Complex Numbers and Colors
This is now the eighth year in the production of the calendar “Complex Beauties” and there are still
new and fascinating pictures of complex functions to be discovered. For each month we provide
an exposition of the mathematical background. Some of the results we discuss are rather deep
and though we try to make them accessible to the general public, in some cases this is quite a
challenge. Thus, sometimes the material requires background knowledge on the part of the reader.
Even without this background, it is still possible to admire the images to get an impression of the
magic of the world of mathematical structures. As always, we include biographical sketches of the
mathematicians whose work has contributed to the understanding of the functions presented in the
relevant month.
We would particularly like to thank this year’s guest author, Albrecht Böttcher. His contribution on
Bergman kernels addresses a research topic of current interest.
The construction of phase portraits is based on the interpretation of complex numbers z as points
in the Gaussian plane. The horizontal coordinate x of the point representing z is called the real part
of z (Re z) and the vertical coordinate y of the point representing z is called the imaginary part of z
(Im z); we write z = x + iy. Alternatively, the point representing z can also be given by its distance
from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument (or “phase”) of the value w = f (z).
More precisely, in the first step the color wheel
is used to assign colors to the complex w-plane:
z
f (z)
points on rays emanating from the origin are assigned the same color (as in the picture on the
f
→
right). Thus, points with the same argument are
assigned the same color. In the second step, every point z in the domain of f is assigned the
same color as the value f (z) in the w-plane.
The phase portrait can be thought of as the fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the modulus), an important class
of functions (“analytic” or, more generally, “meromorphic” functions) can be reconstructed uniquely up
to normalization. Certain modifications of the color coding allow us to see properties of the function

f

→

f

→

more easily. In this calendar we mainly use three different coloring schemes: the phase portrait as
described above and two variations shown in the second row of pictures. The variation on the left
adds the modulus of the function to the representation; the version on the right highlights, in addition,
preservation of angles under the mapping.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert, Visual
Complex Functions – An Introduction with Phase Portraits, Springer Basel 2012. Further information
about the calendar (including previous years) and the book is available at

www.mathcalendar.net,

www.visual.wegert.com.

We thank all our faithful readers and the Verein der Freunde und Förderer der TU Bergakademie
Freiberg e. V. for their valuable support of this project.
c Elias Wegert and Gunter Semmler (TU Bergakademie Freiberg),

Pamela Gorkin and Ulrich Daepp (Bucknell University, Lewisburg)
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A Generating Function for the Fibonacci Sequence
One of the most well-known mathematical sequences is the Fibonacci sequence. In his book Liber
abbaci Fibonacci introduced Arabic numerals and modern arithmetic to Europe. The book contains
many solved problems, among them the rabbit problem:
“A certain man had one pair of rabbits together in a certain enclosed place, and one
wishes to know how many are created from the pair in one year when it is the nature of
them in a single month to bear another pair, and in the second month those born to bear
also.”
Denote the number of rabbit pairs the man has at the beginning of month n by Fn . Of course, we
need not stop after one year and we assume our rabbits live forever. We begin with no rabbits before
month 0. This leads to the Fibonacci sequence, defined recursively by
F0 = 0, F1 = 1, and Fn = Fn−1 + Fn−2 for n ≥ 2.
Much later, Euler tried to find ways to describe sequences using functions. It was Laplace who
coined the term generating function for a sequence, by which we mean a power series that has
the terms of the sequence as its coefficients. Thus, we are looking for a power series f such that
n
f (z) = ∑∞
n=0 Fn z . We allow formal power series and do not insist that the series converges (so f
may not be a function on C).
The generating function for the Fibonacci sequence is
∞

z

∑ Fn zn = 1 − z − z2 .

n =0

It is well known that

√
Fn+1
1+ 5
lim
= c, where c =
,
n→∞ Fn
2
which is also called the golden ratio. Thus we conclude
that the power series above converges inside the disk
|z| < 1/c ∼ 0.61803. This is apparent in the figure on
the right that uses a partial sum of 50 terms. However, the
generating function itself is defined on the whole complex
plane and has a zero at 0 and two poles, one at 1/c and the other at −(1 + 1/c). This month’s phase
portrait depicts this function. Notice that it agrees with the portrait of the power series in the region
where the latter converges. Another example of a generating function appeared in September 2012.

Leonardo Pisano (ca. 1170 – ca. 1250)
was the son of a tradesman from Pisa. As a teenager he spent time with his father in North Africa
where he learned about writing and calculating with Arabic numerals as it was done by the Muslim
traders. Back in Pisa he wrote his influential Liber abbaci (book of calculation), mentioned above.
In this book he introduces himself as “filius Bonacci” (as son of the Bonacci family). Much later this
declaration of his ancestry was shortened to the nickname Fibonacci. He was also the author of
Liber quadratorum (book of squares), a treatise on number theory, and two other texts. Other than
his writings, there is very little known about Leonardo of Pisa. There is evidence that, in later years,
he received an annual salary from Pisa for his meritorious work. But even the portrait that appears
on the other side of this page is likely a piece of fiction: It is somewhat recent and of unknown origin.
The only existing images of Fibonacci are this picture and a 19th century statue that is likely based
on the picture. We do not know whether Fibonacci had a family nor how long he lived.
L. Sigler, Fibonacci’s Liber Abaci. A Translation into Modern English of Leonardo of Pisa’s Book of Calculation. Springer, New York, 2002; p. 404.
K. Devlin, The Man of Numbers, in search of Leonardo Fibonacci, 2010. https://www.maa.org/external_archive/devlin/Fibonacci.pdf
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Sophie Germain’s Identity
To test for divisibility and to solve equations it is often helpful to change sums into products. Among
the simplest of these product representations are the well-known binomial equations
a2 + 2ab + b2 = ( a + b)2 ,

a2 − 2ab + b2 = ( a − b)2 ,

a2 − b2 = ( a − b)( a + b).

At the beginning of the 19th century, Sophie Germain did pioneering work on Fermat’s conjecture. She developed a factorization less obvious than the binomial factorizations, that is nevertheless
easy to verify:


a4 + 4 b4 = ( a2 − 2ab + 2b2 )( a2 + 2ab + 2b2 ) = ( a − b)2 + b2 ( a + b)2 + b2 .
(1)
For example, Germain realized that among the numbers a4 + 4 with a a positive integer, there is only
one prime number. This fact follows immediately from (1), letting b = 1. Among the less obvious
applications of this identity is a proof that the equation
3 a + 4b = 5c
has exactly one solution using positive integers, namely a = b = c = 2.
Germain’s identity is often used to solve problems in advanced mathematics competitions. For
instance, a well-known problem asks for a proof that all expressions of the form a4 + 4a are composite,
if a is an integer and a ≥ 2. Motivated by this problem, this month’s cover picture shows the phase
portrait of the function
f ( z ) = z 4 + 4z
in the region −9 < Re z < 17 and −13 < Im z < 13. In the left half-plane, the modulus of the
exponential function is small and thus the summand z4 dominates f . In a region around the origin
we find four zeros that are produced by the combination of the two summands. In the striped region
the exponential function dominates.

Sophie Germain (1776 – 1831)
grew up in a well-off merchant family in Paris. As a youth she read mathematical works from her
father’s library – against the will of her parents. Because women were barred from attending universities, Germain obtained lecture notes from a student named Leblanc. When this student died in the
French revolution, she adopted his name as a pseudonym. When Professor Joseph-Louis Lagrange
invited his student Leblanc to a conversation, Sophie Germain revealed her identity. Lagrange was
surprised but pleased and afterwards he supported her openly.
In 1804 Germain (under the name Auguste Antoine Le Blanc) started a correspondence with Carl
Friedrich Gauss. He was also impressed when, in 1807, he learned about her real identity. In fact, in
1831 he recommended her for an honorary doctorate from the University of Göttingen. Unfortunately,
Germain died from cancer shortly before receiving the honor.
Germain’s main body of work is dedicated to the proof of Fermat’s conjecture. In 1637, Pierre de
Fermat claimed to have a marvelous proof showing that the equation an + bn = cn for n ≥ 3 does not
have a solution with positive integers a, b, and c. Around 1805 Germain showed the validity of the
conjecture in the case that n is a certain type of prime number (later called Sophie Germain primes).
This result made her a top expert in the field. It wasn’t until 1995 that Andrew Wiles (in collaboration
with Richard Taylor) came up with a full proof of Fermat’s conjecture.
On the occasion of a prize contest of 1809, Sophie Germain began to study vibrations of membranes (Chladni figures). Although her solution contained errors, Germain was awarded the prize of
the Parisian Academy in 1815. Disappointed by the non-recognition accorded to her work by some
mathematicians, she stayed away from the award presentation.
Germain showed vivid interest in philosophy, psychology, and sociology. Ahead of her time, she
tried to introduce systems of facts and laws into the research methodology of these social sciences.
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The Logarithmic Gamma Function
From the 2012 calendar (see August), we know the gamma function generalizes the factorial function.
Its phase portrait is shown in the inset on the left. The gamma function has poles at the non-positive
integers, which is apparent from the Weierstrass product representation of the gamma function
∞ 
1
z  −z/n
= zeγz ∏ 1 +
e
,
Γ(z)
n
n =1

(1)

where γ = 0.57721 . . . denotes the Euler-Mascheroni constant.
Calculating the logarithm of the gamma function needs to be done with care because the logarithm is multivalued (compare May 2011). The equation eζ = w for w = reiϕ , where r > 0, has
solutions ζ n = log r + i( ϕ + 2nπ ) for all integers n. It is common to restrict the solution to the principal value of the logarithm, namely ζ 0 with −π < ϕ ≤ π. If we simply take the principal value of
the logarithm of w = Γ(z), we get the phase portrait shown on this month’s page and in the middle
picture below. This function is discontinuous where Γ takes on negative real values and this happens
at the light blue lines in the phase portrait of Γ. However, it is possible to find a logarithmic gamma
function that is holomorphic in the slit plane (with the slit along the negative real axis). Based on (1),
such a function is given by

∞ 
z
z 
log Γ(z) = − ln z − γz + ∑
− log 1 +
n
n
n =1
and is called the logarithmic gamma function. Its phase portrait appears in the inset on the right.

Jacques Binet discovered two alternate representations for Re z > 0:
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Jacques Philippe Marie Binet (1786 – 1856)
the son of an architect, was born in Rennes. Binet and two of his brothers studied at the École Polytechnique in Paris and all three became mathematicians. He later taught at the École Polytechnique
and at the Collège de France. Together with his friend Cauchy, Binet held royalist sympathy; this cost
him his professorship at the École Polytechnique after the July revolution of 1830.
Binet made important contributions to mathematics, mechanics, and astronomy. He and Cauchy
simultaneously discovered a theorem about determinants that is now named after both of them.
Binet’s formula, which is an explicit expression for the Fibonacci numbers (see January), had already
been discovered by de Moivre and others. He witnessed Foucault’s pendulum experiment and was
the first to give a mathematical explanation for the length of one rotation of the pendulum. In 1843,
Binet was elected to the Académie des Sciences. Shortly after he became president of the Academy
he suffered a sudden and unexpected death.
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Littlewood Polynomials
A polynomial P(z) = an zn + . . . + a1 z + a0 with all coefficients ak equal to +1 or −1 is called a
Littlewood polynomial. An example with all coefficients equal to 1 is
P(z) = zn + . . . + z + 1 =

z n +1 − 1
,
z−1

and its zeros are the (n + 1)th roots of unity, except for 1. These all lie on the unit circle (see the
figure below on the left). We will now give an argument that the zeros of an arbitrary Littlewood
polynomial P are close to the unit circle; in fact, they are in the annulus 1/2 < |z| < 2. So suppose
that z is a zero of P that lies inside the unit circle. Since P(z) = 0 we conclude that
1 = | a0 | = | a1 z + a2 z2 + . . . + a n z n | ≤ | z | + | z |2 + . . . + | z | n = | z |

1 − |z|n
|z|
<
.
1 − |z|
1 − |z|

Thus 1 − |z| < |z| or, equivalently, |z| > 1/2. A similar argument is used if z is outside the unit
circle. This month’s title page shows a Littlewood polynomial of degree 50 with randomly chosen
coefficients. In the 1960s, J. L. Littlewood initiated an investigation of these polynomials. We now
know a lot about them. For example, P. Borwein and J. Erdélyi showed that inside any polygon with
√
vertices on the unit circle there are at most c n zeros, where c is a constant that depends only on
the polygon.
The set of all zeros of Littlewood polynomials is also interesting and not fully understood. The
middle figure below shows the set of all zeros of all Littlewood polynomials of degree eleven. The
figure below on the right shows all zeros of all Littlewood polynomials of degree at most twelve.

John Edensor Littlewood (1885 – 1977)
was born in Rochester (in the southeast of England). He spent a part of his childhood (1892–1900)
in South Africa, where his father taught mathematics. After his return to England, he was able to
improve his mathematics education at St. Paul’s School in London. He then entered Trinity College
in Cambridge and scored best in his age group in the Tripos exams. He began his mathematical
research under the guidance of E.W. Barnes (see July 2017) who gave him the Riemann conjecture
to work on (see this November). Littlewood discovered the connection to the prime number theorem
(which had long been known in continental Europe, showing the isolation of the British mathematicians). Later Littlewood said that it is possible to learn a lot from a problem that is out of reach.
About 1910 his long and fruitful collaboration with G. H. Hardy began (see December 2017). The
two of them dominated British mathematics in the first half of the 20th century. Some mathematicians believed that Littlewood was a pseudonym for Hardy. Other important collaborators were M.
Cartwright (see April 2016), S. Ramanujan (see December 2016 and July 2013) and R. Paley. Littlewood was athletic and remained mathematically active into old age. Throughout his life he battled
depression and it was only from 1957 on that he was able to control it with the help of medication.
He received many honors and awards (among them the Sylvester and the De Morgan medal) and
he was elected to many academies.
P. Borwein and T. Erdélyi, On the zeros of polynomials with restricted coefficients, Illinois J. Math. 41 (1997), no. 4, 667-675.
R. Reyna and St. Damelin, On the structure of the Littlewood polynomials and their zero sets. arXiv:1504.08058 [math.CV]
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Finite Difference Method
Many problems in applied mathematics may be modeled using differential equations. Among these
are the determination of the temperature distribution in a body and the calculation of the velocity of a
moving fluid. The equations contain (ordinary or partial) derivatives of the solution function and they
are often so complicated that they can only be solved approximately using numerical methods.
The theory of finite difference method originates with Courant’s seminal 1925 paper: Über die
Theorie der linearen partiellen Differenzengleichungen (On the theory of the linear partial difference
equations). The main idea consists of calculating the solution functions on a grid of points and replacing the derivatives that would occur in the relevant differential equation with difference quotients.
For example, the derivative f 0 ( x ) may be approximated with forward, backward, or central difference
quotients
f ( x + h) − f ( x )
f ( x ) − f ( x − h)
f ( x + h) − f ( x − h)
f h+ ( x ) =
, f h− ( x ) =
, f h0 ( x ) =
.
h
h
2h
Here h denotes a discretization parameter that determines how fine the grid will be. In this manner
the differential equation is approximated by a “finite difference equation,” which ultimately will be
turned into a system of equations with a finite (but very large) number of unknowns.
Among other things, the various discretizations of the derivative are distinguished by the accuracy
of the approximation. If the approximation error for small h is proportional to a power hk , then the
approximation is termed to be of order k. The difference quotients f h+ and f h− are of order 1 while the
central difference quotient f h0 is of order 2.
This month’s front page shows a phase portrait of the error f h0 − f 0 when the first (complex)
derivative of the function f (z) = cos z is approximated by the central difference using h = 10−7 . The

f h∗ (z) =

1
4h

error f h0 (z) − f 0 (z) ≈ 16 h2 sin z is so small that
it falls within the range of the round off error;
this is the reason for the erratic coloration in
the title page. In contrast, the phase portrait
of the error for h = 10−3 , shown in the inset
(left), appears as one would expect. The figure in the inset (right) shows the error when
approximating f 0 with h = 10−3 using a (complex) difference quotient of order 4,

f (z + h) + i f (z + ih) − f (z − h) − i f (z − ih) .

Richard Courant (1888 – 1972)
was born in Lublinitz (Silesia). In 1906, he began studying physics at the University of Breslau. He
soon changed to mathematics and then went to Zürich. Afterwards, he went to Göttingen, where he
became an assistant of David Hilbert. In 1910 Courant wrote a dissertation on conformal mappings
under the guidance of Hilbert; he earned his habilitation in 1912.
During World War I, Courant worked with Carl Runge, Peter Debye and Paul Scherrer on the
development of a new telegraph system. He then spent two years in Münster before returning to
Göttingen where he was called to succeed Felix Klein and where he later advanced to become the
director of the mathematical institute.
After the Nazi Party came to power, Courant had to leave Germany in the summer of 1933.
After a year in Cambridge, he went to New York University where he was appointed as a professor.
Together with Kurt Friedrichs and Peter Lax he founded a mathematical research institute at New
York University; it was named after him in 1964.
Courant’s textbook Methoden der mathematischen Physik (Methods of mathematical physics)
was published with David Hilbert in 1924 and Was ist Mathematik? (What is mathematics?) was
published with Herbert Robbins in 1941. The two books have become classics.
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Toeplitz and Circulant Matrices
Toeplitz matrices are matrices for which the entries on each diagonal, from (upper) left to (lower)
right, are constant. Particular examples of such matrices are circulant matrices, which are formed
from an n-vector by permuting the entries. Below, on the left, is a Toeplitz matrix; on the right we see
a circulant matrix.




c0
c1
c2
· · · c n −1
c0
c1
c 2 · · · c n −1
 c −1
 c n −1
c0
c1
· · · c n −2 
c0
c 1 · · · c n −2 




 c −2 c −1



c0
· · · c n −3  ,
T=
C =  c n −2 c n −1 c 0 · · · c n −3  .
 .


..
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..
..
.. 
 ..
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.
.
···
.
.
. ···
. 
c 1− n c 2− n c 3− n · · · c 0
c1
c2
c3 · · · c0
The eigenvalues of a matrix M are the values of λ for which we can find a nonzero vector x for which
Mx = λx. For the circulant matrix C, Toeplitz considered the associated polynomial f , defined by
f ( z ) = c 0 + c 1 z + · · · + c n −1 z n −1
and noted that the eigenvalues of C are the values f (ω ) where ω runs through the n-th roots of unity.
To see the eigenvalues, we can picture the characteristic polynomial and look for its zeros (where all
the colors come together) or we can graph the image of the roots of unity under f . One useful way to
solve a problem about Toeplitz matrices is to create a sequence of circulant matrices asymptotically
equivalent to the Toeplitz matrix.
In a similar way, a Toeplitz matrix can be associated
with a function of the form g(z) = c1−n z1−n + . . . + c0 +
. . . + cn−1 zn−1 . For our picture, we consider a circulant
matrix with c2 = 2, c3 = 3 and c99 = 1 and all other
c j = 0. According to Toeplitz’s result, we consider the
polynomial f (z) = 2z2 + 3z3 + z99 . The inset picture
shows the characteristic polynomial of a circulant matrix of size 100 × 100 and the image of the unit circle
under the (adjusted) function g(z) = z−1 + 2z2 + 3z3 .
Since ω 100 = 1 we see that f (ω ) = g(ω ) and the black
curve representing the image of the unit circle under g
aligns with the places where all the zeros of the characteristic polynomial appear.

Otto Toeplitz (1881 – 1940)
was born to a Jewish family in Breslau, Germany (now Wrocław, Poland). He completed his education in Breslau, obtaining a doctorate at the University of Breslau. In 1906 Toeplitz went to Göttingen
where he obtained his Habilitation. Faculty and students at Göttingen included David Hilbert, Felix
Klein, Hermann Minkowski, Max Born, Richard Courant and Ernst Hellinger. While there, Toeplitz
wrote papers on the spectral theory of operators, an area that Hilbert was developing. During this
period Toeplitz discovered what we now refer to as Toeplitz operators. He then moved to the University of Kiel and remained there until 1928, when he moved to the University of Bonn. In 1933,
when Jewish lecturers were dismissed from universities, an exception was made for those who had
positions prior to 1914. For this reason, Toeplitz was able to remain until 1935. However, on the basis of the Nuremberg Laws, Toeplitz was dismissed from his post in 1935. In 1939, he emigrated to
Palestine (now Israel) where he was scientific adviser to the administration of the Hebrew University
of Jerusalem. Less than a year later, he died from tuberculosis.
Toeplitz worked on infinite dimensional spaces and operator theory. Many of his papers dealt
with infinite matrices and the corresponding quadratic forms. He was also interested in the history
of mathematics and mathematics education, publishing two books, The Enjoyment of Mathematics,
with Hans Rademacher, and The Calculus: A Genetic Approach, published posthumously.
Toeplitz, Otto, Zur Theorie der quadratischen und bilinearen Formen von unendlich vielen Veränderlichen. Math. Ann. 70 (1911), no. 3, 351–376.
Bergmann, Birgit. Transcending Tradition: Jewish Mathematicians in German Speaking Academic Culture. Springer Science & Business Media, 2012.
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The Eichler Generating Function
This month we will calculate with the natural numbers. Addition and multiplication are simple, but
division creates problems: For the quotient b/a to be a natural number, b has to be divisible by a.
Surprisingly, this problem is avoided in “modular arithmetic,” in which one
1 2 3 4
only considers the remainders after division by a (prime) number p. We
a b 0
illustrate this for p = 5. The table on the left shows the products a · b of
0 0 0 0 0 0
all remainders a and b “modulo 5.” Each row, except the one in which
1 0 1 2 3 4
a ≡ 0 (mod 5), contains each value exactly once. As a consequence,
2 0 2 4 1 3
the
equation a · x = b for a , 0 has a unique solution. The solution for x
3 0 3 1 4 2
is denoted by b/a. For example, 2/3 ≡ 4 (mod 5) since the table can
4 0 4 3 2 1
be read as 3 · 4 ≡ 2 (mod 5).
Because we only have finitely many remainders modulo p, namely p of them, it is possible to solve
even very complicated equations; one can try all possibilities. For instance, the cubic equation
y2 + y = x 3 − x 2

(1)

has exactly four solutions modulo 5, namely ( x, y) = (0, 0), (0, 4), (1, 0), and (1, 4). Modulo 2019 there
are 2636 solutions and modulo 20183 there are 20334.
It seems inconceivable that there could be a formula for the number of solutions of (1) modulo
p, denoted a p . However, in 1954 Martin Eichler discovered an astonishing way to determine this
number. The key to this discovery is the Eichler generating function whose phase portrait is this
month’s cover picture and has the representation
∞

f (q) = q ∏ (1 − qn )2 (1 − q11n )2 = q − 2q2 − q3 + 2q4 + q5 + 2q6 − 2q7 − 2q9 − 2q10 + q11 − 2q12 + . . .
n =1

Eichler proved that for all primes p we have a p = p − b p , where bn denotes the coefficient of qn in the
n
power series expansion f (q) = ∑∞
n=1 bn q . Indeed, we have a5 = 5 − 1 = 4. We also see from the
above that a7 = 7 − (−2) = 9 and a11 = 11 − 1 = 10.
Yutaka Taniyama and Goro Shimura conjectured that Eichler’s result would extend to all cubic
equations in two variables. In the 1980s the work of Gerhard Frey, Jean-Pierre Serre and Kenneth
Ribet showed that the Taniyama-Shimura conjecture implies Fermat’s conjecture. This connection
was used eventually by Andrew Wiles and Richard Taylor in 1995 in their spectacular proof of Fermat’s conjecture (see February of this calendar).

Martin Eichler (1912 – 1992)
was born in Pinnow (near Anklam, Germany), the son of a clergyman. Due to the lack of suitable
schools in the vicinity of his home, he attended a boarding school in Gütersloh. In 1930 he started
studying physics and mathematics in Königsberg. During a one-year stay in Zürich in which he
was influenced by Andreas Speiser, Eichler’s interests shifted towards mathematics. After his return
to Germany, Eichler studied in Halle (Saale) earning his doctorate in 1935 with a thesis guided
by Heinrich Brandt. Due to disputes with the local Nazi government, he lost his position at the
university. Helmut Hasse helped him get an editorship at the Enzyklopädie der Mathematischen
Wissenschaften and later an assistantship in Göttingen, where Eichler wrote his habilitation in 1938.
During the war, he worked on the development of the V-2 rockets at the army research center in
Peenemünde. He met his future wife when he was relocated to the island Usedom. After World
War II, Eichler returned to Göttingen and spent the years 1947–49 at the Royal Aircraft Establishment
in Farnborough, England. In 1949 he became extraordinary professor in Münster and full professor
in Marburg in 1956. In 1959 he was offered and accepted a professorship in Basel.
Eichler’s work is in number theory of quaternion algebras, quadratic forms, the theory of modular
forms, and the theorem of Riemann-Roch. He had high expectations for himself, which earned him
the respect of his colleagues and students.
R. Taylor: Modular arithmetic: driven by inherent beauty and human curiosity, The Letter of the Institute for Advanced Study, 2012.
E. Frenkel: Love and Math: The Heart of Hidden Reality, Basic Books 2014.
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Critical Points of Polynomials
The critical points of an analytic function f are the zeros of the derivative f 0 . In the phase portrait
on the right we see that critical points z0 are the points where two or
more isochromatic lines of the same color meet or cross. In the first
case we have a multiple zero of f (white points); in the second case
f (z0 ) , 0 and we call z0 a saddle point (black point).
To illustrate this situation, consider the polynomial function
f (z) = (z − a)n (z − b)m
that has two zeros, namely a of multiplicity n and b of multiplicity m.
The figure on the right shows this function with a = 0, b = 1 + i, n = 5,
and m = 3. Using the product rule we get the derivative
f 0 (z) = n(z − a)n−1 (z − b)m + (z − a)n m(z − b)m−1 = (z − a)n−1 (z − b)m−1 (n(z − b) + m(z − a))
and therefore the following critical points:
z = a of multiplicity n − 1 (there are n isochromatic lines of each color that meet in a),
z = b of multiplicity m − 1 (there are m isochromatic lines of each color that meet in b),
ma + nb
z =
a simple critical point on the line segment connecting a and b (there are two
m+n
isochromatic lines of a specific color that cross each other in this point).
Walsh’s two-circle theorem may be thought of as a result about a perturbation of the situation described above. Suppose that the polynomial f of degree m + n has n zeros close to a or, more
precisely, in a closed disk Ka centered at a and of radius r a and m
b K
zeros in a closed disk Kb centered at b and of radius rb . Further, let Kc
b
denote the closed disk centered at c and of radius rc , where
c Kc
ma + nb
mr a + nrb
c=
,
rc =
.
m+n
m+n
Ka
a
(See the figure on the right.) Assuming, for the sake of simplicity, that
the three closed disks are pairwise disjoint, from Walsh’s theorem we have that n − 1 critical points
of f are in Ka , m − 1 critical points of f are in Kb , and one critical point of f lies in Kc . The picture of
the month illustrates Walsh’s theorem for a polynomial of degree 100 with n = 60 and m = 40.

Joseph Leonard Walsh (1895 – 1973)
was born in Washington, DC. He studied at Columbia University, Harvard University, The University
of Chicago, and University of Wisconsin-Madison. He began his doctoral research with Maxime
Bôcher at Harvard, but World War I started and he enlisted. At his return, Bôcher had died and so
Walsh finished his dissertation under the guidance of George Birkhoff in 1920. During one year stays
in Paris (1920/21) and Munich (1925/26) he worked with Paul Montel and Constantin Carathéodory,
respectively. With the exception of these years, he was a professor at Harvard, with his career
there culminating as Chair of the Mathematics Department (1937–42). In 1942–46 he served once
more as Commander in the Marines before returning to Harvard. In 1949/50 he was president of
the American Mathematical Society. After retiring from Harvard in 1966, he took a position at the
University of Maryland where he worked until shortly before his death.
Walsh’s main work was focused on locating zeros and critical points of polynomials and rational
functions, conformal mappings, interpolation, and approximation theory. Today, Walsh functions are
used in signal processing. His passion for mathematical research is indicated in his 279 papers,
seven books, and 31 doctoral students.
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Sierpiński Curves and Julia Sets
We begin with the Sierpiński carpet, which is constructed as follows: Start with a solid square,
[0, 1] × [0, 1]. Divide it into 9 equal subsquares and remove the middle square, [1/3, 2/3] × [1/3, 2/3].
Repeat this process, removing the middle square from each of the eight remaining squares, to obtain
the first inset picture on the left. Continuing in this manner, one obtains the Sierpiński carpet, C . A
Sierpiński curve is a planar set that is homeomorphic to C .

Surprisingly, Sierpiński curves can be obtained in complex dynamics: Given a complex analytic function f : C → C we look at the nth iterate of f , that is, f n = f ◦ f ◦ · · · ◦
f , where the composition is taken n − 1 times. The orbit of a point z
under f is the sequence ( f n (z))∞
n=0 . These iterations decompose the
complex plane into two sets, the Fatou set and the Julia set. The Julia
set consists of all the points for which a small change in the initial value
may change the orbit drastically. (See Complex Beauties July 2012.)
For some rational functions f the Julia set is a Sierpiński curve. We
chose f (z) = z2 − 1/(16z2 ) and its phase portrait is shown on the left.
When |z| is large, this function acts like f˜(z) = z2 and points far from
the origin move quickly away from the origin.
The black region of the inset picture on the left shows the Julia set
of the function f . The illustration on the front page shows the phase
portrait of the fifth iterate, f 5 . For |z| large, this function behaves like z32 ,
which we see in the phase portrait. For smaller |z| the phase portrait is
more elaborate but the Sierpiński curve begins to show up.
Other rational functions give rise to different Sierpiński curves. In particular, the function g(z) = z2 + λ/z, where λ ≈ −0.593 leads to a
Sierpiński triangle or gasket.

Wacław Franciszek Sierpiński (1882 – 1969)
was born in Warsaw. While an undergraduate at the University of Warsaw, Sierpiński won a gold
medal for the best student essay on Voronoy’s contribution to number theory. Though the essay
was accepted for publication, he withdrew the paper because he did not want his first work printed
in Russian. The paper appeared four years later in Polish. He earned his Ph.D. at Jagiellonian
University in Kraków in 1906. From 1908 to 1914 he was appointed at the University of Lwów.
Sierpiński spent the war years in Moscow. When World War I ended, he returned to Lwów before
moving to the University of Warsaw. During the Polish-Soviet War, Sierpiński worked for Poland’s
cryptological agency decoding ciphers.
Sierpiński’s primary work was in set theory, point set topology and number theory. He was prolific,
publishing over 700 papers and 50 books. In 1920 Zygmunt Janiszewski, Stefan Mazurkiewicz and
Sierpiński founded Fundamenta Mathematicae. In 1944 the Nazis burned his home, which resulted
in the destruction of his library and personal letters. Sierpiński received many honors, including ten
honorary degrees, election to vice-President of the Polish Academy, chair of the Polish Mathematical
Society, elections to many prestigious institutions, including the Polish Academy of Learning, the
United States National Academy of Sciences, the Paris Academy, and the German Academy of
Sciences. In 1949, he was awarded Poland’s Scientific Prize of the first degree.
Robert L. Devaney, Cantor and Sierpiński, Julia and Fatou: Complex Topology Meets Complex Dynamics. Notices of the AMS, January 2004, pp. 9–15.
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The Bergman Kernel (by Albrecht Böttcher)
The Bergman space A2 (D) is the
space of all functions f that are analytic in the open unit
R Hilbert
2
2
disk D and for which k f k := D | f (z)| dA(z) < ∞, where dA(z) = dx dy/π is normalized area
measure. A Toeplitz equation in A2 (D) is of the form
Z

T ( a) f (z) :=
a(w)(1 − zw)−2 f (w) dA(w) = g(z), z ∈ D.
D

Here g ∈ A2 (D) and a ∈ L∞ (D) are given and f ∈ A2 (D) is sought. The functions
Kw (z) = (1 − zw)−2 ,

w ∈ D,

are called Bergman kernels. They have the reproducing property: For every f ∈ A2 (D) the scalar
product of f with Kw is equal to the function value f (w). The left picture below shows such a kernel.
Equations with Hardy space Toeplitz operators can be solved via Wiener-Hopf factorization. This
does not work on the Bergman space, and approximation methods are the only way we know to solve
an integral equation in the Bergman space. One such method is analytic element collocation: Look
for an approximate solution f n as a linear combination f n = ∑nj=1 x j Kz j of the “analytic elements” Kz j
and determine the coefficients x j by requiring that

( T ( a) f n )(z j ) = g(z j ),

j = 1, . . . , n,

which is a linear system of n equations for the n unknowns x j . In joint work of Hartmut Wolf and the
author, this method was shown to converge if a is continuous on D, the operator T ( a) is invertible,
and, in the nth step, the points z1 , . . . , zn are taken as the roots of zn − r n for some fixed r ∈ (0, 1).

In the pictures in the middle and on the right we see the sum of 4 and 50 Bergman kernels. The
picture of the month shows a linear combination of seven Bergman kernels.

Stefan Bergman (1895 – 1977)
was born in Czȩstochowa, then Congress Poland and part of the Russian Empire. He received his
Ph.D. from the University of Berlin in 1921 under the supervision of Richard von Mises. In 1922, he
introduced the kernel that was later named after him. In 1933, Bergman was dismissed from his post
at the University of Berlin because he was Jewish. He moved to Russia, then to Paris, and in 1939,
he eventually emigrated to the United States. Bergman taught at Stanford University from 1952 until
his retirement in 1972. He died in Palo Alto, California, aged 82.
Stephen Krantz reports the following anecdote: “Whenever someone proved a new theorem
about the Bergman kernel or the Bergman metric, Bergman made a point of inviting the mathematician to his house for supper. Bergman and his wife were a gracious host and hostess and made their
guest feel welcome. However, after supper the guest had to pay the piper by giving an impromptu
lecture about the importance of the Bergman kernel.”
Steven G. Krantz, Mathematical anecdotes. Math. Intelligencer 12 (1990), no. 4, pp 32–38.
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The Dirichlet η Function
The Dirichlet eta function is defined by the Dirichlet series:
∞

η (s) =

(−1)n−1
1
1
1
= 1− s + s − s +··· .
s
n
2
3
4
n =1

∑

This series converges for all complex numbers s with positive real part. This should be compared
s
to the Riemann zeta function defined by ζ (s) = ∑∞
n=1 (1/n ), which converges for all s with real part
greater than 1. (See November 2011 of Complex Beauties.) The zeta function has a meromorphic
continuation to all of C and a simple pole at s = 1. In fact, the two are connected via the formula
η (s) = (1 − 21−s )ζ (s).

(1)

From this we see that the zeros of the η function include the zeros of the ζ function. Riemann proved
that there are no zeros of the zeta function in the set {s ∈ C : Re (s) > 1} and he showed that the
only zeros in the left half-plane are the negative even integers. Later, Hadamard (1896) and de la
Vallée-Poussin (1896) proved independently that no zero of ζ lies on the line Re (s) = 1. For the
so-called critical strip {s ∈ C : 0 < Re (s) < 1} Riemann showed that the zeros must be located
symmetrically about Re (s) = 1/2. Thus all non-trivial zeros of the Riemann zeta function must be in
the inside of the critical strip. The Riemann hypothesis is a conjecture that says that the zeros of the
Riemann zeta function occur at the negative even integers and complex numbers z for which the real
part is equal to 1/2. Indeed, in the picture of the month, we see zeros of the Dirichlet eta function
lining up along the negative real axis (these are the trivial zeros of ζ) and two vertical lines consisting
of complex numbers with real part equal to 1/2 and 1. Besides the zeros of the zeta function, the
Dirichlet eta function has other zeros where the factor 1 − 21−s in (1) vanishes: This happens at
points s = sn = 1 + 2nπi/ log 2 for every nonzero integer n. Since these additional zeros are not
inside the critical strip, the Riemann zeta and the Dirichlet eta functions have the same zeros in the
critical strip.

Peter Gustav Lejeune Dirichlet (1805 – 1859)
was born in Düren, which was then part of the First French Empire. He attended gymnasium in Bonn
and later in Cologne. Dirichlet went to Paris in 1822, where Fourier and Poisson worked. His first
paper was recognized by Fourier and von Humboldt. In 1827, with Humboldt’s support, he obtained
a position at the University of Breslau, after earning his doctorate (honoris causa) from the University
of Bonn. In 1828, he was promoted to ausserordentlicher Professor (senior lecturer) and later that
year he took a position at the Allgemeine Kriegsschule or General Military School. While at the
school, he also taught at the University of Berlin where, in 1839, he became ordentlicher Professor
or full professor. Dirichlet married Rebecka Mendelssohn, a sister of Felix Mendelssohn-Bartholdy.
Dirichlet moved to Göttingen in 1855 as Gauss’s successor. In 1858, he traveled to Switzerland
to give a memorial speech about Gauss and it was there that he had a heart attack. He died one
year later at the age of 54. Students in Dirichlet’s lectures included Eisenstein, Kronecker, Riemann,
and Dedekind. In 1856/57, he lectured on potential theory and these notes were published in 1876,
but he is perhaps best known for his work in number theory. Dirichlet used the pigeonhole principle
in the proof of a theorem in diophantine approximation, made important progress on Fermat’s last
theorem for the cases n = 5 and n = 14 (compare to the mathematician appearing in February of
this year’s Complex Beauties), studied the first boundary value problem, and his insights are credited
with developing the definition of function that we use today. Dirichlet did not publish frequently; in
fact, Gauss declared, “Gustav Lejeune Dirichlet’s works are jewels, and jewels are not weighed with
a grocer’s scale.”
P. Gorkin and J. Smith, Dirichlet: his life, his principle, and his problem. Math. Mag. 78-4, 2005, pp. 283–296.
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Cantor Bouquet
In previous months of various Complex Beauties, including September of this year’s calendar, we
have considered Julia sets. We now look at a different Julia set, called a Cantor Bouquet: A set
that is homeomorphic to a straight brush. The latter is a subset B of {( x, y) ∈ R2 : x ≥ 0 and
y ∈ T }, where T is some dense subset of the irrational numbers and B satisfies the following three
properties:
Hairiness. For each point ( x, y) ∈ B there exists ty ∈ [0, ∞) such that {t : (t, y) ∈ B} = [ty , ∞). The
point (ty , y) is the endpoint of the hair given by [ty , ∞) × {y}.
Endpoint density. For each ( x, y) ∈ B, there exists a pair of sequences (bn ) and (cn ) in T such that
bn → y from below, cn → y from above, and such that tbn , tcn → x.
Closedness. The set B is a closed subset of R2 .
This rather intrinsic definition leads to a topologically rich set. A Cantor bouquet can be obtained as
the Julia set of the exponential function f λ (z) = λez , where 0 < λ < 1/e.
For this month’s cover page we have chosen the phase portrait of the 22nd iterate of the exponential f λ for λ = 1/e + 1/50 (rotated by 90 degrees, for reasons of aesthetics). In this case, the orbit of
0 tends to ∞ and the Julia set is known to be all of C, but early iterations still show the connection to
the Cantor bouquet.
In the sequence of figures below we see how the phase portrait changes drastically with higher
iterations. From left to right, the number of iterations used are: 17, 20, 23, and 42.

Georg Ferdinand Ludwig Philipp Cantor (1845 – 1918)
was born in St. Petersburg the son of a tradesman and an artistic mother. When he was 11, the
family moved to Frankfurt and Cantor changed to German high schools. He started his studies of
mathematics at the ETH in Zürich, then changed to the Universität Berlin where he wrote a dissertation in number theory under the guidance of Weierstrass and Kummer. He wrote a habilitation in
Halle, where he remained for the rest of his life.
Cantor is the founder of modern set theory. Even today, his influence on mathematics is enormous. But, at the time of his work, he was not always accepted. Some influential mathematicians,
particularly Kronecker, discredited his work. Cantor carried out long periods of intensive mathematical correspondences with Dedekind, H. A. Schwarz, and Mittag-Leffler. He was a founder and the
first president of the Deutsche Mathematiker-Vereinigung. He had six children with his dedicated
wife Vally (née Guttman) and a nice house on Händelstrasse in Halle. However, at an older age he
had bouts of deep depressions and it was difficult for him to keep working. During these periods
he tended to turn to philosophy and religion. He was institutionalized on and off, but in between he
continued work in mathematics. He died at age 73 in a sanatorium, in desperate circumstances,
during the time of the first world war.
R. L. Devaney, Cantor and Sierpinski, Julia and Fatou: Complex Topology Meets Complex Dynamics, Notices of the AMS, 51-1, January 2004.
H. Meschkowski, Georg Cantor, Leben, Werk und Wirkung, Bibliographisches Institut Mannheim/Wien/Zürich, 1983.

