Complex Numbers and Colors
For the seventh year, “Complex Beauties” provides you with a look into the wonderful world of complex functions and the life and work of mathematicians who contributed to our understanding of
this field. As always, we intend to reach a diverse audience: While most explanations require some
mathematical background on the part of the reader, we hope non-mathematicians will find our “phase
portraits” exciting and will catch a glimpse of the richness and beauty of complex functions.
We would particularly like to thank our guest authors: Walter Bergweiler’s (February) contribution
is about complex dynamics and Stefan Güttel has provided March’s description of Padé approximants. This year’s calendar highlights differential equations. For numerical calculations of many
solutions we have used Chebfun, which was started in 2002 by Zachary Battles and Nick Trefethen
at Oxford. Many others have contributed to later versions. See www.chebfun.org.
The construction of the phase portraits is based on the interpretation of complex numbers z as
points in the Gaussian plane. The horizontal coordinate x of the point representing z is called the
real part of z (Re z) and the vertical coordinate y of the point representing z is called the imaginary
part of z (Im z); we write z = x + iy. Alternatively, the point representing z can also be given by its
distance from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument (or “phase”) of the value w = f (z).
More precisely, in the first step the color wheel
is used to assign colors to the complex w-plane:
z
f (z)
points on rays emanating from the origin are assigned the same color (as in the picture on the
f
→
right). Thus, points with the same argument are
assigned the same color. In the second step, every point z in the domain of f is assigned the
same color as the value f (z) in the w-plane.
The phase portrait can be thought of as the fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the modulus), an important class
of functions (“analytic” or, more generally, “meromorphic” functions) can be reconstructed uniquely up
to normalization. Certain modifications of the color coding allow us to see properties of the function

f

→

f

→

more easily. In this calendar we mainly use three different coloring schemes: the phase portrait as
described above and two variations shown in the second row of pictures. The variation on the left
adds the modulus of the function to the representation; the version on the right highlights, in addition,
preservation of angles under the mapping.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert, Visual
Complex Functions – An Introduction with Phase Portraits, Springer Basel 2012. Further information
about the calendar (including previous years) and the book is available at

www.mathcalendar.net,

www.visual.wegert.com.
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Complex Power Functions
As a reader of this calendar you surely know that i2 = −1. Have you ever wondered what ii should
be? In general, powers with complex base z and complex exponent a are defined by
z a = ea log z ,
where log z = ln |z| + i arg z, the complex logarithm. Because the argument of a number is not
unique, z a will take on multiple values. If the argument of i is chosen to be the principal value
arg i = π/2, then we have ii = ei(iπ/2) = e−π/2 . The principal branch of arg z as a function of z
experiences a jump (of size 2π) along the negative real axis. Except when a is an integer, this jump
will transfer to the complex power function z a . The picture on the reverse side of this page shows the
phase portrait of such a function with a = 1 − i (log 256)/(2π ). This special choice of the exponent
leads to a continuous phase function (the jump is therefore invisible) but the modulus changes by a
factor of 256 as the negative real axis is crossed. This is shown in the modified phase portrait below,
where grey values are used to express the modulus.
The two middle pictures visualize the effect of the function w = z a with the help of a chessboard
pattern of the w-plane (third figure) and its pull back into the z-plane (second figure). If one follows the
colored tiles along the edges of a specially chosen square in the z-plane and their images in the wplane, the continuous change of the mapping scale becomes apparent. For a = 1 − i(log 16)/(2π )
the scale changes along each edge of the square by a factor of 2. Thus, after returning to the
starting point we have a change by a factor of 16. We chose a continuous branch of the argument in
a neighborhood of the yellow edge. A grey point shows the location of the origin.

In 1958 M. C. Escher made the lithograph Prentententoonstelling 1 . The lithograph shows a man
looking at the picture of a harbor town in which he sees the gallery in which he stands. Following his
glance around the picture, one experiences the change of scale by a total factor of 44 = 256, just as
with z a – at the end of this glance, we see the same picture. This construction may be interpreted
as the pull-back of an image (from the w-plane to the z-plane) employing the function z a . In order for
the path to close, the original picture needs to be self-similar with the factor of 256 (also called the
“Droste effect”).

Maurits Cornelius Escher (1898 – 1972)
complied with his father’s wish and started to study architecture in Haarlem in 1919 only to soon
change to graphics arts. On his extended travels to Italy and Spain he was particularly fascinated
by the decorative tilings in the Alhambra in Granada. Despite his lack of mathematical education,
Escher read a paper by Pólya on planar symmetry groups and he started using all 17 wallpaper
groups in his drawings and woodcuts. After meeting and befriending Coxeter, a leading geometer,
Escher turned his focus to hyperbolic tilings and he produced a great number of mathematically
interesting drawings and wood cuts. He did mathematical research, using his own special notation.
Stricken with cancer, Escher had to reduce his work hours from 1964 on. His last wood cut was
revealed in 1969 and he died three years later.
B. de Smit and H.W. Lenstra Jr., The Mathematical Structure of Escher’s Print Gallery. AMS Notices 2003, Vol 50, No. 4, pp. 446–451. J.J. O’Connor and E.F. Robertson, M.C. Escher,
MacTutor History of Mathematics, (University of St Andrews, Scotland, May 2000) http://www-history.mcs.st-andrews.ac.uk/Biographies/Escher.html (accessed August 2016).
1

see http://www.mcescher.com/gallery/recognition-success/print-gallery/
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Complex Dynamics (by Walter Bergweiler)
In complex dynamics one studies iterations of rational (or entire) functions. Given such a function f
and a point z0 , the sequence (zn ) defined recursively by zn+1 = f (zn ) is the object of interest. Preliminary investigations in this field were done in the 19th century by Ernst Schröder, Gabriel Kœnigs,
and other mathematicians. It is widely considered that the birth of complex dynamics occurred in
1918-20 with the comprehensive work of Pierre Fatou (Complex Beauties February 2016) and Gaston Julia (Complex Beauties July 2012). Both of these men realized that the complex plane (or the
Riemann sphere, respectively) decomposes into two sets that are nowadays called the Fatou and
the Julia set in honor of the two mathematicians. In the Fatou set the iteration is stable, meaning that
small changes of the initial value z0 have little effect on the sequence (zn ). By contrast, in the Julia
set, a small change of the initial value may change the behavior of the iteration profoundly: there are
“chaotic” effects.
After the pivotal work of Fatou and Julia, contributions by Hubert Cremer, Carl Ludwig Siegel,
Irvine Noel Baker, and others followed, but on the whole there was a moderate amount of research.
This situation changed drastically in the 1980’s when computer graphics related to this theory kindled
the interest of non-mathematicians, and mathematicians like Dennis Sullivan, Adrien Douady and
John Hubbard introduced entirely new methods into the field.
The filled Julia set of a polynomial is the set of initial points z0 for which the sequence (zn ) is
bounded. The Julia set is the boundary of the filled Julia set.

The three pictures are visualizations of the iterates f 100 , f 101 , and f 102 as functions of the initial value
for f (z) = z2 + c with c ≈ 0.122561 + 0.744861i. For this value of c, the point 0 (dark point in the green
region) is a periodic point with period 3: after three applications of the function f the point returns
to its initial value. (For purposes of visualization we have shifted the functions f n by s = 0.3 − 0.5i,
plotting f n + s for n = 100, 101, and 102.)
To honor Adrien Douady, this filled Julia set is called “Douady rabbit.” The picture of the month
shows a (modified) phase portrait of the ninth iteration f 9 of f (z) = z2 + c with c = −0.11 + 0.6557i.
The small bands in the light region show that the function grows rapidly as we move away from the
Julia set.

Adrien Douady (1935 – 2006)
studied at the École normale supérieure in Paris, where he earned his doctorate under the guidance
of Henri Cartan, solving a problem in complex analytic geometry. Later he turned to complex dynamics. In this field he did groundbreaking work, e.g. writing about iterations of quadratic polynomials
and the Mandelbrot set – much of it done with his student Jon Hubbard.
Douady was a member of the legendary author collective Bourbaki that, in 1934, set the goal
of reorganizing the complete existing body of mathematical knowledge and presenting it in full rigor.
Besides being a brilliant mathematician, Douady was also a colorful and humorous character about
whom many anecdotes have been shared.
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Padé Approximation (by Stefan Güttel)
The classical Padé approximant is a rational function whose series expansion coincides with the
series expansion of the original function for as many terms as possible. More precisely, the Padé
approximant of degree [m, n] of the function f is the rational function rm,n (z) = pm (z)/qn (z), where
( j)

pm and qn are polynomials of degree m and n, respectively, for which the derivatives f ( j) (0) = rm,n (0)
for as many consecutive integers j = 0, 1, . . . as possible. Given the existence of the derivatives of f
at zero, such a function rm,n does indeed exist and is unique.
The usual way to calculate rm,n numerically uses a linearization pm (z) = f (z)qn (z) + O(zm+n+1 ),
which leads to a system of linear equations. In practice, one is often confronted with ill-conditioning
of this system of equations that results in large calculation errors. In addition, Padé approximants
may produce undesirable pairs of zeroes and poles even when exact arithmetic is used. Such pairs,
called Froissart pairs, contribute little to the accuracy of the approximation and are often problematic
when rm,n (z) is evaluated.
We illustrate these difficulties using the Padé approximant of f (z) = tan(z3 ). In the picture below
on the left we show all zeroes and poles of the Padé approximant r100,100 (blue points and red circles,
respectively) that were calculated with the standard method. √
There are many unwanted pairs of
3
zeroes and poles; in particular there are many in the disk |z| < π/2 (shaded grey) in which f itself
only has the zero z = 0. A better Padé approximant may be obtained using regularization in which
the degrees of the numerator and the denominator are reduced depending on the level of the error.
The method is based on a singular value decomposition (SVD) of a Toeplitz matrix and its result is
shown in the middle picture. Using a stopping rule for the SVD with tolerance level tol = 10−14 , the
degree [21, 24] was sufficient. Just as for the function f , the zeroes and poles of the regularized Padé
approximant r21,24 are on the rays emanating from zero and passing through the sixth roots of unity.
The phase portrait of r21,24 can be seen in this month’s main picture.
In 1892, Padé showed that the approximants rm,n = rµ,ν occur in quadratic blocks, if they are
arranged in an m-n table. The only possible exception is an infinite block on the left border which
corresponds to rm,n = 0. A numerical version of the Padé table is shown in the figure below on the
right. Entries with the same color correspond to identical Padé approximants and the [21, 24] entry
is marked with a white ×. The diagonal borders are due to the automatic reduction of the degree by
the method based on the SVD.
zeroes- and poles of r21,24

numerical Padé table
degree n of denominator

zeroes- and poles of r100,100

degree m of numerator

Henri Eugène Padé (1863 – 1953)
was born in Abbeville. Beginning in 1883 he studied at the École normale supérieure in Paris, where
he passed his teacher certification examination in 1886. He earned his Ph.D. in 1892 under the
guidance of Charles Hermite at the Sorbonne. His dissertation included the result about the block
structure of the Padé table mentioned above. Starting in 1893 he taught in Lille and from 1897 on he
was Maı̂tre de conférences at the local university, succeeding Émile Borel. In 1902 he was appointed
Professor for Mechanics in Poitiers and in 1903 in Bordeaux. In 1906 he received the grand prize of
the French Academy for his work on rational approximations.
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Quasi-Conformal Maps
A map f defined on a subset of the complex z-plane to the complex w-plane is said to be conformal
at a point z0 if it preserves (signed) angles between smooth curves through the point z0 . Thinking of
the angle between two curves as the angle between their tangent vectors at the point of intersection,
these maps preserve both the magnitude and the orientation of the angle. An analytic function
preserves angles at points that are not critical points, that is, where f 0 (z) , 0: for example, the
analytic function f (z) = z2 preserves angles everywhere except at z = 0, where it doubles angles.
Quasi-conformal maps are “almost conformal”: while they may not preserve angles, the “distortion”
is uniformly bounded throughout the domain on which the map is defined. Somewhat more precisely,
a quasi-conformal map f is a homeomorphism (satisfying a certain differentiability condition) under
which the ratio of the maximum to minimum stretch of infinitesimal circles centered at z0 is bounded
for all z0 in the domain of interest.
This month’s picture visualizes a map made by “combining” an analytic map with an “anti-analytic”
map (the conjugate of an analytic map). The analytic function dominates the function inside the unit
circle, while the anti-analytic function dominates in the region outside. The common boundary of
the two regions appears in the inset picture on the left as a white line. Inside this line the picture is
orientation preserving; outside, the orientation is reversed.
z

w

z

w

If we restrict the function to a region inside the black curve, we have a quasi-conformal mapping
onto the region in the second inset picture from the left, with the standard coloring. If this were
a conformal mapping, the small “tiles” on the left would need to be “approximately” squares. The
distortion appears most clearly near the boundary. The two pictures on the right show the behavior
of the function f in a small neighborhood of the zero.
Quasi-conformal maps were first studied by Grötzsch in 1928. Ahlfors and Teichmüller realized
the importance of these maps and Ahlfors first used the term quasi-conformal in 1935.

Camillo Herbert Grötzsch (1902 – 1993)
grew up in Döbeln (Saxony). His father was also a mathematician. Grötzsch studied mathematics in
Jena and followed Paul Koebe to Leipzig, where he finished his doctorate in 1929. He completed his
habilitation in Giessen, and remained there as a Privatdozent, but at the instigation of the Nazi Party
of Hesse, was dismissed in 1935. After that, Grötzsch worked for a book publisher until 1939, when
he was drafted into the military. Grötzsch then worked at the Institute of Aerodynamics in Göttingen.
After some years in Marburg, in 1948 he secured a position at the University of Halle, where he was
appointed professor in 1965.
Until 1935, Grötzsch worked in geometric function theory (confomal and quasi-conformal maps,
extremal problems, Grötzsch’s inequality). During and after the war, he devoted himself primarily to
graph theory. Because Grötzsch was isolated and had little contact with mathematical colleagues,
his work did not have much impact and, as Ahlfors wrote: “Grötzsch did not get the recognition he
deserved.”
Reiner Kühnau, Herbert Grötzsch zum Gedächtnis, Jahresbericht der DMV, 99, 122–145 (1997).
Lars V. Ahlfors, Extremalprobleme der Funktionentheorie, Ann. Acad. Sci. Fenn., Ser. A 249 (1958).
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Lothar Collatz’s 3n + 1 Problem
Start with an arbitrary positive integer n, and divide it by 2 if it is even or replace it with 3n + 1 if it is
odd. Repeat this process. What kind of sequence of positive integers do you get? Let us try with
n = 11:
11, 34, 17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1, . . . .
Once we reach 1, the sequence will just repeat 4, 2, 1, ad infinitum.
In 1937, Collatz posed the question of whether the sequence would always eventually reach 1
for any initial value n. Computer calculations have shown that while it may take a long time to reach
1, all sequence with an initial value of n ≤ 5.7 · 1018 will do so. Despite intense efforts (and many
announcements of “proofs”) the problem is still open today. As a consequence of its difficulty, the
Collatz problem has lead to advances in many fields including number theory, dynamical systems,
graph theory, stochastic models, ergodic theory, logic, the theory of algorithms, computer science,
and scientific calculations.
More formally, the 3n + 1 problem asks about the long-term behavior of the recursively defined
sequence ( xk ), where x0 = n, xk+1 = f ( xk ), and

x/2 if x is even
f (x) =
3x + 1 if x is odd.
There are many possible ways to extend the function f
to real numbers x; one of the simplest ways is

1
f (x) =
2 + 7x − (2 + 5x ) cos(πx ) .
4
The graph of this function (in blue) with the values at integers (in black) is shown above.
Because the function f is also well-defined for complex numbers, the Collatz problem can be
approached using methods of dynamical systems (see the February contribution). The figure below
shows the phase portrait of the fourth iterate of our function f in a region around the real axis. The
title page of the month shows a close up of the central part of this phase portrait.

Lothar Collatz (1910 – 1990)
studied at universities in Berlin, Munich, Greifswald, and Göttingen. In 1933 he got his diploma in
mathematics and physics, working under von Mises and Schrödinger. Two years later he earned
his Ph.D. with a thesis in numerical analysis. His advisors were Alfred Klose and Erhard Schmidt,
because von Mises was forced to leave Germany due to the rise of the nazi regime.
Collatz completed his habilitation at the Karlsruhe Institute of Technology and remained there,
working as a lecturer. In 1943 he was appointed professor at the Technical University of Hannover
and in 1952 he changed to the University of Hamburg where he held a professorship of applied
mathematics.
Being one of the most prolific applied mathematicians, Collatz contributed to the theory and application of differential and integral equations, functional analysis, eigenvalue problems, splines, theory
of bifurcation, and graph theory. His popular books on numerical analysis became the standard of
the field and were translated into several languages. As a result of his high international reputation
he was bestowed with seven honorary doctorates and was made honorary member of six academies
and scientific societies.
Collatz died of a heart attack in 1990 in the Bulgarian port town of Varna while attending a
conference. In his honor, the Collatz Prize is awarded every four years.
The Collatz Fractal http://yozh.org/2012/01/12/the_collatz_fractal (accessed August 2016)
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Weierstrass Sigma Function
The periodic nature of a real-valued function is apparent in that a sideways shift of the graph by the
length of the period produces the same graph. A well-known example is the real cosine function
f ( x ) = cos x of period 2π (see the top figure below).
For functions defined in the complex plane, we can consider shifts in various directions. However,
it can be shown that all periods of a non-constant, meromorphic function f are generated by at most
two complex periods ω1 and ω2 with ω1 /ω2 < R such that
f (z + ω1 ) = f (z) and f (z + ω2 ) = f (z).
All periods of such an elliptic function form a lattice Ω := {nω1 + mω2 : n, m ∈ Z}, shown in the
second figure below with blue dots. The Weierstrass sigma function corresponding to the lattice Ω
is formed using an infinite product,
2π
y
y = cos x
z + z2 
z
ω
2
.
σ(z) := z ∏ e 2ω 1 −
ω
ω ∈Ω\{0}
x
The zeroes of σ are precisely the lattice points of Ω (see the
phase portrait in the bottom figure).
Given points a1 , . . . , an and b1 , . . . , bn in the complex plane
for which
n

∑

Im

n

ak −

k =1

∑ bk ∈ Ω,

(1)

k =1

the function f defined by
f (z) :=

ω2
ω1
Re

σ ( z − a1 ) · · · σ ( z − a n )
σ (z − b1 ) · · · σ (z − bn )

is an elliptic function with lattice Ω, zeroes at the points
a1 , . . . , an , and poles at b1 , . . . , bn .
Interestingly, there exist meromorphic functions that are not
elliptic even though the phase portrait is doubly periodic. For
suitably chosen a the function
g(z) := eaz f (z)
has a doubly periodic phase portrait with lattice Ω, even
though it does not satisfy condition (1). In this case, however, the modulus – neglected in a phase portrait – is not
doubly periodic. The front side of this page shows the phase
portrait of such an example.

Karl Theodor Wilhelm Weierstrass (1815 – 1897)
was born in Ostenfelde (Münsterland). After abandoning his study of law in Bonn, he was finally able
to concentrate on his favorite subjects: mathematics and physics. He did so in Münster from 1838
to 1840. He later taught at various secondary schools and independently worked on the theory of
Abelian functions. It was only after his work was published in Crelle’s Journal in 1854 and 1856 that
he achieved recognition and his university career as a professor in Berlin was launched – when he
was over 40 years old. His influence on modern analysis is tremendous. This is due to his unprecedented insistence on rigor in proofs and his well-attended lectures as well as his many students,
including Georg Cantor, Adolph Hurwitz, Hermann Amandus Schwarz, and Sofya Kovalevskaya.
Marius B. Stefan: On doubly periodic phases, Proc. Amer. Math. Soc. 142 (2014), no. 9, 3149–3152.
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The Barnes G-function
In the 2012 calendar (August) we presented the Gamma function, Γ. This function has the property
that Γ(1) = 1 and
Γ(z + 1) = zΓ(z)
for z ∈ C \ {0, −1, −2, . . .}. Thus we have Γ(n + 1) = n!, where n is a positive integer. In a series of
papers written from 1899 to 1904, Ernest Barnes introduced what we now call the Barnes G-function.
This function satisfies G (1) = 1 and the equation
G ( z + 1) = Γ ( z ) G ( z )
−1
for complex numbers z. When n is a positive integer, G (n + 1) = ∏nk=1 Γ(k ) = ∏nk=
1 k!.
Using Weierstrass’s infinite product expression for the gamma function and the Euler-Mascheroni
constant,
!
n
1
≈ 0.57721566,
γ = lim − ln n + ∑
n→∞
k
k =1

one can show that
G (z + 1) = (2π )

z/2

z + z2 (1 + γ )
exp −
2




∞

∏



k =1

z k
1+
exp
k



z2
−z
2k


.

This is one of the many equivalent forms of this function and is often taken as the definition of
the Barnes G-function. Barnes’s function has applications to mathematical physics, number theory
and the Hecke L-functions, and determinants of Hankel matrices. It also plays a central role in a
formula describing the asymptotic behavior of Toeplitz determinants, which was first conjectured by
Fisher and Hartwig. Reformulations of the conjecture have been proven by various mathematicians
including Widom, Basor, Böttcher, Silbermann, and Ehrhardt.
In this month’s picture we see the Barnes G-function with the equally spaced zeros (at the nonpositive integers) appearing on the left side of the picture at the points where all the colors meet.

Ernest William Barnes (1874 – 1953)
was the oldest of four children. He was educated at Trinity College in Cambridge, where he won the
Smith’s Prize in 1898, and became a lecturer of mathematics in 1902, received his doctorate in 1907,
became junior dean from 1906 to 1908, and a tutor in 1908. He became a Fellow of the Royal Society
the following year. In 1902, Barnes was ordained deacon by the Bishop of London and, in 1915, he
left his job as a professional mathematician and was appointed Master of the Temple in London. By
1910, Barnes had written 29 mathematical papers, and his last five papers dealt with hypergeometric
functions. In 1906, Barnes became John Littlewood’s thesis advisor. Littlewood quickly solved the
first problem Barnes gave him; the second problem Barnes gave him was the Riemann hypothesis.
In 1918 Barnes became Canon of Westminster and, in 1924, Bishop of Birmingham. His time
as bishop was beset by controversy. There was opposition from orthodox members of the church
to the views he espoused in his book The Rise of Christianity, views that resulted from his scientific
approach to Christianity. According to Quodlibet Journal, in 1927 Barnes said in a BBC broadcast:
I wish to make it quite clear that many beliefs, associated with religious faith in the past,
must be abandoned. They have had to meet the direct challenge of science: and I
believe it is true to say that, in every such direct battle since the Renaissance, science
has been the victor.
Barnes resigned in 1952 due to ill health, and died at his home in Sussex in 1953.
Adamchik, V. S. On the Barnes function. Proceedings of the 2001 International Symposium on Symbolic and Algebraic Computation, 15 – 20 (electronic), ACM, New York, 2001.
Barnes, E. W.; The Asymptotic Expansion of Integral Functions of Finite Non-Zero Order. Proc. London Math. Soc. S2-3 no. 1, 273.
Quodlibet Journal, http://www.quodlibet.net/articles/bishop-barnes.shtml.
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The Cauchy-Kovalevskaya Theorem
In 1842 Cauchy proved an existence theorem for nonlinear differential equations of the second order. In 1875 Kovalevskaya extended the result to general analytic nonlinear systems of differential
equations. In the ordinary differential equation setting, we have
du
= F (t, u), u(0) = u0 ,
dt
where F is a function of two variables and we are looking for a solution, u(t). If F is analytic at (0, u0 ),
it has a Taylor series converging to F in a neighborhood of that point. In this context, the CauchyKovalevskaya theorem says that the initial value problem above has a solution defined and analytic
in a neighborhood of t = 0. In partial differential equations, the equation takes the following form:


∂u
∂u
= F t, x, u,
, u(0, x ) = f ( x ),
∂t
∂x
where f is defined on an interval about 0. Now we look for a solution of two variables: u = u(t, x ).
To solve this problem Cauchy used the theory of majorants, which he referred to as “calcul de
limites.” Kovalevskaya used an improved version of this method to solve a nonlinear version of the
problem. Kovalevskaya’s 1875 work includes Darboux’s work, which appeared in the same year,
and she generalized Cauchy’s results to systems of order r containing time derivatives of order r.
According to H. Poincaré, “Kovalevskaya significantly simplified the proof and gave the theorem its
definitive form.” It is this theorem on existence and uniqueness of solutions of partial differential
equations that we now call the Cauchy-Kovalevskaya theorem.
In this month’s picture, looking at the square | x | < 150, |y| < 150 and time t = 1, we see the
solution u(t, x, y) of the partial differential equation with the given initial condition
∂u
= u − 4u + (1 + iu)|u|2 ;
∂t

u(0, x, y) = cos

πx
πx
− i cos
.
50
150

Sofya Vasilyevna Kovalevskaya (1850 – 1891)
was born in Moscow to parents who were members of the Russian nobility. She was educated by
tutors and governors and always showed an interest in mathematics. In Recollections of Childhood,
she describes her father’s objection to her “new” ideas and mentions that the wallpaper in her room
consisted of notes on calculus. In order to go abroad, Kovalevskaya was required to marry and she
married a paleontologist, Vladimir Kovalevsky. The two went to Heidelberg, where she began studying, and then she went to Berlin where she studied under Weierstrass. As a woman, Kovalevskaya
was unable to study at the university, but Weierstrass tutored her for four years. These lessons are,
in part, documented in 41 letters written by Weierstrass to Kovalevskaya. Under Weierstrass, she
completed three research papers for which she earned a doctorate (in absentia) from the University
of Göttingen: one paper on partial differential equations (see above), one on Abelian integrals, and
one on Saturn’s rings. She was the first woman to receive a doctorate in mathematics in modern
Europe.
Despite her excellent work and Weierstrass’s strong recommendation, Kovalevskaya was unable
to find a position in Europe and returned to Russia, where she joined her husband. She had one
child, a daughter, born in 1878. Vladimir’s lectureship in Moscow failed to materialize and, suffering
from mood swings and having engaged in questionable speculation, he committed suicide in 1883.
Kovalevskaya, who had already traveled to Berlin, obtained a position at the University of Stockholm
with the aid of Mittag-Leffler. She became editor of Acta Mathematica, received the Prix Bordin and
a prize from the Swedish Academy of Sciences in 1889. She also wrote several novels. At the height
of her mathematical career and as a result of a bout of influenza, she contracted pneumonia and
died in 1891.
http://www.encyclopedia.com/topic/Sonya_Kovalevsky.aspx (accessed August 8, 2016)
http://www-history.mcs.st-and.ac.uk/Biographies/Kovalevskaya.html (accessed August 5, 2016)
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The Ginzburg-Landau Equation: Pattern Formation
Under specific conditions, some physical, chemical, or biological systems change qualitatively. For
instance, at 0◦ C water changes to ice. Another example is the change to superconductivity that was
first observed by Heike Kamerlingh Onnes in 1911.
A mathematical model of superconductivity was first developed around 1950. One of its central
ingredients is the one dimensional Ginzburg-Landau equation
∂2 u
∂u
= 2 + λ u − |u|2 u.
∂t
∂x
The sudden change of the system is revealed through a bifurcation of the solution at λ = 0: for λ > 0
there are solutions other than the trivial one, u(t, x ) = 0.
In the 1960’s it was discovered that the Ginzburg-Landau equation and its generalizations could
be used to model other situations where a stable system changes to a different one as a result of
turning on certain “modes.” For example, effects of the nonlinear wave propagation are explained
with a model using the complex (2 or 3 dimensional) Ginzburg-Laundau equation
∂u
= (1 + iα) ∆u + λ u − (1 + iβ) |u|2 u.
∂t

(1)

Here ∆ stands for the Laplace operator and the constants α and β describe the dependence of the
frequency on properties of the waves.
Today the Ginzburg-Landau equation is among the most often investigated nonlinear equations
of mathematical physics. Besides the phenomena mentioned above, the equation is used to describe
oscillating chemical reactions, the Bose-Einstein condensate, liquid crystals, pattern formation, and
self-organizing systems.
The picture of the month is the phase portrait of a complex solution u = u(t, x, y) of Equation (1).
The initial function at t = 0 is chosen arbitrarily, the parameter values are α = 0 and β = 1.5; u is a
function of z = x + iy at time t = 100 in the region | x | < 100 and |y| < 100. After a start up phase, we
see spiral patterns that are qualitatively preserved and pass through an evolutionary development.
The numerical calculations were done using the software Chebfun (www.chebfun.org).

Vitaly Lazarevich Ginzburg (1916 – 2009)
began school in Moscow at the age of eleven and left school after grade seven. After some time as
an X-ray assistant, he applied to Lomonosov Moscow State University. In his biography, he says “I did
not fail any of the entrance exams at the MGU, in 1933, but on the whole I did not make out brilliantly.”
As a consequence, he was not admitted but he was able to enter the “external department” and then
transferred to the “internal department” in his second year. At this point, he felt he had finally caught
up to the other students.
Ginzburg defended his candidate’s degree in 1940 and his doctor’s dissertation (a higher doctoral
degree) in 1942. Due to his Jewish heritage and the increasing anti-semitic climate after the war, his
academic career was hampered. By participating in the development of the hydrogen bomb (with
Andrei Sacharow, his mentor Igor Tamm, and others) he was able to continue scientific work.
In 1953, after Stalin’s death, Ginzburg’s situation improved. He was elected to the Russian
Academy of Sciences and became the head of the Department of Theoretical Physics at the Lebedev Physical Institute in Moscow from 1971 to 1988. He, along with Alexei Alexeyevich Abrikosov
and Anthony James Leggett, was awarded the Nobel Prize in Physics in 2003 for “pioneering contributions to the theory of superconductors and superfluids.”
I.S. Aranson and L. Kramer, The World of the Complex Ginzburg-Landau Equation, Rev. Mod. Phys. 74 99 (2002).
https://www.nobelprize.org/nobel_prizes/physics/laureates/2003/ginzburg-bio.html (accessed August 2016).
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Riccati Differential Equation
A Riccati differential equation is a quadratic, first order ordinary differential equation of the form
y 0 ( x ) = f ( x ) y2 + g ( x ) y + h ( x ).

(1)

In 1694 Johann Bernoulli was the first to describe an equation of this type, namely y0 ( x ) = y2 + x2 ,
but he was unable to solve it. After many years of unsuccessful attempts, in 1702 his brother Jakob
I finally succeeded in finding the solution (see Complex Beauties, November 2012). He used the
substitution y = −u0 /u to transform the equation into the linear second order differential equation
u00 + x2 u = 0 that can be solved with the help of power series. The differential equation u00 + x2 u = 0
may also be solved using Bessel functions of the first kind of rational order α, denoted Jα (see
Complex Beauties, October 2012). From this, the general solution of y0 ( x ) = y2 + x2 can be shown
to be


C J−3/4 x2 /2 + J3/4 x2 /2
y( x ) = x
,
J−1/4 ( x2 /2) − C J1/4 ( x2 /2)
where C is a real constant that may be chosen to satisfy an initial condition of y. E.g., if y(0) = 1,
then C = Γ(1/4)/(2 Γ(3/4)). The picture of the month is the phase portrait of the continuation of
this solution function to the complex plane.
Beginning around 1715, Jacopo Riccati analyzed other special cases of (1), among them
y0 ( x ) = a x p y2 + b x m and y0 ( x ) = a y2 + b x m .
He was mainly interested in the question of which exponents, p and m, would allow the use of the
method of separation of variables. Riccati realized that, for the first equation, separation of variables
could be applied if m = −3p − 4 or m = (− p − 4)/3. Later, Nikolaus II Bernoulli generalized the
sufficient condition to m = (−2kp − 4k ± p)/(2k ± 1), where k is an integer. For the second equation,
Riccati’s student Guiseppe Suzzi and Daniel I Bernoulli found that if m = −4k/(2k ± 1), then it is
possible to separate the variables. Only in 1841 did Joseph Liouville prove that the conditions on m
are also necessary for separating the variables in the differential equations.
Leonhard Euler made substantial progress on the investigation of the general differential equation (1). The label Riccati equation was first used in the Encyclopédie, ou Dictionnaire raisonné des
sciences, des arts et des métiers that was edited by d’Alembert and Diderot. Generalizations of the
Riccati differential equation to matrix-valued functions are important in control and systems theory
and they have been intensively studied since the 1960’s.

Jacopo Francesco Riccati (1676 – 1754)
was born in Venice into nobility. After his father’s early death, Riccati was educated in a Jesuit school
in Brescia and he studied law in Padua. As a side interest, he attended lectures in astronomy by Stefano degli Angeli, a student of Cavalieri. This scholar also introduced him to Newton’s Philosophiae
Naturalis Principia Mathematica. Riccati married in 1696 and had a very large family (9 of 18 children
survived to adulthood). He spent time caring for them and his two estates in Castelfranco Veneto
and Treviso. He was the mayor of Castelfranco Veneto for nine years and he frequently advised the
Senate of Venice about the construction of dikes.
Riccati acquired his broad education through self-study and through correspondence and conversations with leading scholars, among them members of the Bernoulli family. In addition to papers in
mathematics and physics, he also published texts in philosophy and literature. Riccati declined offers
to become the President of the Saint Petersburg Academy of Sciences, Aulic Advisor to the Court
in Vienna, and Professor at the University of Padua in order to continue his own beloved studies at
home. Asteroid (14074) Riccati is named after him.
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The Lorenz Equations: Chaotic Solutions
In the early 1960’s the mathematician and meteorologist Edward Lorenz investigated flows of the
earth’s atmosphere that are caused by temperature differences. In 1963, in a simplified model,
Lorenz described the atmospheric convection using the system of three ordinary differential equations
dx
dy
dz
= σ ( y − x ),
= x (ρ − z) − y,
= x y − β z.
dt
dt
dt
The variables x, y, and z are time dependent and describe the state of the system. The parameters
σ, ρ and β depend on the geometry and nature of the system. In his famous paper, Lorenz used
σ = 10, β = 8/3, and ρ = 28.
The solutions of the Lorenz equations are completely determined for all times t and depend on
the initial condition, but they could take on a very complicated (“chaotic”) form. The figure below
shows typical graphs of the functions x (red), y (green), and z (blue). Arbitrarily small disturbances
of the initial values can cause large changes in the solution at future times (“butterfly effect”); this
makes a long-term prognosis questionable. The black curve evolving out of the red one illustrates
the effect on the solution x by a disturbance of the initial value by 0.001%.

Despite the appearance of randomness of the solutions, they exhibit typical patterns. This may be
best seen in a graph of the trajectories in an x-y-z-coordinate system (figure on the right). Most of the
trajectories are concentrated near a strange looking object, called a “Lorenz attractor”, that reminds
us of butterfly wings.
To this day the Lorenz system contains many mysteries. One way to understand this better
is to extend the time variable t to the complex plane. The picture of the month shows the phase
portrait of the complex solution x = x (z). These solutions were obtained through numerical analytical
continuation of the real solution to a neighborhood of the real time axis. Each horizontal strip contains
a time interval of length 2. The strips are arranged from the bottom to the top. The “small teeth” on
the borders are artifacts stemming from the approximate continuation. The numerical calculations
were done using Chebfun.

Edward Norton Lorenz (1917 – 2008)
was born in West Hartford (Connecticut) and studied mathematics at Dartmouth College in New
Hampshire and Harvard University. From 1942 to 1946 he served as a meteorologist in the US army.
After the end of the second world war he earned his doctorate in meteorology at the MIT where he
subsequently worked as a professor. He suffered from cancer and died at the age of 90.
Lorenz achieved worldwide recognition with his paper “Deterministic Nonperiodic Flow” that appeared in 1963 and is now considered a milestone in chaos theory. In his 1969 legendary paper,
Lorenz described the butterfly effect, the dramatic change of the long-term behavior of a (chaotic)
system induced by a small disturbance.
Marcus Webb and Lloyd N. Trefethen: Computing complex singularities of differential equations with Chebfun. SIAM Undergraduate Research Online, Vol 6, June 24, 2013 http:
//www.siam.org/students/siuro/vol6/S01152.pdf (accessed August 2016)
D. Viswanath and S. Sahutoglu, Complex singularities and the Lorenz attractor, SIAM J. Sci Comput. (2012)
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Theta Functions
A year ago in this calendar we portrayed Ramanujan and his mock theta functions. In his famous
last letter to Hardy, these functions were introduced and motivated by the following “genuine” theta
function:
2
∞
∞
qn
n
g(q) = ∑ p(n)q = 1 + ∑
.
2
2 2
n 2
n =0
n =1 (1 − q ) (1 − q ) · · · (1 − q )
Here p(n) denotes the number of partitions of the positive integer n; that is, the number of different
ways in which n may be written as a sum of positive integers, neglecting the order of the summations,
e.g.
5 = 4 + 1 = 3 + 2 = 3 + 1 + 1 = 2 + 2 + 1 = 2 + 1 + 1 + 1 = 1 + 1 + 1 + 1 + 1,
thus p(5) = 7. This month’s phase portrait is of the theta function g. The poles of the summands
of g, the n-th roots of unity for each positive integer n, form a dense set of singularities on the unit
circle. Looking at the portrait, some singularities seem to be “worse” than others.
In what is considered one of the most important joint papers of Hardy and Ramanujan, these two
mathematicians created the “circle method” to find an asymptotic formula for p(n). At the time, the
use of analytic methods to investigate algebraic or combinatorial functions was not yet very common.
They started by applying Cauchy’s integral formula
1
p(n) =
2πi

Z
Γ

g(q)
dq,
q n +1

where Γ is a closed path encircling the origin exactly once in the counterclockwise direction and
lying entirely inside the unit disk. Their novel idea was to push the path Γ towards the unit circle
and approximate the effect of the most influential singularities. This method, now known as HardyRamanujan-Littlewood circle method, was just the beginning. Hardy and Littlewood, as well as many
other mathematicians, extended and applied it to other problems. In the case of our theta function,
Hardy and Ramanujan used it to derive the asymptotic formula
p(n) ∼

√
1
√ eπ 2n/3 , as n → ∞.
4n 3

Godfrey Harold Hardy (1877 – 1947)
was educated at Winchester and Trinity College in Cambridge. He excelled in his studies and was
elected a fellow of Trinity. In 1919 he accepted the chair as Savilian Professor of Geometry in Oxford
and became a fellow of New College. He spent a year at Princeton, in an exchange with Oswald
Veblen who went to Oxford. In 1931 Hardy returned to Trinity in Cambridge as Sadleirian Professor,
arguably the most prestigious mathematical chair in Great Britain, where he remained to his death.
Hardy had two outstanding mathematical collaborations. One of them, with J. E. Littlewood,
lasted for thirty five years. Together they produced many very influential papers in function theory,
inequalities, the Riemann zeta function, and other topics in analysis. The second collaboration was
with Ramanujan. Hardy recognized the mathematical genius of Ramanujan immediately, invited him
to Cambridge, mentored him, and together they produced beautiful mathematics until the untimely
death of Ramanujan ended the collaboration.
In 1941, Hardy wrote A mathematician’s apology, a description of a mathematician’s thinking and
an ode to pure mathematics. Hardy wrote: “The mathematician’s patterns, like the painter’s or the
poet’s must be beautiful; the ideas, like the colours or the words must fit together in a harmonious
way. Beauty is the first test: there is no permanent place in this world for ugly mathematics.” To this
day, this pamphlet remains an often quoted and classic text on the work of a mathematician.
W. Duke, Almost a Century of Answering the Question: What is a Mock Theta Function? AMS Notices 2014, Vol 61, No. 11, 1314–1320. J. J. O’Connor and E. F. Robertson, G. H. Hardy,
MacTutor History of Mathematics, (University of St Andrews, Scotland, October 2003) http://www-history.mcs.st-andrews.ac.uk/Biographies/Hardy.html (accessed August, 2016).

