. The black and red boxes depict the 3D
meshes for long-period and broadband data,
respectively.

The electrical resistivity of the subsurface spans many
orders of magnitude, and reflects variations in
lithology, mineralogy and hydrology. As such it
records structural information associated with past
tectonic events. Magnetotellurics (MT) is sensitive to
electrical resistivity and is capable of imaging on scales
ranging from 100s of meters to 100s kilometres.

Long-period (1Hz–10,000sec), deep-crustal MT data
were collected along a 140 km transect crossing the
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1984). A 2D resistivity model was generated along the
Main Line from the broadband and long-period data
using a two-step process: results using transverse
magnetic (TM) mode plus vertical magnetic transfer
function (Hz) data and a 100 ohm-m half space starting
model were subsequently fed into a TM+Hz inversion
in which a basement resistor was added to test a below
the belt hypothesis (Figure 3). Note that the TE mode
response was calculated and compared to the field data,
but was not used in the inversion. Only broadband TM
and Hz data were used for the North and South Lines.

central Belt Basin in late summer 2005. Broadband
data (100Hz to 350sec) were previously collected along
the eastern half of the transect in the 1980s, and new
broadband data were collected on the western half in
2005. Station locations are overlain on the
intermediate-wavelength isostatic residual gravity map
of Mankinen et al. (2004), which illuminates major
structural features (Figure 1).
DIMENSIONALITY
The dimensionality of the data was assessed by
examining phase tensors (Caldwell et al., 2004) and
induction vectors. Changes in strike and dimensionality
are evident near fault zones that accommodated
significant deformation. As shown in Figure 2 the
aggregate statistics of well-defined generalized strike
(β < 10º, phase split > 5º) reveal three distinct
populations: two are in agreement with surface geology
and fault orientations, and a third (N30E) arises mostly
from mid-crustal depths that may reflect depositional
‘fabric’ within the deep basin sediments or deepstructural trends. The NW strike population reflects
that of the Purcell and Rocky Mountain trenches, while
the N population reflects faulting within the Libby
thrust Belt.

Figure 3: 2D inverse models of broadband data to the
north and south and broadband plus long-period data
along the center (main) profile. Models were computed
using the conjugate gradient method of Rodi and
Mackie (2001). The dashed box outlines an alongstrike snapshot for comparison. Data misfits are: TM
2.252, TE 6.12 (20% rho and 10% phase), and Hz 1.243 +/- 0.05 absolute error on Real and Imaginary
components.

3D INVERSION

Figure 2: Aggregate statistics showing several strike
directions along the main profile line.

Two 3D models are presented: one using the longperiod data along the main transect, and another using
the broadband data from the three profile line data
(Figure 1). We used the 3D method of Siripunvaraporn
et al. (2005) based on the 2D data space Occam's
inversion of Siripunvaraporn and Egbert (2000), which
seeks the smoothest, minimum structure models subject
to an appropriate fit to the data. A data-space approach,
where matrix dimensions depend on the size of the data
set rather than the number of model parameters,
surmounts the computational demands associated with

2D INVERSION
Although not strictly valid because of threedimensional (3D) effects, we applied two-dimensional
(2D) inversion to the data following rotation to N30W.
The transverse electric (TE) mode data were ignored
believing that these are more susceptible to
contamination by 3D effects (Wannamaker et al.,
180
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construction and inversion of model-space matrices.
The forward modeling is based on the staggered grid
finite difference approximation to the second order
Maxwell's equations, formulated in terms of the
electric field.
We have taken a two-stage approach to 3D inversion,
using results from an initial smoothing-regularized
inversion to ‘seed’ a second inversion with a
homogeneous prior model. In this manner, the final
inversion stage seeks deviations from 2D or quasi 2D
structure that are required by the data. Model regions
poorly constrained by the data become homogeneous
due to the prior model. Though not as advantageous
when inverting for strongly 3D structure, this approach
offers a rigorous approach to the problem of inverting
MT profile data. Representative model results are
presented in plan view (Figure 4 and Figure 5), and as
a 1 ohm-m isovolume (Figure 6).
Broadband data from forty-four sites is poorly
constrained below ~25 km. Long-period data were
acquired at 34 sites. The inverse model is best
constrained along the main profile and poorly
constrained below ~50 km. In the quasi-2D strike
coordinates, diagonal and off-diagonal tensor elements
may vary by many orders of magnitude. Enforcing an
error floor proportional to sqrt(|ZxyZyx*|) can result in
downweighting the 3D data so it is no longer
meaningful. Misfits can be high, sometimes greater
than 25% RMS, but parts of the models not constrained
by data revert to a 100 ohm-m half space. The dashed
red lines on Figure 5 and Figure 6 roughly indicate the
area constrained by the data.

Figure 5: Long-period 3D inversion results at depth
slices of 10.5-12.5 km (above) and 24-30 km (below).
The mesh for the broadband data (Figure 4) is outlined
in red.

Figure 4: Broadband 3D inversion results at depth
slice of 2.5-3km. The red dashed lines roughly indicate
the area constrained by the data. The mesh for the longperiod data (Figure 5) is outlined in black.

Figure 6: Contour of the 1ohm-m isovolume along
with three intersecting model slices from 3D inversion
of the long period data. The stations of the Main Line
denoted with black dots.
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conductors that characterize the Middle Proterozoic
Belt Basin is illustrated in Figure 6

DISCUSSION
Strong conductors are apparent in all data. Indication of
structure beneath the strong conductors was only
apparent in a few sounding points at a few stations in
the broadband data necessitating the need for the longperiod survey. The two datasets complement each other
well as do the 2D and 3D models.

CONCLUSIONS
Two- and three-dimensional inversion of MT data
reveals the deep structure of the Proterozoic Belt Basin
within the Cordilleran foreland of northwest Montana.
The interpreted structure is largely consistent between
2D models and 3D model slices, with a general
shallowing of structure in 3D model slices relative to
the corresponding 2D model. These results suggest that
a two-stage approach to 3D inversion is appropriate,
using results from a smoothing-regularized inversion to
start a second inversion with a homogeneous prior
model. Attention must be given to the choice of data
and associated errors when inverting the full
impedance tensor; diagonal and off-diagonal tensor
elements may vary by many orders of magnitude in the
quasi-2D strike coordinates. Selecting an error floor
proportional to the square of the product of the offdiagonal impedance terms can easily result in seriously
downweighting the 3D data. The 3D inversion of
profile data permits recovery of off-profile structure,
particularly at greater depths constrained by longperiod data.

The 2D model of the Main Line is characterized by two
sub-horizontal, highly conductive horizons (Figure 3).
A shallower horizon at 10-15 km depth begins 10 km
west of the Whitefish Range front and continues to the
west for 60 km coming to an abrupt end beneath the
Sylvanite anticline (Figure 1). A deeper, highly
conductive, concave-up layer is seen at a depth of 2535 km just west of southern Lake Koocanusa and ends
abruptly about 20 km east of the Purcell trench. From
that point west to the Selkirk Crest, the entire crust is
very resistive. The Eocene Purcell trench detachment
fault can be traced east dipping 25-30 degrees in that
direction and reaching a depth of about 20 km. The
expression of this fault flattens abruptly along the base
of the shallower conductive layer lying 100 km to the
east of the surface trace of the fault (Figure 3).
Near-surface (~3 km) structures are seen in the
broadband 3D model (Figure 4). The continuity of
structures cannot be confidently defined between lines
because of the wide spacing of ~40 km. The dashed red
line shows the area constrained by data. The conductor
along the Rocky Mountain trench is well defined in
each line as is a conductor to the east of the Sylvanite
Anticline. A shallow feature of the Libby Trench is a
resistor.
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The 2D and 3D broadband models differ in that
significant features are shallower in the 3D model.
Data are insufficient both spatially and temporally to
determine horizontal continuity or resolve features
beneath the conductors. Because of these limitations
the 3D model does not significantly enhance
interpretation of the 2D models.
In contrast, 3D modeling of the long-period data
refines and improves our understanding of large
structures defined by the 2D interpretation. At mid
depths (10-12 km) the 3D model delineates a large,
primarily 3D conductor (C1), centered on the Libby
Tough and south of the Main Line; the northern
Sylvanite Anticline is relatively resistive. At depths of
25-30 km the picture has changed greatly and the
conductor (C1) has become dominantly 2D defining
the length of the Sylvanite Anticline bounded on the
west by the Purcell trench and to the east by the Libby
trough (Figure 5). The 3D nature of the large-scale
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3D GEOELECTRICAL MODEL OF THE UKRAINIAN SHIELD
Burakhovich T., Kulik S.
Institute of the Geophysics NASc of the Ukraine
Ukrainian Shield is rich by anomalous objects of high electrical conductivity in the Earth
crust and upper mantle. They were discovered as a result of numerous magnetotelluric and
magnetovariation studies.
We developed a methodology for building geoelectric models, which is based on using the
apparatus of 3D modeling in a low-frequency range of natural electromagnetic fields Mtd3fwd
[Mackie et al., 1994].
Regions of anomalously low magnitudes of electric resistivity were found and their high
depth geoelectric models of the Earth crust and upper mantle of Ukraine were built. They are:
Korosten (Н from 15 to 30 km, ρ = 30 Ohm·m), Gayvoron-Dobrovelichkovo (Н from 0,1 to 10 km,
ρ=10 Ohm·m), Kirovograd (Н from 10 to 30 km, ρ from 1 to 20 Ohm·m), Peryazovyan (Н from 2,5
to 20 km, ρ from 50 to 100 Ohm·m), Volynian (Н from 3 to 6 km, ρ = 20 Ohm·m), ChernovtsyKorosten (Н from 3 to 30 km, ρ from 1 to 20 Ohm·m; Н from 70 to 120 km, ρ = 20 Ohm·m).
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Within Dnieper block of U.Sh. and a part of folding Donbass were found regions of
anomalously high resistivity of rocks in the Earth crust.
We discovered a set of zones, which are characterized by anisotropic properties of specific
electric resistivity. Anisotropy reaches one order of magnitudes in the Earth crust of Volyn, Podol,
Belotserkov-Odessa, Kirovogradian blocks and Golovanevsk suture zone of Ukrainian crystal
shield.
Zones of high electric conductivity that reach the surface are spatially correlated with high
depth fractures of U.Sh. that are determined from geological data – Andrushevsky, Khmelnian,
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Trojanovsky, Zhmerinsky, Obodnovsky Odessa-Talnovian, Gvozdovian, Pervomaysky, Central,
West Ingulian, Krivoy Rog-Kremenchug.
In general, a nature of high anomalous conductivity is caused by combined effect of electron
conductivity of graphite or coals and ionic conductivity of fluids of different origin. The vast extent
of territories occupied by anomalies of electric conductivity points to existence of a broad network of
electric connectivity of different scales – from films on crystal grains inside rocks to network of
cracks and fractures of different topology.
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and upper mantle of the Western part of
the Ukranian Shield.
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3D forward modelling and inversion of CSEM data at the San Nicolás massive
sulphide deposit
1

R. Eso1 , and D. Oldenburg1
Geophysical Inversion Facility, University of British Columbia, Vancouver, Canada

S UMMARY
Scalar CSAMT measurements collected over the San Nicolás massive sulphide deposit are inverted using a 3D frequency
domain inversion methodology. Maxwell’s equations are solved in the frequency domain using finite volumes on a
staggered grid, while the inversion is solved using a Gauss-Newton methodology. A corrective-source formulation is
used to reduce the large 3D numerical domain required for the CSAMT survey configuration. The resulting conductivity
is compared with a 1D interpretation; the 3D inversion model shows an improved recovery of the deposit geometry. A
comparison with a conductivity model obtained using time-domain measurements and a similar inversion methodology
show a great agreement in the resulting models despite large differences in the survey configurations.
Keywords: finite volume, Gauss-Newton, mining

I NTRODUCTION

mulation on a staggered grid using a Helmholtz decomposition such that E = A + ∇φ (Haber, Ascher, Aruliah,
& Oldenburg, 2000), (Haber & Ascher, 2001). Boundary
conditions of n × H = 0 are specified on ∂Ω . Defining
σ̂ = σ − iω, the resulting discrete system of equations is

  

Lµ + iωMσ̂
iωMσ̂ ∇h
A
iωsr
=
(2)
∇h · Mσ̂
∇h · Mσ̂ ∇h
φ
∇h · sr

The San Nicolás massive sulphide deposit in central Mexico has been host to a vast array of geophysical and geological exploration: gravity, magnetics, airborne EM,
ground-based time domain EM, ground-based frequency
domain EM and extensive drilling. The result is a very
detailed 3D geological model of the main deposit body
and overburden (Philips, Oldenburg, Chen, Li, & Routh,
2001). The large amount of prior information makes
the San Nicolás deposit an ideal candidate to evaluate
3D forward modelling and inversion of electromagnetic
measurements. Three lines of conventional scalar controlled source audio magnetotelluric (CSAMT) measurements were collected over the San Nicolás massive sulphide deposit with a single grounded source situated several kilometers from the deposit. Interpretation of the
measurements was previously limited to 1D inversion of
each sounding. Here we invert the measurements in 3D.

where ∇h · , ∇h × and ∇h are matrices arising from the
discretization of the corresponding continuous operators,
Mσ̂ arises from the operator σ̂(·) and Lµ is the discretization of the operator ∇ × µ−1 ∇ × − ∇µ−1 ∇· .
We write the discrete forward system as a generic linear
system of equations, A(m)u = q where A(m) is a sparse
discretization of Maxwell’s equations, u = [A, φ]T contains the vector and scalar potentials and q is the discretized source term. The predicted data are then written
as dpred = Qu where Q is a projection matrix that maps
the resulting potentials to a field component of the data.
The large, sparse linear system of the forward equations is
solved using a BiCGSTAB conjugate gradient solver using an iLU pre-conditioner.

F INITE - VOLUME FORWARD MODELLING
Maxwell’s equations in the frequency domain can be written as
∇ × E − ıωµH

=

0

∇ × H − (σ − ıω)E = sr (ω),

Domain reduction

(1a)

For a numerical solution to equation 2, the volume Ω must
be large enough to contain the source sr and be of sufficient extent that the boundary conditions are satisfied.
A CSAMT survey configuration with the source several
kilometers from the receivers results in a large numerical
domain and the resulting forward and inverse problem can
become prohibitively large. To reduce the domain of inter-

(1b)

where E and H are the electric and magnetic fields, µ is
the permeability, σ is the electrical conductivity,  is the
permittivity and sr (ω) is the frequency-dependent source
current density. The 3D forward problem over a finite discrete domain Ω is formulated using a finite-volume for185
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such that the new model mn+1 adequately reduces the
objective function (Kelley, 1999). The tradeoff parameter β is reduced through a cooling schedule until the target misfit is achieved. An iterative-Tihkonov regularization is used in which the reference model is changed during each change to the regularization parameter such that
mref = mn , so that the smallest model term in the regularization is Ws (mn+1 − mn ).

est we introduce a correction procedure which has many
elements of a primary/secondary field formulation.
To begin, we generate a reference solution to Maxwell’s
equations, Ep , Hp in Ω for a conductivity model σp . We
form a smaller domain around the area of interest Ωs ⊂ Ω,
such that the source sr is outside Ωs . The linear system
equation 2 is formed on the domain Ωs for the conductivity model σp . The solution of these fields is then compared
to the reference fields sampled at the discrete locations.
The discrepancy is used as a corrective source. The consequence is that the solution to equation 2 on Ωs matches
the reference fields. The corrective source on the small
domain can be evaluated as
ssr = ∇ × h Hp − σp Ep

Inversion workflow
Interpreting EM data using 3D inversions is challenging, and successful application requires several stages that
must be done prior to moving onto the next. The implementation of an efficient workflow requires an informed
and skilled geophysicist.

(3)

ssr is then used in place of sr in equation 2 to solve for the
total potential u on Ωs for a given conductivity model.
I NVERSION

The first step in working with EM data is to fully understand the nature of the measurements and their units.
Confusion even arises because of differences in the definitions of the x, y, z coordinate systems in the field and the
processing codes. Although the step of understanding the
data should be trivial, details of the data collection, normalization and processing are often dropped as the data
are passed along, or details are poorly documented. In
practise we have often spent far more time on this step
than we have in carrying out the inversion. We encourage
companies and contractors to address this issue.

In the inverse problem, we attempt to find a conductivity
model that matches the observed fields to within a specified misfit while minimizing some measure of the models
size. To accomplish this, we minimize an objective function
1
1
min kWd (Qu−dobs )k2 + βkWm (m−mref k2 (4)
2
2
where dobs are the observed electric and magnetic fields,
represented as real and imaginary values or amplitude and
phases of electric and magnetic fields or the ratios of the
fields (impedance); Wd is a diagonal matrix containing
the standard deviation of the measurements and Wm is
a model weighting matrix. The solution to the inverse
problem is similar to (Haber, Ascher, & Oldenburg, 2004).
A Gauss-Newton approach is used to find the minimizer
of equation 4, in which a model perturbation is obtained
through
T
(J T WdT Wd J + βWm
Wm )p = −g(m)

Forward modelling is a critical component in the inversion of EM data and we must be able to model the fields
quickly and accurately. In order to perform a forward
modelling it is required to create a background model and
a spatial discretization. It may be necessary to revise the
background model or the discretization as interpretation
of the measurements proceeds.
Prescribing uncertainties to the data is difficult yet critical
step in the inversion process. The final assignment is problem dependent and may involve determining what scale
of features of the data should be reproduced, information
from repeat observations, reciprocity checks, estimation
of errors in the forward modelling, and interrogating misfit maps between the observed and predicted data.

(5)

where g(m) is the gradient of the objective function and
J is the sensitivity matrix. In the 3D electromagnetic inversion problem, it is computationally prohibitive to explicitly compute and store the sensitivity matrix. However, the product of the sensitivity times a vector can be
efficiently obtained through J = −QA(m)−1 G, where
the matrix G = ∂[A(m)u]/∂m. The step p in equation 5 is solved iteratively using a pre-conditioned conjugate gradient solver. Updates to the model are obtained
through mn+1 = mn + αp where the step-length parameter α is chosen through a polynomial line search

At preliminary stages we want to solve smaller problems
so that turn-around on the inversion is fairly quick. It is
recommended to invert frequencies individually and evaluate the results in terms of the misfit the resulting model.
In the inversions to produce a final model for interpretation, the discretization can be made smaller.
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CSEM MEASUREMENTS AT THE S AN N ICOLÁS
DEPOSIT, M EXICO

3D INVERSION RESULTS
For the 3D inversion we used the amplitude and phase of
impedance measurements at four frequencies, 0.5, 8, 64,
256 Hz. The result is shown in figure 6a. The inversion
was started from a starting model of a 100 Ohm-m halfspace, and converged to the target misfit in 7 iterations. The
solution to the forward problem was computed in parallel,
using 1 processor per frequency, with the inversion taking
a total of 40 hours to run.

The San Nicolás deposit is a Cu-Zn massive sulphide located in the state of Zacatecas in central Mexico. The
main sulphide deposit is a continuous but geometrically
complex body of sulphides which is covered by 175-250m
of variable composition overburden (figure 1). The local
geology is also complex and contains numerous sedimentary and volcanic units. The sulphide deposit presents
an electrical conductivity contrast with most of the geologic units in the area, however some of the overburden, the tertiary volcanic breccia, has a conductivity in the
range of that found in the sulphide. The thick conductive
overburden, and relatively deep massive sulphide body
provide a challenging scenario for electrical geophysical
techniques.

The same standard deviations used in the 1D inversions
were used in the 3D inversion, that is 5% of the amplitude, plus a small floor, and 2 degrees error on the phase.
The observed and predicted data for 8 Hz are shown in
figure 4.

Figure 1: San Nicolás massive sulphide geological cross
section.

Conventional scalar CSAMT measurements were made
over the San Nicolás deposit with the survey geometry shown in figure 3. Three 1.5 km survey lines were
collected over the deposit. Each line contains 60 stations, spaced 25m apart, with lines separated by 200 m.
The CSAMT measurements were collected from a single transmitter, located 3.5 kilometers from the receivers.
The regional background resistivity is about 100 Ohm-m,
making measurements at frequencies below 128 Hz in the
near-field or transition zone.

Figure 2: San Nicolás conductivity models: a.) 3D
CSEM, b.) 3D time domain EM, c.) stitched 1D
CSEM.
The resulting conductivity model recovered from the 3D
CSAMT inversion shows an excellent correspondence
with the outline of the main massive sulphide body delineated through drilling. The resulting model also picks
up some of the conductive overburden and the resistive
volcanic units between the overburden and the deposit.

The data consist of scalar impedances, ratios of the measured electric and magnetic fields, collected at 15 frequencies between 0.5 and 8192 Hz. A 1D inversion using all
available frequencies was performed using a 1D CSEM
code (Routh & Oldenburg, 1999). The resulting conductivity model was able to image the sulphide conductor at
depth (Philips et al., 2001).

In addition to the CSEM data, time domain UTEM measurements were also collected over the San Nicolás deposit, and interpreted using a similar 3D methodology
(Napier, Oldenburg, Haber, & Shekhtman, 2006), with the
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Figure 3: Observed and predicted amplitude and phase
impedance measurements for 8 Hz

C ONCLUSIONS
The CSEM data collected at San Nicolás are from a single transmitter, and a relatively large spacing between the
survey lines, the CSAMT dataset over the San Nicolás deposit is relatively limited dataset when compared to other
electromagnetic datasets used in 3D inversions (Napier
et al., 2006), (Oldenburg, Eso, Napier, & Haber, 2005).
However, the resulting 3D interpretation of the CSAMT
model shows a more defined deposit model when compared with the 1D interpretation and is in agreement with
an independent 3D EM interpretation. The 1D models
show a sulphide resistivity of 20-30 Ohm-m for the main
body, while the 3D models indicate a more conductive sulphide, with resistivities in the range of 2-10 Ohm-m.
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SUMMARY
During 2006 and 2007 a total number of 92 MT/GDS sites have been deployed in the Mygdonian basin (Northern
Greece). This EM survey intends to infer the basement structure by means of 2D and 3D MT data inversion and to give
information about the the top-of-basement depth for wave propagation models in the frame work of the “Euroseistest
Volvi-Thessaloniki” project
Keywords: MT, GDS, Mygdonian basin, Volvi area, Euroseistest, top-of- basement, 2D inversion, 3D inversion

MT and GDS data were collected using three MTU2000 instruments with Metronix MFS05 coils from
Uppsala University. One of these instruments was used
as a Remote Reference site during the entire survey.
The horizontal electric field components were
measured with grounded non-polarisable Pb/PbCl
electrodes. If possible, the electrode spacing was
extended to a maximum of 100 m using a cross shaped
configuration, having ground electrode in the middle of
the cross (differential input). Generally, data were
recorded in four bands with the sampling frequencies
shown in Table 1.

INTRODUCTION
The Mygdonian basin, situated between the two lakes
Volvi and Lagada ca. 45 km northeast of Thessaloniki,
is a neotectonic graben structure (5 km wide) with
increased seismic activity along distinct normal fault
patterns. Fluvioterrestrial and lacustrien sediments
(350-400 m thick) are overlying the basement
consisting of gneiss with schists.
During the project “Euroseistest Volvi-Thessaloniki”, a
European Test site for Engineering Seismology was
employed in the valley in order to study velocity cross
sections across the valley. In this context, the actual
EM survey intends to map the top-of-basement to give
input parameter for the seismic wave propagation
models.

MT/GDS survey
During 2006/2007 a total number of 92 MT/GDS sites
have been installed in the Mygdonian basin (Fig. 1).
The sites were roughly arranged on an orthogonal grid
(North-South
and
East-West)
reflecting
the
predominant East-West orientation of many normal
faults in this area. The site spacing on this grid is about
1 km. Some areas in the mountain and around villages
are not covered due to the increased EM noise or due to
their inaccessibility.

Figure 1: Map of the study area with MT site locations
(triangles) and geological outlines.
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135° / 45 ° can be deduced from the data. For longer
periods, real part induction arrows (Schmucker) are
pointing towards the South West. They reveal a
regional strike direction of about N120°E which was
used for the following 2D modelling design.

Sample
frequency
Burst
mode 1 kHz
during night, 120
minutes
Night and day 20 Hz
recording
Day
recording 3 kHz
ca. 120 minutes
Day
recording 120 Hz
ca. 120 minutes
Table 1: Sampling frequencies and recording times.

Data Processing and Analysis
Based on this survey design we have obtained reliable
estimates in the period range from T= 0.001 s to 1 s for
day time recoding and estimate from T= 0.001 s to
1000 s for the sites where both day and night
recordings were available.
The time series have been processed with the robust
remote reference code (Smirnov, 2003).
All
permutations of remote reference sites from inside and
outside of the study area were used to estimate transfer
functions. Also several time segments for 1 kHz and 3
kHz recordings were processed independently and
thereafter averaged together with long period data to
obtain the final results of the transfer functions. During
robust averaging using the reduced M-estimator we
calculated new error bars based on bootstrap method,
which in this case, also partly account for the bias error
in the data.

Figure 2: Non rotated apparent resistivities versus
period for all sites (up: ρa-xy, , down: ρa-yx).

2D Inversion
From the total number of 110 MT sites available in the
area, 76 MT sites passed the data quality criteria to be
used for the 2D and further 3D inversions.

Additionally, MT/GDS data were available from a
1995 survey (Savavidis et. al., 2000) measured with a
seven channel S.P.A.M. MkIII system coupled with
Metronix MFS05 magnetic sensors. The original time
series have been reprocessed with the Egbert code
using a standard 128 s time window for the distinct
frequency bands. MT data in a period range of T=
0.008 s – 100 s (Remote Reference and Single Site) are
used for the 2D and 3D inversion from 9 sites in the
Mygdonian basin. The entire sounding curves used for
this study are presented in Figure 2.

To invert the data within the 2D approach we have
followed the strategy suggested in (Pedersen & Engels,
2005). Five parallel profiles striking N30E were
selected at quasi equal distances. Each MT site was
then projected on the according profile.
At this stage, we confine ourselves to invert only
determinant average data which have several
advantages to use in 2D inversion. First of all, galvanic
distortions just shift the apparent resistivity values and
leave the phase data unchanged. Thus the determinant
phase can be considered as free of galvanic distortions.
Besides this effect, apparent restivity data can be
independently down weighted to cope with static
distortions. Also any variability in strike direction with

The strike analysis of the MT data revealed two
predominant strike directions: For short periods up to
ca. T= 3 s, a local strike of about 0° / 90 ° is found,
whereas for longer periods a regional strike of about
190
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period does not affect the results as much as for bimodal inversion, when the proper mode decomposition
is vital.

by an increased number of cells in between sites and a
better vertical discrimination at target depths (42 x 54 x
26 cells).

The 2D inversion routine by Siriponvaraporn and
Egbert (Siriponvaraporn & Egbert, 2000) including the
modifications made by Pedersen and Engels (Pedersen
& Engels, 2005) allow for inversion of the determinant
of the impedance tensor. Error floors equal to 2% for
the impedance phase (corresponding to 1.2°) and 10 %
for the apparent resistivities were adopted. Since there
was no other information in order to constrain the static
shift effect and the site spacing is relatively small, we
have chosen a higher error floor for the resistivity data
to give the inversion procedure more freedom to
compensate for these effects.
Finally, a homogeneous halfspace of 100 m was used
for the initial and apriori model for all inversions. This
procedure resulted in an overall good fit of the data to
the model within the error bars (RMS 1).

For the 3D inversion we have used the complete
impedance tensor (Zxx, Zxy, Zyx and Zyy) giving 4
complex data values at each site and frequency. For the
3D inversion as well as for the 2D inversion real error
bar estimates were provided. After 4 successful
iterations of the 3D routine, the RMS fit achieved
values of about 10.
Figure 4 shows a first example of the 3D model at 150250 m depth.

Figure 3: 2D resistivity model of line B (see Fig. 1)
with RMS = 1, left corner SW, right corner NE,
triangles, MT site location.

Figure 4: 3D resistivity model at 150-250 m depth

3D Inversion

CONCLUSIONS

The same data set, consisting of 76 pre-selected good
quality sites, was used for the 3D inversion
(Siriponvaraporn et al., 2005) and was found to be very
well suitable for this task. Generally, MT data were
measured on a more or less regular grid in the
dimension of 12 km x 6 km with an approximately site
distance of about 1 km. If necessary, additional high
frequencies sites were deployed in between the main
grid lines. The model grid itself was designed to have 2
cells between each site. During the first inversion trial
we have selected only 3 periods in the frequency range
from 1- 100 Hz. The grid therefore was constructed to
be a 34 x 34 x 21 matrix including additional 10
horizontal outer cells to extend the grid (60 km) from
each side of the grid.
The second inversion trial included 8 periods in the
frequency range of 0. 1– 100 Hz, using the same model
grid, whereas the third inversion trial was characterized

The use of MT data arranged on a grid revealed new
information about the sediment thickness and the slope
of the top-of-basement in the SE part of the
investigation area which is of particular importance for
the wave propagation model.
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3D inversion of magnetotelluric data from the Rotokawa geothermal field, Taupo
Volcanic Zone, New Zealand
Wiebke Heise, T. Grant Caldwell, Hugh M. Bibby
GNS Science, Lower Hutt, New Zealand
SUMMARY
3D inverse modelling of 58 magnetotelluric (MT) soundings from a high temperature geothermal system from New
Zealand’s Taupo Volcanic Zone has been carried out in order to investigate the deeper structure of the geothermal
system. The resulting model shows that the high temperature core of the geothermal system is associated with a
resistive feature beneath a cap of highly conductive clays. Phase tensor misfits were used to show the spatial
distribution of the misfits and suggest that the model has captured the main features of the data.
Keywords: magnetotellurics, geothermal system, phase-tensor, 3D modelling

INTRODUCTION
The Taupo Volcanic Zone (TVZ) in the central North
Island of New Zealand is a region of young rhyolitic
volcanism and rapid crustal extension. This region is
characterised by an exceptionally high geothermal heat
flow, 4200 MW, which is discharged through 23 high
temperature (>200°C) convective hydrothermal
systems.
The uppermost 1 – 2 km of the TVZ are composed of a
mixture of rhyolite lavas, welded and unwelded
ignimbrites and volcaniclastic sediment. This material
is resistive ( ≥ 300 Ωm) at shallow depth except where
it has been hydrothermally altered. However, at deeper
levels, this same material becomes conductive (10 – 30
Ωm) at low temperatures due to a diagenetic aging
process in which small amounts of conductive clays
and zeolites are formed within the rhyolitic volcanics.
Thus, outside the geothermal systems, the
conductivity-depth structure of the TVZ is
characterised by a layer of young, resistive volcanics
overlying a layer of much more conductive older
volcanics. The basement rocks (greywacke metasediments) beneath the volcanics are resistive (300 1500 Ωm).

Figure 1. DC apparent resistivity map from
Schlumberger array measurements made with an
electrode spacing of (AB/2) 500 m. Conductive areas
shown in red (<30 Ωm) mark the geothermal systems
(Bibby et al. 1995).
MAGNETOTELLURIC DATA

The near-surface low resistivities that mark the
geothermal fields are caused by the combination of
high temperature, saline fluid and hydrothermal
alteration of the young volcanics. At depths greater
than ~500 m, the resistivity values increase due to
decreasing pore space and a change in the type of
hydrothermal alteration products (clays) at higher
temperatures.

Recently, an MT survey consisting of 64 broadband
(0.3 ms – 2000 s) soundings was conducted to
investigate the deeper structure of the Rotokawa
geothermal field. The distribution of the measurement
sites is shown in Figure 2. Site spacings are 200 m 500 m in the central part of the geothermal field, (i.e.
the area characterised by the low Schlumberger
apparent resistivity anomaly, Figure 1).
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the polarisation direction in which the maximum
difference occurs. Figure 4 shows a 3D view of the
resulting conductivity model.

Representation of the data as phase tensor maps
(Caldwell et al., 2004) provides a distortion free
method of visualizing the conductivity gradients of the
data and allows identification of main features of the
conductivity structure prior to modelling. Phase tensor
ellipses at different periods are shown in Figure 2. For
periods between 0.1 s and 1 s the mean phase averaged
over polarisation direction Φ2 in the centre of the
geothermal system is >45º indicating increasing
resistivity with depth. At periods >3s the major axis of
the phase tensor ellipses become aligned to the NE
striking regional conductivity structure known from
long offset resistivity studies (Bibby et al. 1998; Risk
2000) and regional MT studies (Ogawa et al. 1999;
Heise et al. 2007). The conductivity structure
producing this alignment reflects the down faulting of
the greywacke basement along the SE margin of the
TVZ.
3D MODELLING
3D inverse modelling was carried out using the code
WSINV3DMT described by Siripunvaraporn et al.
(2005). For the inversion, the data at 58 sites was
interpolated at 2 points per decade for a period range of
1-30s. Data was selected carefully, omitting noisy
soundings (e.g. sites affected by electric fences) and
obvious outliers from the soundings retained for the
inversion. A uniform 5 % error was assumed for all
impedances. For soundings where the phase tensor
analysis identified a 1D section of the sounding curve
at short periods, galvanic distortion was removed using
the method of Bibby at al. (2005). This method
retrieves the shape of sounding curves. The scale of the
sounding was set by comparison with TEM soundings
made at each location and comparison with the
Schlumberger apparent resistivity data.
Discretisation in the central part of the model was
regular with a cell width of 400m. The inversion
reached a minimum rms 5.77 after 6 iterations.
Computation time was 8 days on the workstation (Sun
Fire X2200 M2 with two Dual-Core AMD Opteron
2214 processors and 12 GB of RAM).

Figure 2. Normalised phase tensor ellipses at each
measurement site for periods between 0.01 and 31s.
The ellipses are normalised by Φ max and the colour

The degree and spatial distribution of misfit can be
assessed from the phase misfit tensors in Figure 3,
−1
−1
= I − ( obs
+ mod obs
)/2 ,
mod
where I is the identity matrix. The magnitude of the
misfit is indicated by both the size of the ellipse and the
colour used to fill the ellipses which indicates the mean
of the absolute value of the residual tensor principal
axes ( ∆ max + ∆ min ) / 2 . The ellipse orientation indicates

scale shows the geometric mean Φ 2 = Φ max Φ min which
measures the mean phase averaged over polarisation
directions. The high values of Φ 2 outside the
geothermal system indicate decreasing resistivity. Note
the low phase values in the centre of the geothermal
system for 0.31 s indicating a resistor at depth.

194

2/4

Heise
MT dataoffrom
Rotokawa
geothermal
system, system,
New Zealand
Heise,etW.al.,
et 3D
al.,inversion
2007, 3Dofinversion
MTthe
data
from Rotokawa
geothermal
New Zealand
porosity which control the nature of the alteration
products (clays) inside and at the margins of the
geothermal system.
Outside the geothermal system the top 500 m of young
volcanics are resistive (>300 Ωm) but become more
conductive (30 -10 Ωm) below about 600 m.
At depths of ~1200 m within the geothermal field the
resistivity increases rapidly to values >100 Ωm. This
high resistivity body corresponds with the hottest part
of the geothermal system, known from drilling. At high
temperatures the alteration products formed are less
conductive illicitic and chloritic clays.

Figure 4. 3D inversion model of Rotokawa geothermal
system. Earthquake hypocentres (Bannister unpublished data) shown as black dots correlate with the
high resistivity body.
CONCLUSIONS
Figure 3. Phase misfit tensor at periods between 0.01
and 31s for the model shown in Figure 4.

The 3D inversion code WSINV3DMT by
Siripunvaraporn et al. (2005) applied to a dense MT
dataset gives a geologically consistent model of the
conductivity structures. Representation of the model’s
misfit as phase misfit tensors shows that the main
resistivity features of the data are explained by the
model.

RESULTS AND DISCUSSION
At shallow depth (15 m - 200 m) the geothermal field
is characterised by low resistivities (2 - 5 Ωm) caused
by relatively high temperatures and conductive clays
(smectites) which are the hydrothermal alteration
products at these temperatures (~100ºC). With
increasing depth the resistivity increases to ~30 Ωm
and then decreases again to 10 Ωm at depth >500 m.
These changes in resistivity are interpreted to result
from the interplay of temperature, fluid chemistry and

The most interesting feature of the modelling is the
high resistivity body in the central part of the
geothermal field. This feature correlates spatially with
the area of highest temperature. Earthquake
hypocenters concentrate along the margins of the
resistive body. Thus it appears that the resistive high
temperature (>300ºC) core of the geothermal system
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imaged by MT also corresponds to relatively strong
material which supports brittle failure.
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Identifying and modelling 3–Dimensional structure using Coordinate Invariants
of the Magnetotelluric Phase Tensor: Mount St. Helens USA
Graham J. Hill1, T. Grant Caldwell2, Wiebke Heise2, Ray A. F. Cas1, Jim P. Cull1, Hugh M. Bibby2
1
Australian Crustal Research Centre, Monash University, Melbourne, Australia
2
GNS Science, Lower Hutt, New Zealand
SUMMARY:
Phase tensor data from 67 magnetotelluric (MT) soundings around Mount St. Helens, Northern
Cascades USA show that the conductivity structure adjacent to the volcano is highly asymmetric at
depth. Simple 3-D block modelling shows that the asymmetry in the phase response is caused by
the interconnection of the conductive magma conduit under the volcano to margin of large area of
partial melt offset from volcano itself at about 15 km depth.
Keywords: magnetotellurics, phase tensor, Mt. St. Helens, 3D modelling
magnetotelluric survey (Figure 1) conducted
during August-September 2005 and JulySeptember 2006, are presented here as a case
study of the use of the 3-D properties of the
phase tensor to identify structure and as a
guide to 3-D modelling.

INTRODUCTION:
Mount St. Helens the youngest of the strato
volcanoes in the Northern Cascades, is
located at the western edge of the Cascade
Range in southern Washington (Figure 1), the
edifice of which was largely destroyed in the
catastrophic 1980 eruption (Mullineaux and
Crandell, 1981). Since that time, Mount St.
Helens has become one of the most studied
volcanoes in the world. However, many
questions about the magmatic system beneath
the volcano remain unanswered. In late 2004,
Mt. St. Helens entered a new eruptive phase
extruding a new lava dome, which was
ongoing at the time of the magnetotelluric
(MT) survey reported here.
The active
extrusion of lava means that a magmatic
‘conduit’ from the magmatic source to the
surface must be present. This offers a rare
opportunity to study the nature of the
connection between the surficial and deeper
parts of the magmatic system using the high
electrical conductivity expected of the
interconnected melt phase as a marker for the
magmatic system. Results from a 67 site
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3D MODELLING OF THE SKEW DATA:
The pattern of phase tensor skew near the
volcano at T=85 s (Figure 1b) suggests that
conductivity distribution at depth is strongly
asymmetric in a localised region around the
volcano. This asymmetry appears to be the
result of a connection between an extensive
zone of high conductance known to exist in
the mid-crust (Stanley 1983, Egbert and
Booker 1993) (Figure 1a) west of Mount St.
Helens and a localised zone of high
conductivity beneath the volcano itself. We
tested this inference using simple 3-D block
models (Figure 2) based on preliminary 2-D
inverse modelling results.

PHASE TENSOR DATA:
The phase relationships inherent in the
impedance tensor Z form a second rank 2-D
tensor defined by the matrix equation

Ó

= X-1Y

(1)

where X = Re(Z) and Y =Im(Z) (Caldwell et
al., 2004).
Graphically the phase tensor can be
represented as an ellipse, with the principal
axes corresponding to the major and minor
axes. While the orientation of the ellipse is
dependent of the coordinate system, the
ellipse radii are coordinate invariant. If the
tensor is symmetric the principal axes (i.e. the
ellipse size and orientation) completely
describe the tensor.
However, if the
conductivity structure is asymmetric then, in
general, Ô will be non-symmetric and an
additional (co-ordinate invariant) parameter is
required to complete the description of the
tensor.
This parameter measures the
asymmetry of the phase response and is
represented by the skew angle Õ defined as
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where Û can be thought of as the amount that
the phase tensor principal axes have been
rotated away from a corresponding symmetric
response.
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The responses of the two different block
models shown in figure 2 were calculated
using Mackie et al’s (1994) 3-D forward
modelling code. In order to reproduce the
pattern observed in the skew angle, a model
with a conductive conduit connected to
conductive block at depth is required; the
connection being the crucial element in the
model needed to produce the large skew
response.
The overall response of this oversimplified
block model (Figure 2a) does a surprisingly
good job of modelling the essential features of
the observed phase tensor data (Figure 1) near
the volcano itself. However, the models do
not reproduce the general NW-SE orientation
of the phase tensor ellipse major axes at 85 s
(Figure 1). This is a mainly consequence of
the boundary of the large conductive zone
west of Mount St. Helens (inferred to be a
zone of partial melt) extending further
southward and trending more SE-NW than
modelled in Figure 2.
The southward
extension and SE-NW trend can be seen
directly in observed phase tensor maps
(Figure 3) plotting the geometric mean of the
phase, i.e. ( min max)1/2, rather than the skew.
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CONCLUSIONS:
The models shown in Figure 2 are good
examples of how the existence of large 3-D
effects in the phase tensor data (i.e. phase
tensor skew and lateral changes in principal
axes orientation) can be used to make
important inferences about the geology
directly from the observations and then tested
using 3-D forward modelling. Using the
observed phase tensor results as a guide, we
intend to improve our forward model and this
use this model as a check on the reliability of
3-D inverse-modelling results.
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SUMMARY
The aim is to study the geoelectric structure of West Crete, an area characterized by very complex geology, not yet
clearly identified, yet of crucial importance, seismotectonic features and extremely difficult topography that aggravates
geophysical investigation. The electromagnetic research in this very interesting area is being conducted by combining
geological field survey with magnetotelluric soundings and other geophysical methods (TEM, VES, etc). The
geological study and the geotectonic investigation of the area, the acquisition of accurate and unbiased MT response
functions and the analysis and interpretation of the results for surface, near surface and deeper structure are the
objectives of this work., Powerful measuring instrumentation along with up-to-date analysis and modelling software is
being used for this purpose and a comprehensive view of the intrinsic subsurface architectures of the area under
investigation is pursued.
Keywords: electromagnetic methods, magnetotelluric, geoelectric structure, crust, Crete

The primary objectives of this study are the geological
study and the geotectonic investigation of the area, the
acquisition of accurate and unbiased MT response
functions, the detailed determination of the resistivity
distribution for the Western Crete region, and the
analysis and interpretation (combined and correlated
with geological information) of the results for both
near surface and deeper structure, as well as the
association of any observed special structures or bodies
with existing geophysical and geological data.

INTRODUCTION
The Hellenic Arc is the seismically most active region
in western Eurasia due to subduction of the oceanic
African lithosphere beneath the Eurasian plate
(Vallianatos and Makris, 2000; Endrun et al., 2004). It
is an arcuate feature extending from Ionian islands in
the northwest to the Dodecanese islands in the
southeast (Fassoulas, 2001). Crete is located at a
prominent position in the fore-arc of the Hellenic
Subduction Zone (HSZ), i.e. on top of the shallow
portion of the presently active region of convergence
(Spakman et al., 1988; Wortel et al., 1990; Papazachos
et al., 1995). For this reason, Crete provides excellent
onshore access to the internal structure of the fore-arc
at various depths (Seidel, 2003). Since there is scarce
information about the deeper structure of the area,
further and thorough investigation is necessary.
FIRST SECTION
A detailed magnetotelluric study of Crete, it can
probably provide some key answers to the deep
geology of this region. The purpose of this research is
to define the geoelectric structure of western Crete, as
an initial step towards defining a quasi-3D geoelectric
model of the whole island, which is the ultimate goal.

Figure 1: Prospective profiles (Google Earth, 2007)
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Education and Initial Vocational Training (O.P.
"Education") one of the Third Community Support
Frameworks Operational Programmes (2000-2006) in
Greece, co-financed from European Social Fund (75%)
and National Resources (25%).

SECOND SECTION
These objectives are being fulfilled by means of a grid
MT-survey featuring high density MT-station spacing
(~5Km), broad frequency range of the MT-soundings
(0.001 to 1000Hz, providing information from shallow
to deeper layers), and the complementary use of near
surface electromagnetic and electrical geophysical
methods. Furthermore, the use of improved
instrumentation and modern processing and modelling
techniques is anticipated to provide enhanced
resolution and more reliable results.
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A careful field procedure is crucial to obtaining
successful results, thus site selection and sensor
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quality. Four initial MT profiles have been planned for
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CONCLUSIONS
The investigation of West Crete, a very complex area
from all points of view, by means of magnetotellurics
is the aim of this research. Dealing with the problem
involves careful field campaign, use of high
performance instrumentation, high quality data
collection and advanced analysis, modelling and
interpretation. Furthermore, the complementary
implementation of near surface electromagnetic and
electrical geophysical methods, the correlation with
geological information and the combination of the
results with existing geophysical and geological data
will give insight to a comprehensive understanding of
the subsurface deep structure.
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SUMMARY
Magnetotelluric (MT) surveys have been performed along five lines in the Jeju volcanic island located at South Sea of
Korea. The purposes of the MT surveys are to see if there still remain thermal resources and to see if there exist deeply
extended fractures or an aquifer system beneath the mid-mountain region of Mt. Halla in Jeju. By operating far-remote
reference site of approximately 480 km apart, we could get MT data of totally 108 sites with very good quality. Because
the island is surrounded by electrically conductive sea and has topographic variation, measured MT data in terms of
impedance may be seriously biased by distortion of electric fields. A 3D modeling result show that MT data higher than
1 Hz seem to be free from influence of the sea water at most of measurement points in the mid-mountain area. 3D
inversion of MT data from 89 measurement sites gives a reasonable estimation of the subsurface structures beneath the
island. An induction vector analysis and 3D inversion results commonly indicate the existence of a conductive anomaly
extended down to a few-kilometer depth beneath the central part of the island, which can be related to ancient volcanic
activities.
Keywords: three-dimensional (3D), magnetotelluric surveys, geothermal energy, Jeju Island

Though more than a thousand of boreholes have been
drilled within the island, most of drillings and geological
investigations are concentrated only on the areas at low
elevation or near the sea shore, where most of
populations are accumulated, for development of
groundwater or hot springs. Consequently, geology of
the mid-mountain area has not been studied well.

INTRODUCTION
Jeju Island is a Quaternary volcanic island located in the
South Sea of Korea and is one of the most famous tourist
spot in Korea. It is 31 km wide and 75 km long in the
ENE direction, and 1,800 km2 in area (Fig. 1). It has Mt.
Halla (1,950 m high) and more than 360 parasitic cones
all across the island. Mt. Halla has gentle slopes in the
east and west while steep slopes in the south and north. It
lastly erupted in 1007 AD and the last volcanic activity
(earthquakes) has been reported in 1570.

During three years from 2004 to 2006, Korea Institute of
Geoscience and Mineral Resources (KIGAM) and
National Institute of Advanced Industrial Science and
Technology
(AIST),
Japan
performed
joint
magnetotelluric (MT) surveys at mid-mountain area of
the Jeju volcanic island to cover the lack of geological
information. The major purpose of the surveys is to
figure out the deep geologic structures beneath midmountain area, which may be related with a remnant
thermal regime associated with volcanic eruption.

Several deep (>800 m) and more than a thousand of
shallow boreholes that have been drilled to exploit hot
springs and groundwater revealed that basaltic lava flows
are underlain by a few hundred of meter thick
sedimentary rocks (Seogwipo Formation, SF) the U
formation (Unconsolidated sediment formation, UF) of
Plio-Pleistocene age, and Cretaceous basement rocks.
The basement rocks are mainly welded tuffs and granites,
which lie at a depth about 250 ~ 300 m below the sea
level. Both SF and UF are marine-based sedimentary
layers and are electrically conductive (< 10 ohm-m; Lee
et al., 2006).

Because the island is surrounded by electrically
conductive sea and has a topographic variation,
measured MT data in terms of impedance may be
seriously biased by distortion of electric fields.
Topography in the mid-mountain area is not very steep
as it can affect the MT responses (Song et al., 2006). In
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this study, effects of surrounding sea water are first
investigated by performing three-dimensional (3D)
modelling using an edge finite element algorithm, which
can accommodate topographic variations (Nam et al.,
2007). For the modelling, a general one-dimensional
(1D) geological model including sea-shore boundary is
set up based on the numerous drilling results. Then we
perform a 3D inversion of MT data from the midmountain area of Jeju Island.

MT DATA ACQUISITION
Figure 2: Remote reference processed MT responses at
stations (a) JJW 360 and (b) JJN 561.

3D MT MODELLING & INVERSION
An 1D layered structure as shown in Fig. 3 is assumed to
investigate the effect of surrounding seas around Jeju
Island based on general stratigraphy based on numerous
drilling results for groundwater development (Koh,
1997). The sea water is also assumed to be flat horizontal
layer with 90m thick, which is average depth to the
seafloor around Jeju Island (Song et al., 2006). Using the
1D resistivity structure with sea shore boundary shown
in Fig. 1, 3D MT modelling is performed. Fig. 4 shows
the calculated MT sounding curves at the same locations
as those considered in Fig. 2. The overall trend of the
sounding curves in both observed and calculated data
matches fairly well and thus we can conclude that the
general geological model shown in Fig. 3 is reasonable.

Figure 1: Location map of MT survey lines. Remote
reference for MT band is located in Kyushu, Japan,
which is about 480 km apart (RR). MT data from 89 sites
within the rectangle (excluding bad quality data) are used
for 3D inversion.

A total of 108 measurements was made during the three
years using Phoenix MTU-5A systems as shown in Fig.
1. Green, red, and blue dots in Fig. 1 indicate locations of
MT sites surveyed in the years of 2004, 2005, and 2006,
respectively. The five lines surround the mid-mountain
area (< 600 m) of Mt. Halla. Four to seven sets of MTU5A systems are used for the survey, including one set for
the far-remote reference in Kyushu, Japan, which is
about 480 km apart from Jeju (RR in Fig. 1). MT
measurements are performed for 15 hours from 17:00 to
08:00 next morning.

Split of apparent resistivities between different
polarizations in calculated data indicates the effect of sea
water. Note that the highest frequencies at which the split
begins vary site by site, depending on the distance to sea
shore boundary of the major axis (ENE). Modelling
results at all the sites inside a rectangle shown in Fig. 1
have shown that the split appears at frequencies lower
than 1 Hz.
This can be assured in induction arrows shown in Fig. 5.
One can find that all the induction arrows for frequencies
below 1 Hz point to the nearby sea or deep ocean in the
south of the island, while to the arbitrary direction or the
Mt. Halla at the centre of the island for frequencies
above 1 Hz. Note that most of arrows at 1.02 Hz in the
mid-mountain area consistently point toward the location
of Mt. Halla.

Good quality data have been acquired from the MT
surveys in the mid-mountain area of Jeju Island. Fig. 2
shows observed MT data in terms of apparent resistivity
and phase sounding curves at stations JJW 360 and JJN
561 after remote reference processing. The sounding
curves show typical three-layered responses: resistive top
layer, conductive middle layer and resistive bottom layer.

Based on the discussions above, we performed 3D
inversion with MT data from 89 sites within the
rectangle in Fig. 1. A linearized least-squares inversion
with optimum regularization and static shift
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parameterization (Sasaki, 2004) was used for the
inversion, in which forward modeling was done using a
finite-difference method. Weighting, for calculation of
the misfit, was based on the measurement errors. A 3%
noise floor was assumed. Sixteen frequencies between
0.011 Hz to 780 Hz were used for the inversion. The
inversion blocks have a dimension of 2 km x 2 km in
horizontal direction, while the vertical dimension varies
with depth. The root-mean-square (RMS) error was 5.79
at the final (11th) iteration.

Inversion results (Fig. 6) at the shallow parts appear to be
resistive near the measurement location and conductive
otherwise. The conductive characteristics in the inversion
blocks without the measurement data can be artifacts
caused by conductive sedimentary layers (SF & UF)
beneath the resistive top layer. Because inversion blocks
without any observed data have no information about
conductivities of the shallow parts, the blocks must be
updated using MT data from the sites nearby.
At a depth range of 0.4 ~ 1.0 km, one can find that the
island is covered with a very conductive layer which
corresponds to the marine-based sedimentary layer (SF
& UF).
Below the conductive layer, a resistive layer appears
again around the island, which is again consistent with
drilling results as well as interpretations of observed MT
sounding curves.

Figure 3: A vertical section of a Jeju model. It consists
of four layers whose resistivities are 800, 10, 3,000 and
100 ohm-m from the top to the bottom layer, respectively,
and the sea has 3.0 Sm-1. Only the vertical discretization
is shown.

At the depth range between 1.0 ~ 4.0 km there is a
conductive anomaly, which is centered at the very
position of Mt. Halla at 1 km depth and which migrates
to the north-west direction as depth goes down. From
this, we may interpret that this anomaly has something to
do with the volcanic activities when forming Mt. Halla.
Unfortunately, however, we do not have any evidences
to support the interpretation so far. Drilling or other
geological/geophysical investigation should be followed.

CONCLUSIONS
MT surveys have been carried out for three years in Jeju
Island to figure out the deep geological structures
beneath the island. By operating a far-remote reference
site of approximately 480 km apart from the center of
Jeju Island, we could get MT data from 108 sites with
very good quality.

Figure 4: Calculated sounding curves at the location of
stations (a) JJW 360 and (b) JJN 561.

3D modeling results showed that the sea water distorted
the MT responses over different ranges of frequencies,
which are dependent on the distance between the sites
and the seashore. At most of measurement points in the
mid-mountain area, MT data higher than 1 Hz seem to be
free from the influence of the sea water.
3D inversion of MT data from 89 measurement sites
gave a reasonable estimation of the subsurface structures
beneath the island, and is consistent with drilling results
to some extent. It is very interesting that the induction
vector and 3D inversion results commonly indicated the
existence of a conductive anomaly extended down to a
few-kilometer depth beneath the central part of the island.

Figure 5: Induction arrows for observed MT data at
various frequencies.
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Because of the sparse distribution of MT measurements,
shallow portion of the 3D inversion results couldn’t give
satisfactory results near the surface. A special treatment
for the inversion blocks without any measured data is
required. Additional MT data from several more stations
between the mountain top and the mid-mountain area
will greatly improve the inversion results. Moreover, 3D
inversion with sea water consideration is absolutely
needed for further interpretation of the deep geological
structures beneath Jeju Island.
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Figure 6: Depth slice of the 3D inversion results
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SUMMARY
Magnetotelluric (MT) data from 101 tensor stations over the East Flank of the Coso geothermal field, southeastern California, were inverted on a PC using a 3-D Gauss-Newton regularization algorithm based on a staggered-grid, finite difference forward problem and jacobians. Inversions of the Coso data set were started from a half-space using TM-mode
data only; joint TM/TE; and joint TM/TE with static shift estimation. Results are consistent with models from 2-D TM
inversions, and from massively parallel 3-D inversion by other workers. In particular, we resolve a steeply west-dipping
conductor under the western East Flank tentatively correlated with a zone of high-temperature ionic fluids. Implementation on desktop serial PC’s is an attempt to widen the potential user base. Run times for the Coso data set on a 3.4 GHz
desktop are 2-3 days, with the greatest amount of run-time taken up in computing the jacobians explicitly using reciprocity. Continuing efforts are being made in storage efficiencies, in speeding the jacobian computations, and improved
parameter weighting. Recent modifications to our algorithm include the addition of an LU solver to calculate the model
parameter update, reducing storage requirements.
Keywords: Magnetotellurics, Inversion, Coso, Electrical Resistivity

line were collected by Wannamaker et al. (2004) as
part of the U.S. Dept of Energy’s Enhanced
Geothermal Program research (Sheridan et al., 2003)
(Figure 1). This was a difficult operating environment
due to strong EM noise from power plant production
and a nearby interstate “DC” transmission line,
necessitating ultra-distant remote referencing.

INTRODUCTION
The MT method has been successfully used to image
subsurface electrical resistivity in complex geothermal
systems, detecting variations related to fluid flow such
as increased electrical resistivity contrasts due to high
fluid concentrations in fractures, and to conductive alteration minerals. MT data interpretation is complicated by the commonly 3-D nature of the subsurface
resistivity, including frequency-independent, apparent
resistivity static shifts. Three-dimensional interpretation historically has required large computing resources
and long run times (Newman et al., 2005a). The inversion algorithm of Sasaki (2004) solves simultaneously
for static shift and 3-D subsurface conductivity distribution parameters on a personal computer and can
handle moderate-sized data sets.

Interpretation of the Coso MT data has included 2-D
stitched vertical slices (Wannamaker, 2004; Newman
et al., 2005a), and 3-D inversion using a massively
parallel computer (Newman et al., 2005b). An
important structure appearing in these interpretations is
a high-angle conductor most prominent in the
southwest East Flank sector correlated with its
producing reservoir. Previously published 3-D
inversion results however do not address the removal
of static shift, instead opting to reproduce them with
fine discretizations, and starting guesses incorporated
2-D inversions rather than a half-space. In this effort,
we show that most features of previous interpretations
can be resolved with a reduced discretization model on
a desktop PC.

One of our goals is to apply the developed algorithm to
MT data collected at the East Flank of the Coso
geothermal area, a high-temperature power-producing
field in southeastern California (Monastero et al.,
2005). Just over 100 separated sites plus a dense array
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The objective function is minimized using a direct
Gauss-Newton scheme, operating on the following
system of equations (Sasaki, 2004):

(
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In the direct Gauss-Newton approach here, jacobians
are computed through imposing fictitious reciprocal
sources at all receivers (e.g., deLugao and
Wannamaker, 1996; Siripunvaraporn et al., 2005).
With iterative solutions, this requires the computation
of many equivalent forward problems and is the
limiting run-time factor for moderate data sets.
Because of the current expense of the BCG sensitivity
calculations, rigorous jacobians are calculated for early
iterations and the sensitivity matrix on later iterations
updated using Broyden's approximation.

INVERSION SCHEME
To solve the inverse problem for the subsurface
conductivity model parameters m and to constrain the
solution, the following objective function is defined
(Sasaki, 2004):
ψ = W d pre − d obs + β 2 s 2
+ λ Wm Cm 1

)

2

2

2

+ α 2 Wm (m1 − m apr

⎥
⎥
⎥
⎥
⎦

where m0 is the starting model, the sensitivity Fm is the
matrix of derivatives with respect to the resistivity
model parameters, G is a matrix of ones and zeros,
used to relate corresponding predicted apparent resistivity values and static shifts, and I is the identity matrix. Premultiplying both sides of the equation by the
system matrix transpose results in a symmetric square
matrix of dimension equal to the number of parameters
only. Solving this system using the LU method requires
less computer resources than solving the original overdetermined system using the Gram-Schmidt method,
allowing the solution of larger problems.

Figure 1: Map showing locations of MT soundings and
dense array profile over the east flank of the Coso
geothermal field by the University of Utah/EGI.

(

)⎤

2

The first term on the right measures the misfit between
the observed data dobs, and the predicted data dpre,
weighted by W, the reciprocal of the data standard
deviation. Observed data consist of apparent resistivity
(ρa) and phase (φ) data. Predicted data are calculated
by applying the differential form of Maxwell's
equations over a staggered finite difference (FD) grid,
and solving for the secondary fields using a
preconditioned bi-conjugate gradient (BCG) relaxation
scheme with divergence correction. The observed ρa
can be affected by a frequency-independent vertical
shift (static shift, s) which varies with site and source
polarization, caused by small-scale, near-surface
inhomogeneities; the φ is unaffected. The static shifts
are assumed Gaussian distributed with a mean of zero,
constrained by the second term. The third term imposes
a smoothness constraint, with the roughness (slope) of
the subsurface conductivity structure defined by a
difference operator C, with damping weighted by
diagonal matrix Wm. The fourth term imposes an
adherence constraint to an a-priori model, mapr.

INVERSION OF COSO DATA
The Coso MT data included in the inversions consist of
apparent resistivity and phase measurements of the offdiagonal xy (TE) and yx (TM) impedance elements
measured at 13 frequencies ranging from 0.3 Hz to 100
Hz, for 101 stations. Generally, assigned errors for the
yx mode were 0.01 log10 units for apparent resistivities
and 0.66° for phases and for the xy mode 0.02 log10
units and 1.3°.
We discuss three different inversions: 1) TM data only,
2) TM and TE data jointly, with no static shift
estimation; and 3) TM and TE data jointly combined
with static shift estimation All three inversions used a
FD mesh consists of 65 x 57 x 36 nodes in the x, y and
z directions. The inversion domain for the TM mode
only inversion consists of 27 x 27 x 19 blocks and the
joint inversions of 31 x 27 x 17 blocks. Each inversion
block contains 2 FD cells in both the x and y
directions, with, as much as possible, an extra inversion
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variations between the YX and XY mode data,
particularly for the apparent resistivities. In attempting
to fit both modes with the same model, the compromise
reached in the inversion results in a poor fit for these
stations, resulting in a higher misfit than when
inverting only the TM mode. By including static shift
estimation in the joint inversion, apparent resistivity
offsets are better accounted for and we obtain a model
which better fits both modes. Note that although shown
is a 2D slice, the models are constrained by data from
stations in 3D.

block between adjacent stations. Where necessary,
station positions were shifted so as to fall on the
nearest node of the FD mesh at the center of each
inversion block. Starting half-space resistivities of 22
Ω.m for the TM mode inversion and 18 Ω.m for the
joint inversions were calculated by the program based
on averaging the included apparent resistivity data over
all sites and frequencies. Models were updated 6 times,
with the first 3 updates calculated using rigorous
derivatives and the last 3 calculated using approximate
derivatives obtained using Broyden's method. Similar
regularization parameters were used for all inversions.
Final misfits were 4.5 for the TM-mode inversion, 5.3
for the joint inversion with no static shift, and 4.2 for
the joint inversion with static shift.

From our 3D inversion results, we extract 2D E-W profiles of the subsurface conductivity along the 2D profile line shown in Fig. 1. These profiles are consistent
with each other and with previously published results
obtained by 2-D stitched inversion of TM mode, E-W
subprofiles (Newman et al., 2005a). The most prominent features in the models are a low-resistivity structure within the upper 3.5 km interpreted to correlate to
the producing reservoir in the southwest East Flank

To illustrate the fit to the data, pseudo-sections of the
observed data for the 9 MT stations along the 2D
profile (location shown in Fig. 1) and the predicted
data determined from the 3D models are shown in
Figure 2. For several stations there exist significant

Figure 2: Observed and predicted apparent resistivity and phase pseudo-sections for the 2D profile shown in Figure 1.
The predicted data were extracted from a 3-D inversion applied to the full data. The misfit between data and
calculations (nRMS) were scaled by the data weights (errors). As the predicted data approach the observed data to
within the data standard deviation, the misfit should approach 1. Colorbars are clipped at 1 Ω.m and 320 Ω.m for the
apparent resistivity; 0° and 90° for the phase; 1 and 10 for the misfit.
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oriented feature, trending towards the main southwest
producing area of the geothermal field. This feature,
not seen in the joint inversion model, may be because
we have not included the xy data or because of edge
effects from not extending the inversion domain far
enough out laterally. Joint inversion shows more
closure of the conductor to the south, consistent with
the model of Newman et al. (2005b). We note that ours
is the first 3-D inversion to yield the steeply dipping
conductor starting from a half-space, and did not utilize
an initial guess to seed the structure.

sector of the Coso geothermal field, and a central large
resistive horst flanked to the east by an ~1.5 km thick
conductor, correlated with sediments of the Coso Wash
graben. Inclusion of the TE mode in the inversion
yields additional structure in the top 1 km of the model,
and less conductive feature beneath 3 km on the west
side of the profile. Inclusion of static shift estimation
yields a similar structure, but with lower contrasts in
the resistivities of adjacent bricks in some near-surface
areas.

CONCLUSIONS
We have produced a 3-D resistivity inversion model of
the Coso geothermal system using a PC-based
algorithm whose information content is similar to that
from massively parallel inversion platforms. Moreover,
important features of the model were obtained starting
from a half-space rather than an initial guess from
stitched 2-D sections. A steeply dipping conductor
under the East Flank is imaged and interpreted to be a
high permeability zone containing ionic fluids. Further
refinement of the model is anticipated by improving
parameter regularization, by including the layered
background as the a-priori model in the inversion, by
increasing the number of rigorous iterations, and by
further refining the inversion domain. To speed
calculating the sensitivity matrix, we intend to include
an integral equations based formulation as an option to
replace the rigorous FD sensitivity. Storage will be
saved through use of a depth-expanding parameter grid
such as we have invoked in 2-D, and through
allocatable arrays.

Figure 3. Vertical slice showing the recovered model
parameters beneath the 2-D profile, extracted from the
larger model obtained by 3-D inversion. The colorbar
is clipped at 1 Ω.m and 1000 Ω.m.
The 3D models obtained by TM inversion and by joint
inversion with static shift are shown as plan views at
different depths in Figure 4. The models show a weak
version of the steep conductor extending north through
most of the field, consistent with the 2-D TM inversion
of the dense array line (Wannamaker, 2004). The TM
model shows the low-resistivity zone associated with
the reservoir as part of a larger south-southwest

Figure 4. Plan view slices at depths of 0.150, 1.2, and 2.0 km, showing the model parameters recovered from the 3-D
inversion of TM data only and joint TM/TE data with static shift estimation. Station locations are shown without
topography. The colorbar is clipped at 1Ω.m and 1000 Ω.m.
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Cameroon) from a 2D geoelectrical modelling.
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Abstract:

Geophysical prospecting trough the geoelectrical method has been carried out
using a scintrex resistivitimeter in the Moulvouday-Kaele area in the Far North
Province Cameroon with objective, to evaluate the volume of marble in this
region. Five profiles covering a length of 2.78 km each using a schlumberger
array and three vertical electrical soundings have been realised and interpreted.
The interpretation of data collected has been done by a 2D forward modelling.
The contrast of the resistivity observed on the profiles correspond to the contact
marble/schisto-quartzitic basement complex. This marble deposit is covering
approximately an area of 10000m². The 2D modelling of vertical electrical
sounding has permitted us to evaluate the thickness of the marble to
approximately 7 m and the extractable volume of the bulk has been evaluated to
a minimum of 4520000 m3.
Keywords: geoelectrical sounding, vertical electrical soundings, 2D forward

modelling, marble deposit, extractable volume.
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Abstract
Audiomagnetotelluric soundings were conducted along two profiles traversing the metamorphicsedimentary transition zone around the eastern edge of the Douala sedimentary basin in Cameroon.
From the geometric mean values of apparent resistivity, iso-resistivity contour maps were drawn. On
these maps, a clear resistivity discontinuity along the contour lines could be observed, which
suggested the existence in this area of a contact between two blocks of different lithologies: the
sedimentary and metamorphic formations.
By drawing tangents for each profile along the 20 ( Ωm ) contour line considered as reference
separating the sedimentary from the metamorphic formations, the dip of down dropping under each
station at various depths could be calculated. The values of dip, which have a maximum of 10˚ at a
depth of 1400 m for profile D, and a maximum of 17˚ at a depth of 800 m for profile Y were
suggestive of a pronounced westward lateral spread of the sedimentary formation.
We also used the same method to calculate the values of dip at contact between the sedimentary and
the metamorphic formations at various depths beginning from the surface. The values got which vary
from 58˚ to 73 ˚ for profile Y and from 21˚ to 60˚ for profile D show that the contact is abrupt and
deep-seated with little lateral spread at depth.
The results of our study though at variance with an earlier method of calculating the dip from the same
data, have confirmed the fact that the contact between the metamorphic and sedimentary formations
can be recognised through a sharp and distinct resistivity contrast along each profile as we move from
west to east.
Keywords: audiomagnetotellurics soundings, iso-resistivity contour map, sedimentary-metamorphic
contact, tangent, dip.
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EM SIGNATURE OF SEISMIC BLANKING

bubbles within fractures; Riedel et al. (2002; 2006):
hydrate-rich lenses, fractures and conduits) to explain
the blanking at Bullseye, revealing the need to
complement seismic studies with other geophysical
imaging techniques like electromagnetic methods. The
seismic data are ambiguous in that there are no
measured velocity anomalies despite the inferred
presence of gas hydrate (which increases velocity)
and/or free gas (which decreases velocity); though they
do reveal the 3D structure of the blanking. Riedel et al.
(2002) showed the structure of the blank zone at
Bullseye suggested gas hydrate formed a cap, or dome,
over a roughly cylindrical volume from the base of
hydrate stability up to the seafloor; more recently
Zykov (2006) showed that this dome is slanted
downward along strike. Schwalenberg et al. (2005)
collected CSEM data along four profiles, all
intersecting at Bullseye. Apparent resistivities along
these profiles show very high resistivity anomalies over
the vents and otherwise surprisingly uniform
background values. Initial attempts to interpret the data
using piecewise one dimensional models are limited by
the 3D nature of the vents, but do suggest a highly
anomalous resistivity structure.

The application of the technique is to a deposit in
Cascadia off the western shores of Vancouver Island,
Canada. Of particular interest are four seismic blank
zones (where seismic energy is scattered and coherent
images cannot be obtained) with diameters between 80
and 400m which were initially observed on a high
resolution 3-D multi-channel seismic section, named
Blank zones 1-4. Hydrate was found with a piston
corer at different locations within the largest of the
blank zones (Blank zone 1, known as the Bullseye
vent). There are competing models ((Wood et al.,
(2002): gas chimney with little hydrate; Zühlsdorff and
Spiess (2004): hydraulic fracturing with free gas

Figure 1:Principle of the bottom-towed electric dipoledipole system

INTRODUCTION
We are developing several controlled source
electromagnetic systems (CSEM) to map the seafloor.
The proven, common systems consist of transmitting
and receiving electric dipoles located on the seafloor.
While the responses of one dimensional, layered
structures to such an array have existed in the literature
for over 25 years, the extension to three dimensions has
only appeared relatively recently, with the advent of
the keen interest of petroleum exploration companies
seeking a complementary method to seismic for
petroleum and gas exploration. Only a small number of
papers have extended this approach to more shallow
structures such as gas hydrate deposits. We examine
initially the characteristics of the three dimensional
response, using the code by Druskin and Knizhnerman
(1994), illustrating the physics through the time
evolution of fields through resistive targets following a
transient event in the transmitter. We summarize the
principal features of the response as a guide to the
interpreter seeking to analyze field data.
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3D MODELING AND TARGET RESOLUTION
Inversion of the data in three dimensions is not easy.
The data need to be more plentiful and the lateral
coverage greater. We are currently investigating if the
inclusion of limited data from other geophysical
methods might help. We do compare the response of a
model built from non-CSEM data with inferred
resistivities based on IODP borehole measurements to
the CSEM apparent resistivities. The result is
encouraging but not conclusive.
A lesson learned from the process of analyzing the
seafloor data is its limitation in depth resolution. One
obvious solution is through the use of a borehole,
employing borehole to seafloor and cross-borehole
arrays. These methods have of course the severe
practical limitation of obtaining suitable nearby noncased boreholes. A window of opportunity has opened
through project NEPTUNE, an extensive seafloor
network through which data may be received and
transmitted and from which substantial power may be
drawn. We are building the CSEM systems for
NEPTUNE including a downhole system to be
installed in a prospective future IODP borehole within
the Bullseye vent. We present in this paper some of the
responses we expect to observe.

Figure 2: Locations of Blank Zones 1-4, CSEM
profiles, and ODP/IODP drill sites on the Cascadia
Margin, Western Canada.

Figure 3: Summary or results at Bullseye. Reflection
seismic data show 4 seismic blank zones (Riedel et al.
2002). Apparent resistivities are clearly anomalous
over the blank zones. Resistivity logs and resistivity at
the bit (RAB) data are extremely high in the first
40mbsf at the Bullseye Vent. Coring revealed massive
gas hydrate in the same depth interval.

Figure 4: 3D model of the Bullseye vent derived from
1D layered modeling.
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Figure 5: Left: Plan view of the Bullseye vent with the receivers off-site the anomaly (top), and on-site the
anomaly (bottom). Right: The respective model responses (black lines) at transmitter separations Tx-Rx1=174m
(green) and Tx-Rx2=292m (magenta) show a reasonable fit to data recorded off- and on-site Bullseye.
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We know that a possible limiting factor in a seafloor
array is that large offsets between the transmitter and
receiver with respect to the target depth are needed. A
vertical electric-dipole transmitter would be placed in a
borehole deeper than the target, combined with
receivers located at the seafloor. Because current must
pass through the target, even data recorded at short
offsets with respect to target depth should be sensitive
to the target. Our analyses show that the data gathered
using a downhole transmitter are more sensitive to the
resistance between the source and the receiver than
those gathered with the seafloor array (Scholl and
Edwards, 2007). Model geometry, such as depth to the
target, is resolved when a long bipole transmitter is
used, extended from below the target layer to a level
above it. The data are very sensitive to lateral changes
within the target layer. Differences between electric
fields simulated at the seafloor for 3D models and a
reference model show a correlation to lateral resistivity
differences. This finding suggests that the array is
suitable for mapping and monitoring resistivity
anomalies outward from the borehole.
REFERENCES
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Static shift corrected three-dimensional inversion: an example of the Gawler Craton,
South Australia
1
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S UMMARY
We present a three-dimensional (3D) resistivity image of the Proterozoic Gawler Craton, South Australia. Magnetotelluric
(MT) data were collected in several stages over the last seven years and covers an area of 800 × 800 km. Impedance
tensors were inverted using a 3D code (Siripunvaraporn, Egbert, Lenbury, & Uyeshima, 2005) incorporating static shift
corrections obtained from prior 2D modelling.
Keywords: 3D inversion, Gawler Craton, static shift

I NTRODUCTION
The late Archaean to Palaeoproterozoic Gawler Craton in
southern Australia covers an area of ∼ 530000 km2 , almost the size of France, yet its geological evolution is only
poorly understood due to its substantial lack of outcrop
and extensive regolith cover. The Gawler Craton consists
of a central late Archaean to early Palaeoproterozoic core,
surrounded by regions of Palaeoproterozoic rock that have
been interpreted to belong to various tectonic domains
on the basis of the limited available geological and geophysical constraints (Teasdale, 1997). The craton underwent major deformation during the 2.44 Ga Sleafordian
Orogeny, the 1.73-1.7 Ga Kimban Orogeny and the 1.561.54 Kararan Orogeny (Teasdale, 1997). No evidence has
been found for major deformation occurring after 1450
Ma (Parker, 1993).

tral part of the Gawler Craton suggest a resistive core
surrounded by conductive Proterozoic crust (Maier et al.,
2007). Results have shown that many of the major faults
and proposed geological domains correspond to changes
in crustal resistivity (Selway, 2006).
The work presented here utilises numerous MT campaigns
conducted by the University of Adelaide forming a large
combined data set spanning 800 × 800 km with a 50 −
100 km site spacing (Figure 1). MT impedances of the approximately forty MT sites were inverted using a 3D code
(Siripunvaraporn et al., 2005).

128˚E

132˚E

136˚E

140˚E
3000
2500

28˚S

28˚S

2000
1500
1000
500
0
−500
−1000

0

32˚S

32˚S

−1500

m

−2000

0

There is substantial economic interest in the Gawler Craton due to prosperous mineral deposits such as the iron
oxide copper-gold Olympic Dam deposit along the eastern margin of the craton (Heinson, Direen, & Gill, 2006).
The University of Adelaide is currently conducting a large
project aimed at developing the understanding of the geological evolution and metallogenic potential of the Gawler
Craton using geological, geochemical and geophysical
tools, including magnetotellurics (MT). The MT technique provides a regional image of the resistivity distribution of the subsurface, allowing important information
on the geometry and therefore evolution of the terranes
comprising the Gawler Craton and its surroundings.
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Figure 1: MT sites on top of digital elevation map of the
Gawler Craton.
DATA COLLECTION
MT campaigns were undertaken using long-period MT
instruments developed by Adelaide University. Instruments were deployed for 3-20 days yielding impedance
responses for 10 − 30000 s. For the 2D array presented
here, we have chosen stations from subsets of 2D MT

MT data were collected between 1998 and 2006 both onshore and offshore across the Gawler Craton along twodimensional (2D) lines and arrays. Three-dimensional
forward models and 2D inverse cross-sections of the cen217
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lines (blue–(Thiel & Heinson, 2006), brown–(Heinson et
al., 2006), black–(Selway, 2006), purple–(Thiel, Heinson,
& White, 2005)) and 2D arrays (red–(Thiel & Heinson,
2006), green–(Maier et al., 2007), yellow–Heinson, collected in 1998) (Figure 1).
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gradients algorithm for 2-d magnetotelluric inversion. Geophysics, 66(1), 174-187.
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3D INVERSION
Station impedances using all four components for 30 −
5000 s are inverted using a 3D inversion code (Siripunvaraporn et al., 2005). 3D inversion results are compared to
2D inverse models cross-cutting the 3D model. In order to
improve data misfit we present a comparison of MT inversion with and without static shift correction. The applied
corrections are obtained from 2D inversions (Hedlin &
Constable, 1990; Rodi & Mackie, 2001) of profiles across
the entire 2D array, especially where a denser site spacing
was available. These are then incorporated into the 3D inversion by multiplying the impedance tensor components
with the static shift factors obtained from prior 2D inverse
modelling.
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Comparison of 3D inversions of AMT and MT data at Ogiri geothermal field, Japan
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SUMMARY
An audiofrequency magnetotelluric (AMT) survey was conducted in 2004 for detailed investigation of the reservoir at
the Ogiri geothermal field, southwestern Japan. The AMT stations were arranged with an interval of about 150 m on a
grid-like array whose size was approximately 1.5 km x 1.5 km. The number of AMT stations was 66. This survey was
targeting an expansion of the currently producing geothermal reservoir to the east. There had been conducted several
stages of MT surveys in the same area before. This report presents three-dimensional (3D) inversion of the AMT data,
together with comparison with 3D models of the MT data. The resultant 3D models are consistent with the MT models
reported in the past. The boundary between the low-resistivity cap layer and the high-resistivity reservoir zone is more
complicated in the AMT model than the MT models. This suggests a capability of high-resolution survey by the AMT
method.
Keywords: audiofrequency magnetotellurics (AMT), MT, three-dimensional, Ogiri, Japan

metamorphic formation that forms the basement rocks
of this region.

INTRODUCTION
The magnetotelluric (MT) method is one of the major
geophysical tools in geothermal exploration. The
resistivity structure of a geothermal reservoir is often
characterized by a combination of a low-resistivity
clay-rich cap layer on top and a relatively highresistivity reservoir zone beneath. This resistivity
structure is usually applicable when clay minerals are
dominant hydrothermal alteration in a geothermal field.

Three faults trending in a NE-SW direction have been
identified in the survey area. From north to south they
are the Sakkogawa, Ginyu, and Shiramizugoe faults.
The major production zone of the Ogiri geothermal
reservoir is associated with the Ginyu Fault (Goko,
2000). This geothermal reservoir is situated at a depth
of 500 - 1500 m. A new geothermal resource is being
investigated by targeting the Shiramizugoe Fault. The
geothermal reservoir in this area is distributed in the
Quaternary volcanic layers that mostly consist of tuff
and lava erupted from Kirishima Volcano to the east of
the area. The New Energy and Industrial Technology
Development Organization (NEDO), NKG and
Geological Survey of Japan (GSJ) conducted
magnetotelluric (MT) surveys from 1996 to 2000 over
the Ogiri and Shiramizugoe geothermal fields, at
several stages in their exploration and development.
The total number of MT stations exceeded 180. A part
of 2D and 3D interpretation results of these MT data
was reported in Uchida (2005).

The penetration depth of the AMT method is smaller
than that of MT. However, it may be a good tool for
geothermal exploration because of its faster and easier
data acquisition in the field surveys than MT. The
purpose of this study is to examine how the AMT data
can provide sufficient resistivity information for
geothermal exploration.
AMT SURVEYS
The Ogiri geothermal area is located in the southern
part of Kyushu Island, southwestern Japan. A 30-MWe
geothermal power plant has been operated by Nittetsu
Kagoshima Geothermal Co., Ltd. (NKG) since 1996
(Figure 1). The neighboring Shiramizugoe field is
thought to be a promising area for future expansion of
steam production. The survey area is situated on a
highland whose elevation is from 700 m to 900 m. The
area is underlain by Quaternary volcanic rocks with a
thickness of 2–3 km. Below this layer is a Mesozoic

AMT data were obtained in the center of the area in
2004 by NKG. An average interval of AMT sites was
150 m. The number of AMT sites was 66. The AMT
survey covered an area of approximately 1.5 km x 1.5
km. This survey was targeting an eastern expansion of
the currently producing Ogiri geothermal reservoir
along the Ginyu Fault. In addition, fourteen AMT
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and 60 degrees clockwise from north, respectively.
Off-diagonal components of the impedance (apparent
resistivity and phase) were used as the observed data.
The inversion scheme was based on the 3D finitedifference forward modeling and the linearized leastsquares inversion (Sasaki, 1999, 2004; Uchida and
Sasaki, 2003). Topography was not included in the
modeling. Static shifts were solved simultaneously in
the inversion.

soundings were conducted on one survey line in the
studied area by AIST in 2002 (Takakura, 2003).
The AMT data acquisition was conducted for 7 or 9
hours during night at each site using Phoenix MTU-5A
systems. According to previous studies, AMT data
acquisition during night provided better quality for
high frequency data above 1 kHz than the measurement
during daytime in this area (Takakura, 2003). A remote
reference site was set up at approximately 40 km to the
south of the survey area.

For Case-3, for example, the number of AMT sites was
73. the number of frequencies used for the inversion
was 13 (from 1.17 Hz to 5200 Hz). A surface cell had a
size of 50m (x) x 50m (y) x 25m (z) for the 3D
modeling, and the finite difference mesh consisted of
63 (x) x 63 (y) x 38 (z) cells. This mesh created the
maximum numerical error of about 2 % in apparent
resistivity for a 100 ohm-m homogeneous earth. The
number of blocks, whose resistivity values were
unknown for the inversion, was 14 (x) x 13 (y) x 16 (z);
2912 blocks in total. The number of observed data was
3660. The noise floor of the observed data was
assumed as 1%. The cell sizes on the surface for Zone1 and Zone-2 were 150 m and 100 m, respectively, to
deal with wider modeling areas.

Two examples of AMT apparent resistivity data are
shown in Figure 2. Site-914 is located on an alteration
zone along Ginyu Fault. Therefore, apparent resistivity
is small (below 10 ohm-m) at almost all frequency
ranges. Site-955 is located in the center of the AMT
survey area, showing a typical apparent resistivity
curve; larger than 100 ohm-m at frequencies higher
than 100 Hz and reaches about 10 ohm-m below 10 Hz.
Data quality was generally fine at frequencies above a
few hertz for all sites.

Figure 1: AMT (green dots) and MT (white and orange dots)
stations in the Ogiri geothermal field. The background is
topography contour. Red dashed lines are estimated faults;
large pink ovals indicate areas of geothermal reservoirs; the
black open circle indicates location of the power plant; three
large rectangles are zones for 3D interpretation.

Figure 2: AMT apparent resistivity at Sites 914 and 955. Site
914 is located on an alteration zone along the Ginyu Fault.

Table 1: Settings for 3D inversions of MT and AMT data.
Case
Zone
MT
AMT
#
Frequency
sites
sites
Freq
(Hz)

3D INVERSION
3D inversions were performed for several subsets of
the AMT and MT data (Table 1). Case-1 utilized all
MT sites in Zone-1 shown in Figure 1. Case-3 utilized
AMT sites in Zone-3. For intermediate Zone-2, Case2b utilized both AMT and MT data, while Case-2a
utilized only MT sites for comparison.

Case-1

1

Case-2a

164

0

11

0.0703 - 72

85

0

12

0.187 - 384

85

78

13

0.140 - 640

0

73

13

1.17 - 5200

2
Case-2b
Case-3

3

The impedance was rotated to the direction of the NWSE survey lines. Directions of x- and y-axes were 150
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Figures 4, 5 and 6 compare the 3D models by the
inversions of Case-1, Case-2b and Case-3. These
resistivity models indicate very good correlation with
the reservoir model of this area. The surface highresistivity zone corresponds to fresh or less-altered

volcanic formations. Low-resistivity second layer is
clay-rich cap layer of the reservoir system. Upper part
of the high-resistivity third layer (basement layer in the
resistivity model) is interpreted as a high-temperature
reservoir zone.

Figure 4: 3D model of the MT data (Case-1), viewed from south. The plotted area corresponds to the rectangle, Zone-1, in Figure 1.
The black arrow indicates the location of Well B5F, while white arrows show location of two MT sites. The left panel is sliced at the
location of Site-353, while the right panel is sliced at Site-324, for which the resistivity comparisons are shown in Figure 7.

Figure 5: 3D model of the AMT and MT data (Case-2b). The plotted area corresponds to the rectangle, Zone-2, in Figure 1.

Figure 6: 3D model of the AMT data (Case-3). The plotted area corresponds to the rectangle, Zone-3, in Figure 1. The left panel is
sliced at Site-914, while the right panel is sliced at Site-955.
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Figure 7: Comparison of resistiviy values of the 3D models at (a) Well B5F, (b) AMT site 914 and MT site 353, and (c) AMT site
955 and MT site 324. A thin red line in Panel (a) is the long-normal resistivity data. For Case-3 in Panel (c), two neighboring blocks
to Site 955 are shown.

These three 3D models correspond well with each
other. For the precise delineation of the boundary
between the low-resistivity second layer and highresistivity basement, inclusion of dense AMT data
provides more detailed structure.
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Figure 7 compares block resistivites of the four cases
of inversion at a production well B5F, and two AMT
and MT sites. Unfortunately the resistivity logging was
conducted only for a short depth range in B5F. When
we use very high frequency data (above 1 kHz),
resistivity of the surface layer is properly determined. It
seems to give more reliable resistivity values in the
deep layers. However, all the four MT models show
similar resistivity profiles at the well location in this
case.
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At Sites 914 and 353 (Figure 7b), Case-1 presents
rather high-resistivity for the surface layer because of
the lack of high frequency data. Case-2a also shows
anomalous low-resistivity layers near the surface and a
depth from 300 - 600 meters. Site-914 and 353 are
located in an anomalous zone near Ginyu Fault. In such
a case, shallow resistivity information by AMT data is
necessary. On the other hand, the resistive third layer is
expressed almost similar among these models.
Therefore, these models do not give significant
difference for understanding the high-temperature
geothermal reservoirs. This study has suggested that
AMT data alone gives almost sufficient resistivity
model to interpret down to the top of the geothermal
reservoir.
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