Complex Numbers and Colors
In this ninth edition of the calendar “Complex Beauties” we again take a journey into the wonderful
world of complex functions. Each month we present a special function. The front page shows the
phase portrait of the function; on the back page we explain the mathematical concept. Our goal is
to make the text accessible for ambitious laypeople; at times, this is quite a challenge. However, it
is always possible to admire the images to get an impression of the magic of mathematical structures. We include biographical sketches of the mathematicians whose work has contributed to the
understanding of the functions presented that month.
We thank this year’s guest authors: Sheldon Axler (San Francisco) presents an exotic class
of analytic functions; Andrej Bogatyrëv (Moscow) and Konstantin Metlov (Kiev) explain the use of
complex functions in the modeling of magnetic vortices.
The construction of phase portraits is based on the interpretation of complex numbers z as points
in the Gaussian plane. The horizontal coordinate x of the point representing z is called the real part
of z (Re z) and the vertical coordinate y of the point representing z is called the imaginary part of z
(Im z); we write z = x + iy. Alternatively, the point representing z can also be given by its distance
from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when
all points z of the domain of f are colored according to the argument of the value w = f (z) (or the
phase w/|w|). More precisely, in the first step
the color wheel is used to assign colors to the
complex w-plane: points on rays emanating from
z
f (z)
the origin are assigned the same color (as in the
f
picture on the right). Thus, points with the same
→
argument are assigned the same color. In the
second step, every point z in the domain of f is
assigned the same color as the value f (z) in the
w-plane.
The phase portrait can be thought of as the fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the modulus), an important class
of functions (analytic or, more generally, meromorphic functions) can be reconstructed uniquely up
to normalization. Certain modifications of the color coding allow us to see properties of the function

f

→

f

→

more easily. In this calendar, we use primarily three different coloring schemes: the phase portrait
as described above and two variations shown in the second row of pictures. The variation on the left
adds the modulus of the function to the representation; the version on the right highlights, in addition,
preservation of angles under the mapping.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert, Visual
Complex Functions – An Introduction with Phase Portraits, Springer Basel 2012. Further information
about the calendar (including previous years) and the book is available at

www.mathcalendar.net,

www.visual.wegert.com.

We thank all our faithful readers and the Verein der Freunde und Förderer der TU Bergakademie
Freiberg e. V. for their valuable support of this project.
c Elias Wegert and Gunter Semmler (TU Bergakademie Freiberg),

Pamela Gorkin and Ulrich Daepp (Bucknell University, Lewisburg)
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Faber Polynomials
A problem that attracted many analysts around 1900 was the following: Given a compact subset E of
the complex plane with simply connected complement in the extended complex plane, can we find a
sequence of polynomials p1 , p2 , . . ., such that every function f , analytic on E, can be expanded as a
convergent series
∞
f ( z ) = a0 + ∑ a j p j ( z ),
j =1

where the a j are complex numbers depending on f ?
In 1903, Faber published a paper that contained an elegant solution, answering the question
affirmatively. He invoked the Riemann mapping theorem to get a sequence of polynomials ( pn ) of
degree n, that fulfill the requirement; the polynomials depend on the set E. Faber succeeded in
proving the convergence of an expansion in terms of these polynomials to any function f analytic on
E. Nowadays, these polynomials are called Faber polynomials.
The three phase portraits below show Faber polynomials of degree 35. However, in each case
the region E on which every analytic function can be expressed as a convergent series of the Faber
polynomials is different and this changes the polynomial p35 , as is evident from the pictures. In each
case the boundary of E is sketched in black. From left to right we see a square (standing on a vertex),
an octagon, and a 16-gon, respectively.

The actual construction of these polynomials is challenging and the content of much recent research.
A good construction should be fast and suitable for machine implementation. This month’s cover picture shows the phase portrait of the Faber polynomial p36 corresponding to a square region standing
on a vertex. The calculation was done with the Schwarz-Christoffel toolbox for M ATLAB.

Georg Faber (1877 – 1966)
was born in Kaiserslautern, the son of a merchant. He studied mathematics and physics in Göttingen
and München, where he earned his doctorate in 1902. After some years as a teacher at a gymnasium (high school) he wrote a habilitation dissertation at the Technische Hochschule Karlsruhe. He
held positions in Karlsruhe, at Universität Tübingen, TH Stuttgart, Universität Königsberg and the
Universität Strassburg. In 1916, he was appointed Professor for higher mathematics at the Technische Hochschule München, where he stayed until his retirement 30 years later. During his last
year at the TU München, the military government installed him as rector of the university and asked
him to oversee the resumption of teaching operations, which had broken down towards the end of
World War II. In 1913, Faber married Gertrud Klinger and together they raised two daughters.
Faber’s work is in functional analysis, in particular in polynomial approximation. He also did major
work in conformal mappings, contributing new proofs of basic theorems. He reworked and extended
the influential three volume textbook in function theory that was originally written by his predecessor
H. Burkhardt in München. In 1956, he was awarded the Bundesverdienstkreuz (Federal Cross of
Merit) and in 1959 the Verdienstorden (Order of Merit) of Bayern.
J.H. Curtiss, Faber Polynomials and the Faber Series. The American Mathematical Monthly, 78-6 (1971) pp. 577–596. Tobin A. Driscoll, Schwarz-Christoffel Toolbox for MATLAB.
Version 2.3. Karl-Heinz Böttcher, Bertram Maurer, Stuttgarter Mathematiker. Univ. Stuttgart, 2008. Nachrufe auf Akademiemitglieder. http://badw.de/gelehrtengemeinschaft/
nachrufe.html
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Finite Differences
In this calendar, we mostly show phase portraits of analytic functions. These functions have the
characteristic property of being representable by a power series at each point z0 of their domain.
These power series converge on the largest disk centered at z0 on
which the function may be extended analytically. For example, the inverse of the complex tangent function has the following representation
for |z| < 1:
arctan z = z −

z2k+1
z3
z5
z7
+ − + . . . + (−1)k
+....
3
5
7
2k + 1

(1)

The picture on the right shows the 100th partial sum of the series and
illustrates the divergent behavior of this series outside the unit disk.
In his paper De Computo Serierum, Isaac Newton manipulates power series using the substitution t = z/(1 − z). In comparing the two series
c1 z + c2 z2 + . . . + c k z k + . . . = a1 t + a2 t2 + . . . + a k t k + . . . ,
Newton shows that the new coefficients ak can be obtained recursively from finite differences of the
given coefficients ck . The following table will help us understand the coefficients.
The first column in the table contains the coefficients of the original
series. The entries of each of the following columns consist of the
c1 ∆c1 ∆2 c1 ∆3 c1 . . . differences between the entries of the previous column one row down
c2 ∆c2 ∆2 c2 ∆3 c2 . . . and the entry of the previous column in the same row. For instance,
c3 ∆c3 ∆2 c3 ∆3 c3 . . . the second column consists of ∆c1 = c2 − c1 , ∆c2 = c3 − c2 , etc., and
c4 ∆c4 ∆2 c4 ∆3 c4 . . . the third column has the entries ∆2 c1 = ∆c2 − ∆c1 = c3 − 2c2 + c1 , and
..
..
..
.. . .
. so on. It follows that the first row of this table contains the coefficients
.
.
.
.
ak of the new series.
Using this scheme for the power series (1), Newton obtained the representation


z
2  z2  2 · 4  z2 2 2 · 4 · 6  z2 3
arctan z =
1+
+
+
+... ,
3 1 + z2
3 · 5 1 + z2
3 · 5 · 7 1 + z2
1 + z2

(2)

which holds for all z with (Im z)2 − (Re z)2 < 1/2. This is a region bounded by a hyperbola and it
contains the whole real axis. In particular, for z = 1 we get a convergent series for π/4 = arctan 1.
Newton’s method is an early example of an analytic continuation of a function. This month’s
portrait shows the 20th partial sum of the series (2).

Sir Isaac Newton (1643 – 1727)
was born in Woolsthrope-by-Colsterworth (Lincolnshire), the son of a sheep farmer. After attending
Kings School in Grantham and Trinity College in Cambridge, he continued private studies at home. In
1667, he returned to Cambridge and in 1669 he was appointed Lucasian Professor of mathematics,
one of the most prestigious academic posts.
Newton was a well-rounded scientist. Together with Leibniz (with whom he was in a hard-fought
battle over priority) he is considered the founder of calculus. Newton’s Philosophiae Naturalis Principia Mathematica is among the most important scientific publications of all time. In it, Newton
formulated the three fundamental laws of dynamics and a theory of gravitation. In optics, he did
seminal work on the theory of light particles and the explanation of the spectrum. He also developed
an innovative reflecting telescope. On the side, he studied ancient history, theology, and mysticism;
his pet issue was alchemy.
Along with his scientific activity, Newton occupied representative posts. He was a high-ranking
officer of the Royal Mint and well known for his relentless pursuit of forgers. In 1703, Newton was
appointed president of the Royal Society and he was knighted in 1705.
Ranjan Roy, Sources in the Development of Mathematics, Cambridge University Press 2011, p.176 ff.
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The Lagrange Remainder
Polynomials were used to approximate transcendental functions as early as the 17th century. If f is
a function on an interval ( a, b) that is n times differentiable at some x0 ∈ ( a, b), then Brook Taylor
gave a formula for an approximating polynomial, namely
n

pn ( x ) =

∑

k =0

f ( k ) ( x0 )
( x − x0 ) k .
k!

This is called the Taylor polynomial of order n about x0 (see Complex Beauties March 2011).
Taylor did not consider the error in approximating f , nor did he consider convergence as the
degree n of the polynomial tends to infinity. It was Lagrange who formulated and provided an error
function, Rn , based on the mean value theorem. His expression for the difference between the
function and the approximating polynomial is now called the Lagrange remainder: If a function f :
R → R is n + 1 times differentiable on an interval ( a, b), the point x0 ∈ ( a, b), and pn is the Taylor
polynomial of order n centered at x0 , then for each x ∈ ( a, b) there is a real number c between x and
x0 such that
Rn ( x ) = f ( x ) − pn ( x ) =

f ( n +1) ( c )
( x − x 0 ) n +1 .
( n + 1) !

In the picture on the right we show the function f ( x ) = sin( x )
in black, the Taylor polynomial p9 centered at x0 = 0 in blue
and the absolute value of the remainder, | R9 |, in red.
Lagrange did not consider complex-valued functions, but Taylor polynomials can be extended naturally to complex differentiable functions f : C → C.
In fact, the theory is simplified because if a complex function is differentiable (holomorphic), then it is
differentiable infinitely often. In addition, in a neighborhood of x0 the polynomials pn converge to f .
The phase portrait of the month shows the remainder when the complex function f (z) = sin(z)
is approximated by the Taylor polynomial of order 9 centered at the origin:
9

p9 ( z ) =

∑

j =0

f ( j ) (0) j
z =
j!

4

(−1) j 2j+1
∑ (2j + 1)! z .
j =0

Since f (10) (0) = 0, we have p9 = p10 and the remainder has therefore an 11-fold zero at the origin.

Joseph-Louis Lagrange (1736 – 1813)
was born in Turin, which was the capital of the Duchy of Savoy and the Kingdom of Sardinia at the
time. He studied at the College of Turin and spent the first 30 years of his life in his native city except
for an extended journey to Paris. He corresponded with Euler and many other mathematicians and
when Euler left Berlin for St. Petersburg, Lagrange was called to succeed him in Berlin. Lagrange
did significant work in many different areas: astronomy, mechanics, dynamics, probability, and the
foundations of calculus.
Despite efforts from Turin to lure Lagrange back to his native land, in 1787 he decided to leave
Berlin for Paris and become a member of the Académie des Sciences. He managed to steer safely
through the upheavals of the French Revolution. In 1794, Lagrange became the first professor of
analysis at the newly founded École Polytechnique. Napoleon bestowed high honors on Lagrange,
among them le Grand Croix de l’Ordre Impérial de la Réunion.
Before going to Berlin, Lagrange married one of his cousins, but the couple did not have any
children. There are only three students of Lagrange listed on the Mathematics Genealogy website,
among them Fourier and Poisson, and the site lists 105420 descendants for Lagrange, as of the
printing time for this calendar. Lagrange worked on a revision of his famous Mécanique Analytique
when he died in Paris, just one week after receiving the Grand Croix.
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Magnetic Vortices (by Andrei B. Bogatyrëv and Konstantin L. Metlov)
In contrast to the atomistic ideas of Democritus, Aristotle postulated the existence of a space-filling
“quintessence”. This idea was later developed into the concept of aether and can be regarded as
a precursor to modern field theories. Aether inspired James Clerk Maxwell to create his theory of
electrodynamics and Lord Kelvin to develop a theory of vortex motion (hydrodynamics of an ideal
fluid). According to Kelvin, all objects, including atoms, should be described by intricately knotted
vortex lines so that their properties would be determined solely by the topology of these knots.
In two dimensions, vortex motion can be described using complex analysis. Such relations are
well known for hydrodynamics, but they also exist for magnetism. The state of a ferromagnet can be
represented as a vector field of local magnetization, m. The components can be expressed using a
stereographic projection:
mX + i mY =

2w(z, z)
,
1 + w(z, z) w(z, z)

mZ =

1 − w(z, z) w(z, z)
,
1 + w(z, z) w(z, z)

where w(z, z) depends on the coordinate z = x + i y in the magnet’s plane and its conjugate z.
This model was formulated by Tony Skyrme for the description of baryons. Gordon Woo then
expressed the Euler-Lagrange equation for the equilibrium magnetization vector field in terms of
complex derivatives:


∂ ∂w
2w ∂w ∂w
=
.
∂z ∂z
1 + ww ∂z ∂z
This equation has two types of solutions: solitons (discovered by Alexander Belavin and Alexander
Polyakov), corresponding to a meromorphic function w(z, z) = f (z), (satisfying ∂w/∂z = 0) and
merons (discovered by David J. Gross), corresponding to w(z, z) = f (z)/| f (z)|.
In the restricted geometry of a planar cylindrical nanoelement, the vector field of magnetization
can be expressed as solitons or merons. Extending this to the case of multiply-connected cylinders
reveals the rich interplay of the topology of the magnetization vector field with the geometrical topology of the nanoelement. Hence, the magnetization vector fields, which are completely static, are
directly related to the ideal fluid flow. The meron plays a crucial role in these vector fields. This
month’s picture shows the doubly-periodic vortex structure in a planar nanomagnet.

William Thomson, 1st Baron Kelvin (1824 – 1907)
was born in Belfast, the second son of mathematician James Thomson. Glasgow University provided
schooling for able students and Thomson began studying there at the age of 10. After graduating,
Thomson entered Cambridge University. After a stay in Paris, where he worked in the laboratory of
the experimental physicist Henri Victor Regnault, Thomson returned to Glasgow. At the age of 22,
Thomson became a professor in the department and remained there until 1899. Thomson’s interests
included thermodynamics, hydrodynamics, electromagnetism, elasticity theory, heat, mathematics,
and technology. As a student, Thomson published several papers on the application of Fourier series
to various branches of physics. In 1846, he developed a method for solving problems in electrostatics
and in 1848, after studying Carnot’s theorem, he expressed the idea of an absolute temperature
scale. In 1866, he was knighted for his work on the transatlantic telegraph project, becoming Sir
William Thomson.
Thomson also contributed to the development of practical applications in the sciences. He was
chief scientific adviser in the construction of the first transatlantic cables. He designed a number of
electrometric instruments, including an improved mirror galvanometer, sensitive electrometers, an
apparatus for the electromechanical recording of telegraphic signals, and a compass that compensates for the magnetism of the iron hull of the ship. Thomson received many honors; these include
the Keith Medal, the Royal Medal, and the Copley Medal. In 1892, Thomson was ennobled for his
scientific work and he became 1st Baron Kelvin. In 1896, he was elected an honorary member of
the St. Petersburg Academy of Sciences.
A. B. Bogatyrëv, K. L. Metlov. What makes magnetic skyrmions different from magnetic bubbles? https://arxiv.org/abs/1711.07317
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The Fejér-Jackson-Grönwall Inequality
The convergence behavior of Fourier series raises interesting questions. For example, take the
function f shown in the figure below on the left. This function is piecewise linear, real, and periodic
with period of length 2π. The figure on the right shows a partial sum of its Fourier series.
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Because f is odd, its Fourier series consists of sine functions only; it is ∑∞
k =1 (sin kx ) /k. The convergence of the partial sums
n
sin kx
sn ( x ) = ∑
k
k =1
is particularly surprising near jump discontinuities of f . To find the local extrema of sn we set
s0n ( x ) =

n

∑ cos kx =

k =1

1
sin n2 x cos n+
2 x
= 0.
sin 2x

For the interval (0, π ) we obtain local maxima at the points u j =
2j

2j+1
n +1 π

1
for j = 0, 1, . . . , b n−
2 c and

1
local minima at v j = n π for j = 1, . . . , b n−
2 c. For the smallest positive value of a local maximum of
sn , that is u0 (at which we have a global maximum), we find

 Z π
π
sin x
π
lim sn
=
dx > .
n→∞
n+1
x
2
0

That is, for n large the partial sums overshoot the expected value of π/2 at the jump discontinuity.
This behavior is known as Gibbs phenomenon.
What can be said about lower bounds of sn ? In 1910, Lipot Fejér conjectured that for all n
n

sn ( x ) =

sin kx
> 0 on 0 < x < π.
k
k =1

∑

By showing that sn takes on positive values at all points of local minima, vk , Thomas Hakon Grönwall
established this inequality in his paper Über die Gibbssche Erscheinung und die trigonometrischen
Summen sin x + 12 sin 2x + · · · + n1 sin nx (Mathematische Annalen 1912). Because D. Jackson gave
a different proof a year earlier, we usually refer to the Fejér-Jackson inequality.
This month’s picture shows the partial sum s10 extended to the complex plane. On the real interval
(0, π ) the phase portrait is red because the function values are all positive on this interval.

Thomas Hakon Grönwall (1877 – 1932)
was born in Dylta Bruk, Sweden. After spending a year in Uppsala, he studied in Stockholm, where
Mittag-Leffler, Bendixson, Fredholm, von Koch, and Phragmén were on the faculty. Grönwall had
already earned his Ph.D. in mathematics and published 10 papers by the time he turned 21. Then
an overly harsh punishment for a student prank led to his suspension from the university for half
a year. As a consequence, Grönwall left for Germany to get a degree in engineering. He worked
for a short time as a civil engineer in Germany before he immigrated to the United States in 1904,
where he worked for various steel companies. Around 1911, he decided to return to mathematics.
He published several papers in leading journals and participated in the Chicago meeting of the AMS
in 1912. In 1913/14 he was an instructor and 1914/15 an assistant professor at Princeton University.
Grönwall (who changed his name to Gronwall in the US) did research in many different areas of classical analysis, among them harmonic analysis, differential and integral equations, analytic number
theory, and functional analysis. At the same time he was interested in applications. He served as a
mathematical consultant to companies. Grönwall made important contributions to physical chemistry
and, as a result, became an associate in the Department of Physics at Columbia University.
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Singular Inner Functions (by Sheldon Axler)
An inner function is a bounded analytic function ϕ on the open unit disk D of the complex plane such
that
lim | ϕ(rz)| = 1
r ↑1

for almost every z ∈ ∂D (where the measure on ∂D is the usual Lebesgue arc length measure). For
example, suppose α ∈ D and
z−α
ϕ(z) =
.
1 − αz
If |z| = 1, then

| ϕ(z)| =

z−α
z−α
=
zz − αz
z−α

1
= 1.
|z|

The Maximum Modulus Theorem now implies that | ϕ| is bounded by 1 on D. The equation above
then implies that ϕ is an inner function.
Simple examples of inner functions are Blaschke products (see Complex Beauties March 2012
for finite, and July of this issue for infinite Blaschke products). As another example, for z , 1 let
z +1

ϕ ( z ) = e z −1 .
Note that

z+1
2 Im z
z+1 z−1
| z |2 − 1
−
i.
=
·
=
2
z−1
z−1 z−1
| z − 1|
| z − 1|2

1
z +1
Thus Re zz+
−1 < 0 if | z | < 1 and Re z−1 = 0 if z ∈ ∂D \ {1}, which implies that | ϕ (z )| < 1 if | z | < 1 and
| ϕ(z)| = 1 if z ∈ ∂D \ {1}. Hence ϕ is an inner function, called the atomic singular inner function
(see June 2014).
More generally, suppose µ is a positive measure on ∂D that is singular with respect to the usual
Lebesgue arc length measure. For z ∈ D let

ϕ(z) = exp

Z
∂D

z+w
dµ(w).
z−w

Functions of this form are called singular inner functions. Such functions are indeed inner functions,
and every inner function that has no zeros in D is of this form. As a special case, if µ is the point
mass measure that assigns measure 1 to the point 1 ∈ ∂D, then we obtain the atomic singular inner
function defined above. This month’s phase portrait depicts (an approximation of) a singular inner
function with nonatomic measure µ supported on a Cantor set (which is a closed uncountable subset
of ∂D that has measure 0).

Donald Sarason (1933 – 2017)
was born in Detroit. Sarason received his PhD from the University of Michigan in 1963 as a student
of Paul Halmos (see August). After a postdoc at the Institute for Advanced Study, Sarason spent the
rest of his career at the University of California, Berkeley, retiring in 2012. Sarason’s work provides
deep connections between operator theory and complex function theory, usually involving inner functions. For example, Sarason’s paper listed below, which has been cited by more than one thousand
publications, develops a connection between the atomic singular inner function discussed above and
the Volterra operator V on L2 ([0, 1]) defined by

(V f )( x ) =

Z x
0

f (t) dt

for f ∈ L2 ([0, 1]) and x ∈ [0, 1]. Sarason uses this connection to characterize the operators on
L2 ([0, 1]) that commute with the Volterra operator V.
Donald Sarason: Generalized interpolation in H ∞ , Trans. Amer. Math. Soc. 127 (1967), 179–203.
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The Corona Theorem
Let f 1 , f 2 , . . . , f n denote bounded analytic functions on the unit disk D and suppose that there exists
δ > 0 such that
| f 1 | + | f 2 | + · · · + | f n | ≥ δ on D.
Is it the case that there exist bounded analytic functions g1 , g2 , . . . , gn such that
f 1 g1 + f 2 g2 + · · · + f n gn = 1 on D?
Lennart Carleson answered this difficult question affirmatively in 1962, developing important new
tools in this area along the way. Carleson’s theorem is called the corona theorem for the following
reason: The open unit disk D can be identified with a subset of a certain compact set (the maximal
ideal space of the algebra of bounded analytic functions) and, initially, it was not clear if D was
surrounded by a sort of corona. The corona theorem shows that, in fact, there is no corona; in
technical terms, D is dense in this maximal ideal space.
If n = 1, basic facts about analytic functions can be used to answer this question. If f 1 , . . . , f n are
continuous on the closed unit disk, the answer also follows from basic theory in functional analysis.
However, as we see from this month’s picture, the behavior of analytic functions can be complicated.
Let ( an ) be a sequence of complex numbers in the unit disk and let
ϕ j (z) =

z − aj
1 − aj z

denote the Möbius transformation corresponding to a j . In this calendar’s June entry, we have seen
that these functions map D to itself. If ∑(1 − | a j |) < ∞ the product
of certain rotations of Möbius transformations
∞

B(z) =

−aj z − aj

∏ |aj | 1 − aj z
j =1

converges and defines an infinite Blaschke product. A Blaschke
product that is discontinuous at precisely one point on the unit circle appears on the right. This month’s picture depicts an (approximation of an) infinite Blaschke product discontinuous at every
point of the unit circle. Such functions illustrate the challenges
one faces in proving the corona theorem. In 1979, Thomas Wolff
gave a simplified proof of the theorem. In an article dedicated
to Wolff, Don Sarason wrote, “Word of his work on the corona problem spread quickly and made him
famous.”

Thomas H. Wolff (1954 – 2000)
was a native of New York. As an undergraduate at Harvard, he played poker with fellow student
Bill Gates. He received his Ph.D. in 1979 at Berkeley, where his advisor was Don Sarason (see
June). He was professor of mathematics at Caltech for most of his career, though he was professor
of mathematics at New York University Courant from 1986 to 1988 and at Berkeley from 1992 to
1995. He made important contributions to many fields, the earliest of which was the field of function
algebras including the new proof of the corona theorem described above. He also made major
advances in Fourier analysis, partial differential equations, potential theory, and complex analysis. In
1985, he received the Salem prize, awarded to a young mathematician who has done outstanding
work in the field of analysis. In 1999, he received the Bôcher prize, a prize for a notable paper in
analysis. On July 31, 2000, Wolff was killed in an automobile accident, at the age of forty-six. As
Peter Jones writes, “Time after time, Tom Wolff would pick a central problem in an area and solve it.
After a few more results, the field would be changed forever. Tom would move on to an entirely new
domain of research, and the rest of the analysts would spend years trying to catch up.”
L. Carleson, S.-Y. A. Chang, P. W. Jones, M. Keel, P. D. Lax, N. Makarov, D. Sarason, W. Schlag, and B. Simon, Thomas H. Wolff, Notices of the AMS, 2001 48 (5), pp. 485–490.
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Functions with Prescribed Boundary Values
Using the Cauchy integral formula, it is possible to reconstruct a holomorphic function on the unit disk
D from its boundary values – however, the boundary values cannot be arbitrary: Using the Schwarz
integral formula (August 2014) a function holomorphic in D is determined up to an imaginary additive
constant by the real part Re f of its boundary function. Similarly, it is possible to determine the
function from the imaginary part of the boundary function.
The corresponding question for the argument arg f or the phase f /k f k = ψ on the boundary of
the unit disk ∂D is more difficult. For example, for continuous ψ : ∂D → ∂D the argument principle
limits the solution: Because the winding number of ψ, wind ψ, agrees with the number of zeros of f
in D, a solution can only exist for wind ψ ≥ 0. If wind ψ = 0, there is a solution and it is determined
up to a positive constant factor (and it lies in every Hardy space H p for 1 ≤ p < ∞). If the winding
number n is positive, there even exist solutions with n arbitrarily assigned zeros.
To investigate boundary value problems in which the phase function is discontinuous, more subtle
techniques are needed and the investigation of mapping properties of special operators plays a
central role. Paul Halmos was one of the pioneers of these new techniques, combining methods
from function theory, functional analysis, and operator theory. These techniques offered new insights
into these and related issues and, to this day, contribute to the development of a rich and deep theory.
This month’s phase portrait shows a holomorphic function on the unit disk of the form
n

f (z) = c

∏

k =1



ak − z
ak + z

sk
,

| ak | = 1, sk ∈ R.

The points ± ak divide the unit circle into arcs on which the phase of f is constant, with jumps of
±sk π at ± ak . To emphasize this boundary behavior, the function is kept constant along radial rays
emanating from the circle.

Paul Halmos (1916 – 2006)
spent his early life in Budapest. His mother died when he was six months old and his father, recognizing the danger of remaining in Hungary, left for the United States in 1924. According to Halmos,
he joined his father in Chicago in 1929. Halmos was a student at the University of Illinois at UrbanaChampaign. He obtained his Ph.D. in mathematics under the direction of Joseph Doob. Halmos
became von Neumann’s assistant at the Institute for Advanced Study. They coauthored a paper and
von Neumann’s lectures inspired Halmos’s first book, Finite Dimensional Vector Spaces. Halmos
then taught at Syracuse, the University of Chicago, and the University of Michigan. In 1968 he became Chair of the department at the University of Hawaii for one year and then moved to Indiana
University, where he remained before moving to Santa Clara University in 1985.
Halmos was well known for his contributions to operator theory, ergodic theory, and functional
analysis. As John B. Conway says, “[T]he thing that has always struck me about his work is the
extraordinary number of topics and problems that are dominant themes in the current research. . . and
have their origin in his work.” Halmos was also famous for his exceptional exposition and teaching.
In addition to Finite Dimensional Vector Spaces, he wrote Measure Theory, Naive Set Theory, and
A Hilbert Space Problem Book, among others. He received many prizes for exposition and teaching:
the Steele Prize, MAA’s Distinguished Teaching Award, the Chauvenet prize, the Pólya prize, and
the Lester R. Ford Award for outstanding papers in The Monthly (twice).
With his wife, Halmos contributed nearly $4,000,000 to rebuild the Carriage House Conference
Center in Washington, D.C., as well as to fund MAA’s programs at the Carriage Center. The MAA created the Paul R. Halmos-Lester R. Ford Awards to recognize expository excellence in The Monthly.
Ewing, J. and Gehring, F. W. eds. Paul Halmos, Celebrating 50 years of mathematics. Springer Science & Business Media, 2012. p. 155
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The Luzin-Privalov Uniqueness Theorem
The fundamental difference between real and complex differentiability becomes evident when we
consider uniqueness results. As an example consider the function
(
y
x2 sin(1/x ) if x , 0
f (x) =
,
0
if x = 0
which is differentiable on all of R. This function has a sequence of
zeros converging to the origin (red points); but in every neighborhood
x
of the origin, the function is different from zero. In contrast, if f is a
complex differentiable function (holomorphic) in a region G and has a
sequence of zeros that converges to a point z in G (green points), then
f must be identically zero on G. For the validity of this statement it
is essential that the points zn and z are in the interior of the region G
– corresponding results about (suitably defined) boundary values of a
holomorphic function are more difficult to establish.
z
G
For simplicity, we consider a function f that is holomorphic in the
zn
unit disk D. The radial limit of f at a boundary point t ∈ ∂D is w if f (z)
approaches w as z approaches t along the radius of the unit circle. We
say that f has a nontangential limit w at t, if f (z) approaches w as z
approaches t (in any way) inside any sector with vertex at t and central
angle less than π, inside D.
t
t
A deep result by Luzin and Privalov says: If a function f is holomorz
z
phic on the disk D and the nontangential limits of f exist and are zero
on a subset of ∂D of positive measure, then f ≡ 0 on D. However,
this statement does not hold if we replace nontangential limit by radial
limit. This was also shown by Luzin and Privalov in 1925, when they
presented an example of a non-vanishing holomorphic function on D
with radial limits equal to zero almost everywhere on ∂D.
The holomorphic function f shown in this month’s picture has (nontangential) limits with constant
modulus on subarcs of the unit circle. The modulus r ( ϕ) = | f (eiϕ )| increases monotonically on
[0, 2π ) from 10−80 to 1. For ϕ small, r ( ϕ) is indeed very small. However, if it were zero on an
arbitrary small interval [0, ε), then f would have to vanish.

Nikolai Nikolajewitsch Luzin (1883 – 1950)
was born in Irkutsk and attended the gymnasium in Tomsk. Due to poor mathematical instruction,
based on rote memorization, he did rather poorly. His father hired a tutor who managed to convey
the beauty of mathematics and to spur enthusiasm for it. So, Luzin enrolled to study mathematics
in Moscow, where D. F. Egorov became his mentor. Luzin spent 1905 and 1906 in Paris, where
he attended lectures by E. Borel and, from 1910 to 1914, in Göttingen, where he was guided by
E. Landau. In 1915, he submitted his Kandidatskaya dissertatsiya entitled The integral and trigonometric series. It was so impressive that it was accepted as Doktorskaja, which is a higher degree,
corresponding to a habilitation in the European system. In 1917, Luzin was appointed professor
in Moscow. He attracted a group of students, among them future eminent mathematicians including P. S. Aleksandrov, A. N. Kolmogorov, A. Ya. Khinchin, M. A. Lavrent’ev, L. G. Shnirelman, and
P. S. Urysohn.
In the beginning, Luzin studied (descriptive) set theory and applications in classical analysis
(Fourier series, analytic functions). Luzin’s theorem states that every measurable function may be
turned into a continuous function by changes on a set of arbitrarily small measure. Later, his interest
extended to differential equations, numerical analysis, and control theory.
In 1929, Luzin became a member of the Academy of Sciences of the USSR. In 1936, a campaign
was launched against him in the newspaper Pravda, he was called an “enemy in a Soviet mask.” He
was interrogated and the “affair Luzin” was used by his students to emancipate themselves from his
influence. Likely due to his fame abroad, he got off lightly. He did lose his university position, but kept
membership in the academy. In 2012, he was rehabilitated by the Russian Academy of Sciences.

C. Sadosky
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Functions of Bounded Mean Oscillation
The Lebesgue spaces L p for 1 ≤ p ≤ ∞ play an essential role in analysis, but many important
results hold only for 1 < p < ∞. The problem is that, in some sense, L1 is too big and L∞ is
too small. The search for a replacement led to the study of the Hardy space H 1 and the space of
functions of bounded mean oscillation BMO(Rn ) (or simply BMO). The space BMO(Rn ) is the set
of locally integrable functions defined
on Rn for which the mean oscillation is finite; that is, if Q is a
R
1
n
hypercube in R and f Q = |Q| Q f ( x ) dx is the mean of f over Q, then f ∈ BMO(Rn ) if


k f kBMO = sup
Q

1
| Q|



Z
Q

| f ( x ) − f Q |dx

< ∞.

In the BMO norm, k f kBMO = 0 if f is constant. Thus, an element in BMO(Rn ) is actually an
equivalence class. In 1971, C. Fefferman proved that BMO(Rn ) is the dual space of the real Hardy
space H 1 .
It is not difficult to see that L∞ (Rn ) ⊂ BMO(Rn ). The function log | x | ∈ BMO(Rn ) \ L∞ (Rn )
shows that the containment is strict.
R It is possible to define a complex version of BMO: Let I be an
arc on the unit circle T and | I | = I dθ/2π. Then f ∈ BMO(T) if
Z
1
dθ
k f kBMO = sup
| f − fI|
< ∞,
|
I
|
2π
I
I
where f I is the mean of f over I. In fact, using the map z =
i (1 − w)/(1 + w) on the unit circle, BMO(R) and BMO(T) can
be transformed into each other.
In the complex setting, log z is not a function; instead it is
often referred to as a multi-valued function. When we use it, we
often choose a branch to study (see inset). This month’s picture
uses unimodular constants ak and bk and the principal branch
−z
of the logarithm to create the BMO function f (z) = ∏nk=1 log bak −
.
k z
Inside the unit disk, f is the product of several conformal maps of D onto an infinite strip (but normalized differently).

Cora Sadosky (1940 - 2010)
was born in Buenos Aires, Argentina. Both her mother and father worked at the University of Buenos
Aires; her mother was professor of mathematics and her father founded the Computer Science Center. Cora Sadosky studied at the University of Chicago under Alberto Calderón and received her
Ph.D. in 1965. She returned to Argentina to accept an assistant professorship at the University of
Buenos Aires. However, it was a time of political unrest and she, along with about 400 other faculty
members, resigned in protest after a police assault on the School of Sciences. In the aftermath,
Sadosky left Argentina again and held positions in Venezuela and the Institute for Advanced Study
in Princeton before obtaining a position as associate professor at Howard University in Washington,
D.C. Sadosky worked in harmonic analysis and operator theory, with frequent collaborations with
Mischa Cotlar (her mother’s advisor). In all, she authored or co-authored over 60 publications, 8 of
which considered BMO, as well as a textbook.
As noted in the article Remembering Cora Sadosky, “Sadosky fought many battles and in many
fronts. She had tremendous convictions against many injustices, gender inequality, and discrimination. . . . She chose to fight many of her battles from within the mathematical community, sometimes
even risking her own mathematical career.” She was an advocate for women and African Americans
in mathematics, serving as the President of the Association for Women in Mathematics from 1993 to
1995. She was Fellow of the American Association for the Advancement of Science, served twice on
the Council of the American Mathematical Society, and was a member of the Human Rights Advisory
Committee of the Mathematical Sciences Research Institute (MSRI).
https://www.agnesscott.edu/lriddle/women/corasadosky.htm. Remembering Cora Sadosky, https://doi.org/10.1007/978-3-319-30961-3_3.
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The Fejér Kernel
In May of this calendar, we learned about the Fejér-Jackson-Grönwall inequality, which Fejér conjectured in 1910. This month, we learn more about Fejér’s work.
One way to express the Fourier series of a function f is
∞

∑

n=−∞

1
fˆ(n)einx , where fˆ(n) =
2π

Z π
−π

f ( x )e−inx dx.

This representation is useful in many situations, such as waves propagating on a string or heat
diffusion on a metal ring.
Fejér’s theorem states that if we have a continuous periodic function f with period 2π, then the
sequence of functions (σn ) converges uniformly to f , where σn is the mean of the partial sums
s0 , . . . , sn−1 of the Fourier series of f . Fejér also showed that
1 n −1
1
σn ( x ) = ∑ sk ( x ) =
n k =0
2π

Z π
−π

f ( x − t) Fn (t)dt,

1
where Fn ( x ) =
n



sin nx
2
sin 2x

2

is called the Fejér kernel. One consequence of Fejér’s result is the Weierstrass approximation theorem: Every continuous function on a closed and bounded interval can be uniformly approximated by
polynomials. Replacing x by the complex variable z, we obtain the complexification of Fejér’s kernel.
The figures below show the phase portraits for n = 1, 3, and 5. This month’s cover picture shows F5
once more, except on a bigger domain (|Re z|, |Im z| < 7).

Lipót Fejér (1880 – 1959)
was born as Lipót Weiss in Pécs, Hungary, to Viktória Goldberger and Samuel Weiss. His family
was Jewish and Fejér changed his name (Weiss means white in German and the Hungarian word
for white is fehér) around 1900 to make himself more Hungarian. Fejér studied at the Polytechnic
University of Budapest except for one year of study at the University of Berlin. It was in Berlin that
Hermann Amandus Schwarz’s influence led Fejér to consider the convergence of Fourier series,
proving “Fejér’s theorem”. His dissertation also contained several important corollaries of this theorem. After spending the winter of 1902-3 in Göttingen, Fejér returned to Hungary and taught at the
University of Budapest from 1903 to 1905. From 1905 – 1911 Fejér taught at Kolozsvár and in 1911
he was appointed chair of mathematics at the University of Budapest. Fejér worked in harmonic
analysis with much of his work concentrating on Fourier series.
Because Fejér was Jewish, he was forced to retire in 1944. Fejér was marched to the bank of
the Danube, where many Jews were shot, but was saved by an officer. He died in 1959. Fejér was
elected to the Göttingen Academy of Sciences, the Bavarian Academy of Sciences, and the Polish
Academy of Sciences. He was the thesis advisor of John von Neumann, Paul Erdős, George Pólya,
Marcel Riesz, Gábor Szegő and Pál Turán. In 1948 he won the Kossuth prize, a Hungarian award
acknowledging outstanding achievements in the fields of science, culture, and the arts.
In his obituary in the Journal of the London Mathematical Society, Pólya wrote: “Why did Hungary
produce so many mathematicians of our time? Many people have asked this question which, I think,
nobody can fully answer. There were, however, two factors whose influence on Hungarian mathematics is manifest and undeniable, and one of these was Leopold Fejér, his work, his personality.”

C. L. Siegel
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Siegel Disks
We have considered iterates of complex functions in this calendar several times (July 2012, February 2014, February 2016, December 2018). If a rational function f (of degree greater than 1) is
applied repeatedly to a point z in the complex plane (or the Riemann sphere), generating a sequence z, f (z), f 2 (z) = f ( f (z)), . . ., then there are two possibilities that can occur and these depend
on the initial value z:
(1) For points sufficiently close to z and any natural number n, an n-fold application of f yields a
point that is close to f n (z) = f ( f (· · · f (z))). These points, z, form the Fatou set, F, of f .
(2) An arbitrarily small change of the initial value leads to a completely different sequence of
iterates. These points, z, form the Julia set, J, of f .
It is often quite difficult to determine whether a point z0 belongs to the Fatou set or the Julia set.
There are simple criteria in case z0 is a fixed point, that is f (z0 ) = z0 . In this case we consider
the derivative λ = f 0 (z0 ). If |λ| < 1, then z0 is attractive and for any initial point z close to z0 , the
sequence ( f n (z)) converges to z0 . Thus z0 is in the Fatou set. In case |λ| > 1, the point z0 is
repulsive and it belongs to the Julia set.
The decision is more difficult if the fixed point is indifferent, that is |λ| = 1. In this case, z0 is in
the Fatou set if and only if, in a neighborhood of z0 , Schröder’s equation
ϕ( f (z)) = λϕ(z)
has a holomorphic solution satisfying ϕ(z0 ) = 0 and ϕ0 (z0 ) = 1. In 1942, Siegel was able to
establish the existence of such solutions of the Schröder equation for certain λ. The function ϕ maps
the component of the Fatou set that contains z0 , denoted S, conformally to a disk. The set S is called
Siegel disk; on it the function f acts like a rotation with center z0 and angle arg λ.

√

We consider f (z) = z2 + cz, where c = eπ ( 5 − 1) i . For this function z0 = 0 is an indifferent fixed
point that lies in a Siegel disk. The figure on the left is the phase portrait of f 200 with large values of
the function deleted. The figure on the right shows f 200 (z) − z with the fixed point z0 as a zero. The
corresponding Siegel disk is shaded darker and three “circles” that are invariant under the “rotation”
are shown.

Carl Ludwig Siegel (1896 – 1981)
was born in Berlin, the son of a postal clerk. Beginning in 1915, he studied astronomy, physics, and
mathematics in his hometown. He attended lectures by Frobenius and Planck; the former piqued
his interest in number theory. As a consequence of his resistance to the draft, he was admitted to a
mental institution in 1917. He continued his studies in Göttingen in 1919. His dissertation contained
a sharpening of a theorem by Thue about an approximation of irrational numbers, a result that Siegel
already discovered in his third semester. E. Landau was his advisor. In 1922, Siegel was appointed
professor in Frankfurt.
Despite his distaste for the Nazi regime, Siegel returned to Germany in 1935, after having spent
a year at the Institute for Advanced Study in Princeton. Back in Germany, he also advocated for
Jewish colleagues. In 1937, he was appointed to Göttingen, but in 1940 he immigrated to the United
States, by way of Norway. He worked again at the Institute for Advanced Study, until his return to
Göttingen in 1951. Siegel produced significant work in number theory, theory of the Riemann zeta
function, modular forms, and celestial mechanics.

