Complex Numbers and Colors
For the sixth year, “Complex Beauties” provides you with a look into the wonderful world of complex
functions and the life and work of mathematicians who contributed to our understanding of this field.
As always, we intend to reach a diverse audience: While most explanations require some mathematical background on the part of the reader, we hope non-mathematicians will find our “phase portraits”
exciting and will catch a glimpse of the richness and beauty of complex functions.
We would particularly like to thank our guest authors: Jonathan Borwein and Armin Straub wrote
on random walks and corresponding moment functions and Jörn Steuding contributed two articles,
one on polygamma functions and the second on almost periodic functions. The suggestion to present
a Belyi function and the possibility for the numerical calculations came from Donald Marshall; the
November title page would not have been possible without Hrothgar’s numerical solution of the Blasius equation.
The construction of the phase portraits is based on the interpretation of complex numbers z as
points in the Gaussian plane. The horizontal coordinate x of the point representing z is called the
real part of z (Re z) and the vertical coordinate y of the point representing z is called the imaginary
part of z (Im z); we write z = x + iy. Alternatively, the point representing z can also be given by its
distance from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument (or “phase”) of the value w = f (z).
More precisely, in the first step the color wheel
is used to assign colors to the complex w-plane:
z
f (z)
points on rays emanating from the origin are assigned the same color (as in the picture on the
f
→
right). Thus, points with the same argument are
assigned the same color. In the second step, every point z in the domain of f is assigned the
same color as the value f (z) in the w-plane.
The phase portrait can be thought of as the fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the modulus), an important class
of functions (“analytic” or, more generally, “meromorphic” functions) can be reconstructed uniquely up
to normalization. Certain modifications of the color coding allow us to see properties of the function

f

→

f

→

more easily. In this calendar we mainly use three different coloring schemes: the phase portrait as
described above and two variations shown in the second row of pictures. The variation on the left
adds the modulus of the function to the representation; the version on the right highlights, in addition,
preservation of angles under the mapping.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert, Visual
Complex Functions – An Introduction with Phase Portraits, Springer Basel 2012. Further information
about the calendar (including previous years) and the book is available at

www.mathcalendar.net,

www.visual.wegert.com.

We thank all our faithful readers and the Verein der Freunde und Förderer der TU Bergakademie
Freiberg e. V. for their valuable support of this project.
c Elias Wegert and Gunter Semmler (TU Bergakademie Freiberg),

Pamela Gorkin and Ulrich Daepp (Bucknell University, Lewisburg)

January

P. L. Chebyshev

Su Mo Tu We Th Fr
1
10 11 12 13 14 15
24 25 26 27 28 29

Sa
2
16
30

Su Mo Tu We Th Fr Sa
3 4 5 6 7 8 9
17 18 19 20 21 22 23
31

Chebyshev Polynomials
In his 1854 paper Théorie des mécanismes connus sous le nom de parallélogrammes, Chebyshev
introduced the polynomials that now carry his name. A Chebyshev polynomial (of the first kind) is a
polynomial, Tn , of degree n that satisfies
Tn (cos θ ) = cos(nθ ), for all θ. These polynomials
have properties that are useful for approximating
continuous functions; y = Tn ( x ) is also a special
solution of the Chebyshev differential equation

(1 − x2 )y00 − xy0 + n2 y = 0,
for positive integers n.
As an example, the Chebyshev polynomial of
degree 16 is graphed on the right. All its zeroes are
in the interval [−1, 1]. They are called the Chebyshev nodes and are depicted in red.
Given 16 evenly spaced points in [−1, 1], we want to find a polynomial that sends the 10-th point
to 1 and all other points to 0. This type of interpolation problem and its solution were explained in the
2014 calendar in the month
of January. As we see in the
first graph on the left, the
deviations of this polynomial
towards the edges are very
large. This behavior, called
Runge’s
phenomenon,
shows
that
increasing
only the degree of a polynomial may have undesirable consequences. In order to minimize this phenomenon, the 16 evenly spaced points are
replaced by the Chebyshev nodes. This has been shown to give an optimal solution with respect to
minimizing Runge’s phenomenon. In the second graph, the large fluctuations are eliminated.
This month’s phase portrait shows the polynomial using the Chebyshev nodes extended to the
complex plane. It should be compared to the January 2014 illustration where we used evenly spaced
points.

Pafnuty Lvovich Chebyshev (1821 – 1894)
was born in the village of Okatovo as one of nine children of a wealthy landowner. After being homeschooled, he entered Lomonosov Moscow State University and graduated in 1841. He moved to St.
Petersburg where he earned his doctorate, became a lecturer, extraordinary professor, professor,
and department chair. Among his Ph.D. students were Aleksandr Lyapunov and Andrei Markov.
Chebychev made significant contributions to several fields of mathematics: Chebyshev’s inequality is a key tool in probability. In number theory we have the Bertrand-Chebyshev theorem; Chebyshev came close to proving the prime number theorem, obtaining partial results. He also made
significant inventions in mechanics and wrote papers in that field. There are Chebyshev filters,
Chebyshev differential equations, Chebyshev functions, Chebyshev distances, Chebyshev’s bias,
and Chebyshev iterations. There is also a crater on the moon named after him.
Chebyshev travelled frequently, particularly to France where he had contact with many of the
leading mathematicians. Many of his papers were written in French, which made him more influential
in western Europe. He received high honors, was a member of many of the exclusive national
societies of Europe, became an honorary member of many Russian universities and was awarded
the French Légion d’Honneur.
He remained unmarried, but had a daughter whom he did not officially acknowledge but supported financially and visited regularly in later years.
Sources: http://mathworld.wolfram.com/PrimeNumberTheorem.html and www-history.mcs.st-and.ac.uk/Biographies/Chebyshev.html (accessed June 4, 2015).
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Iteration of Functions
In the early part of the 20th century, Pierre Fatou and Gaston Julia studied the dynamics of complex systems, considering the global behavior of iterates of holomorphic functions. Their work was
described in Julia’s 1918 memoir and Fatou’s 1919 and 1920 papers, all of which relied on a theorem about normal families due to Montel. Fatou, Julia, Schroeder, Koenigs, Böttcher, and Lattès
are names associated with this early work. Then “the field went into hibernation for about 60 years
and came back to explosive life in the 1980’s,” according to John Hubbard, one of the pioneers in
the second wave of mathematicians working in dynamics. Computer graphics made the field more
accessible to the general public and pictures of fractals fascinated people across the globe. How are
these pictures created?
We begin with a complex function f and study the behavior of iterates of the function: If we start
with a point, z0 , we can consider the point z1 = f (z0 ). Repeat to obtain z2 = f (z1 ), z3 = f (z2 )
and, in general, zn+1 = f (zn ). This gives us a sequence (zn ) of points called the forward orbit of
z0 . Julia was interested in a fairly complicated function; here we describe the Julia set for a wellstudied function, f (z) = z2 + c. The filled-in Julia set is the set of points z for which the sequence
zn+1 = z2n + c stays bounded, while the Julia set is its boundary. So the orbit of a point in the Julia
set does not tend to infinity, but the point is as close as one wishes to a point for which the orbit
“escapes.” Different values of c give different Julia sets. The complement of the Julia set is the Fatou
set. In the Fatou set, nearby points behave similarly after iteration.
In this month’s picture, we see the 20th iteration of the type of function that appeared in Fatou’s
paper Sur l’itération des fonctions transcendantes entières, namely the iterated sine function: Let
f 0 (z) = z and for n = 0, 1, 2, . . ., let f n+1 = (1 + 0.2i ) sin( f n ). We consider the iteration sequence
associated with this function and color our pictures as described on the back of the cover of the
calendar; the black region represents values that are too large to be represented numerically in
our program’s arithmetic. In the three pictures below, we see f 1 (z) = (1 + 0.2i ) sin(z), f 2 (z) =
(1 + 0.2i ) sin( f 1 (z)), and f 3 (z) = (1 + 0.2i ) sin( f 2 (z)).

Pierre Fatou (1878 – 1929)
entered L’École normale supérieure in 1898. Fatou liked “mathematics, astronomy, Brittany, photography, solitude and silence, dance, and, above all, music.” He was hired at the Paris Observatory as
a trainee-astronomer, became an assistant astronomer in 1904, and remained there until his death.
During this time, he worked on his thesis, which concerned the study of power series. In it, Fatou
proved a result about integration of a sequence of functions, a lemma now called “Fatou’s lemma.”
This also includes today’s “Fatou’s theorem,” which states that a bounded holomorphic function on
the unit disk has radial limits almost everywhere and he proved what is now referred to as “Parseval’s
identity.” The development of the study of dynamics is a complicated story and, though Julia was
awarded the Grand Prize for his work on dynamics, others felt that Fatou deserved the credit: At
Fatou’s funeral Henri Mineur stated, “To one of his most important discoveries, that is, that of iteration
of rational functions, Fatou’s name is attached forever; he was the first one who dared to attack this
problem; he was also the first to have solved it.” [Audin, p. 167] Fatou also wrote papers related to
his work as an astronomer. Fatou died while on holiday in Pornichet in 1929.
Bibliographic information: John Hubbard, The Mandelbrot Set, Theme and Variations, ed. Tan Lei, London Math. Soc. Lecture Note Ser. 274 Cambridge Univ. Press, Cambridge, 2000.
Michèle Audin, Fatou, Julia, Montel. The great prize of mathematical sciences of 1918, and beyond. Translated from the 2009 French original by the author. Lecture Notes in
Mathematics, 2014. History of Mathematics Subseries. Springer, Heidelberg, 2011.
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Graphs and Functions (in collaboration with Donald Marshall)
A graph is a combinatorial object that consists of “vertices” and “edges.” Every edge “connects”
two vertices (that might be the same). Geometrically, the vertices are represented by points and the
edges by lines connecting points. A graph is said to be “planar,” if it can be represented geometrically
in a plane without any edge crossing another edge. The figures below on the left and right show two
planar graphs with 2 (red) vertices and 5 (blue) edges.
Of course one can deform a planar graph in many different ways without changing the vertexedge relation. This may be done according to a variety of “rules.” A relatively restrictive rule allows
only continuous deformations of vertices and edges with no crossings throughout this whole process.
For example, the two graphs shown in the illustration may be deformed into one another using this
rule. This leads to the question: Among the various representations of a graph, is there one that is
particularly pleasing?

Surprisingly, such a representation exists. A theorem due to Belyi shows that every planar graph G
can be represented by a rational function R with the following properties: The zeroes of R are exactly
the vertices of G (red points) and the edges of G (black lines) are the preimages of the interval [0, 1]
under R. In every face of G there is exactly one pole of R (white points) and the preimages of [1, +∞]
(white lines) connect the poles to one point (grey) on each of the edges bounding the face containing
the pole. In addition, all edges run into a vertex with equal angles between neighboring edges and
the (white) lines originating at the poles intersect the edges perpendicularly. The area outside the
graph is considered to be a face with its pole at infinity.
In order for things to proceed as described above, R needs to have a special property: R can
only take on the values 0 or 1 at the zeroes of its derivative R0 . Functions with this property are called
Belyi functions. If G is a tree, then R is a polynomial. These functions form the class of the Shabat
polynomials, a class containing the Chebychev polynomials.

Gennadii Vladimirovich Belyi (1951 – 2001)
was born in Magnitogorsk and raised in the Dnepropetrovsk district in the Ukraine. After attending
school in Kiev he entered Lomonosov Moscow State University in 1968 to study mathematics. In
1975 he earned his doctorate at the Steklov Institute in Moscow with Igor Shafarevich as his advisor.
He completed his habilitation four years later at the same institution while working in Kiev and Lvov.
In 1978 he began teaching at Vladimir State University in the Russian city of Vladimir. He taught as
an assistant and, after his promotion in 1982, as a professor.
In 1979, Belyi achieved a crucial breakthrough in Alexander Grothendieck’s program of the
“Dessin d’Enfants” when he proved a conjecture of Grothendieck. In contrast to their name (“children’s drawings”) these are abstract mathematical objects and Belyi found a way to “visualize” them
and make them accessible for further research.
In 2000 Belyi suffered three strokes that lead to his death the following year, just three days short
of his fiftieth birthday.
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p-valent Functions
Some functions f : D → C have the property that for each complex number w, there is at most one
complex number z in the open unit disk D that f sends to w; that is, there exists at most one z with
f (z) = w. These functions would be univalent. Generalizing this, one might consider functions f for
which f (z) = w never has more than p roots, where p > 1 is an integer and |z| < 1. These functions
are said to be p-valent functions in D. One of Mary Cartwright’s major results was about p-valent
functions.
One question that is of interest to function theorists is how quickly a function can grow. For
example, if we have a function f analytic on D that takes 0 to 0 and D back to itself, then Schwarz’s
inequality states that | f (z)| ≤ |z|. In other words, f does not move z farther from the origin. In special
cases, one can say more. For univalent functions, it is possible to say how quickly the function grows
in D. In fact, if f is an analytic function in D, then

| f (z) − f (0)| ≤ | f 0 (0)|

|z|
.
(1 − |z|)2

Cartwright showed that for any p ≥ 1 there is a constant C ( p) such that for any function f (z) =
n
−2p for any r < 1, all z with
∑∞
n=0 an z analytic and p-valent in D we have | f ( z )| < C ( p ) µ (1 − r )
|z| ≤ r, and µ = max(| a0 |, | a1 |, . . . , | a p |).
In this month’s picture we rotated the function f (z) = z5 (1 − z)−10 , a function that has valence 5
in D. In our picture, we see that all the colors come together at two points: The point 0 is the lower
of the two, and we see that colors appear five times near this point. We see more than D here and
the other point where the colors come together more than 5 times, the pole z = 1, is not in D.

Mary Lucy Cartwright (1900 – 1998)
was born in Aynho, England and matriculated at St. Hugh’s, Oxford. She entered school at a time
when men were returning from the army and lectures were difficult to get into. She attended Hardy’s
class and, with Hardy serving as examiner, receiving a first on her Final Honours School Examination
in Mathematics, receiving her degree in 1933. She taught mathematics for several years, but returned
to Hardy’s research group. While Hardy was visiting Princeton, Titchmarsh became Cartwright’s
supervisor. Cartwright completed her Ph.D. and Littlewood served as one of the examiners.
Cartwright was the first to obtain results on p-valent functions and she used new methods to do
so. As her student, Walter Hayman, wrote, “the author created a new field.” This was one of eight
areas in which Cartwright did significant mathematics. The other areas include summability, the
behavior of functions as a point inside a domain tends to the boundary (cluster sets and asymptotic
values), the study of curves on which the modulus of a function is constant (level curves), functions
that are analytic everywhere (entire functions), and topology. Cartwright also wrote 38 papers in
differential equations, work that has been called ground-breaking. She was very interested in history
and many of her papers provide historical background.
When the Radio Research Board of the Department of Scientific and Industrial Research asked
the London Mathematical Society for help finding a mathematician who could work on problems with
equations used by radio engineers, Cartwright became interested. She began studying the dynamics
of the problems and asked Littlewood for help. (In Dyson’s review of Ian Stewart’s book, Nature’s
Numbers, he says “The soldiers were plagued with amplifiers that misbehaved, and blamed the
manufacturers for their erratic behavior. Cartwright and Littlewood discovered that the manufacturers
were not to blame. The equation itself was to blame.”) Cartwright and Littlewood have several
papers together and their collaboration contributed to her election as a fellow of the Royal Society
of London. She received honorary degrees from Edinburgh, Leeds, Hull, Wales, Oxford, and Brown,
was President of the London Mathematical Society and received the highest medal, the de Morgan
Medal, in 1968. In 1969, she became Dame Mary Cartwright, Commander of the Order of the British
Empire.
Bibliographic information: Hayman, W. K. Mary Lucy Cartwright (1900 - 1998). Bull. London Math. Soc. 34 (2002), no. 1, 91–107.
McMurran, Shawnee; Tattersall, James Mary Cartwright (1900 - 1998). Notices Amer. Math. Soc. 46 (1999), no. 2, 214–220.
http://www.agnesscott.edu/lriddle/women/cartwght.htm (accessed 6/2/2015)
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Hypergeometric Functions
∞

A power series

∑ an zn

with the property that quotients of consecutive coefficients, an+1 /an , are

n =0

rational functions in n is called a (generalized) hypergeometric series. The term “hypergeometric”
originated with John Wallis (1616–1703) who investigated a special case. If an = 1 for all n we obtain
the usual geometric series. For the general case we introduce the notation
∞

p Fq ( a1 , . . . , a p ; b1 , . . . , bq ; z )

:=

( a1 ) n ( a2 ) n · · · ( a p ) n z n
∑ (b1 )n (b2 )n · · · (bq )n n! .
n =0

Here ( a)0 := 1 and ( a)n := a( a + 1) · · · ( a + n − 1) for n > 0 denotes the Pochhammer symbol. The
first investigation, done by Gauss, was of the (ordinary) hypergeometric series 2 F1 ( a, b; c; z). This
latter series is a solution of the hypergeometric differential equation
z(z − 1) w00 + (c − ( a + b + 1)z) w0 − ab w = 0.
This differential equation has singular points at 0, 1, and ∞ and every second order differential
equation with three regular singular points can be written in this form. However, this is no longer true
if two singularities coincide as happens in Kummer’s differential equation
z w00 + (b − z) w0 − a w = 0.
This last equation can therefore be thought of as a limiting case of the hypergeometric equation
and is said to be a confluent hypergeometric differential equation. Two solutions are known for this
equation, Kummer’s function M ( a, b, z) := 1 F1 ( a; b; z) and Tricomi’s function


M ( a, b, z)
π
1−b M (1 + a − b, 2 − b, z )
.
−z
U ( a, b, z) :=
sin πb Γ(1 + a − b) Γ(b)
Γ ( a ) Γ (2 − b )
The latter was discovered in 1947 by Tricomi, 110 years after Kummer provided the first solution.
The picture of the month shows the function U (2, 11, z). This function has a pole of order twelve at
the origin.

Francesco Giacomo Tricomi (1897 – 1978)
was born in Naples. He studied in Bologna and in his home town. He collaborated with Francesco
Severi in Padua and Rome and he held professorships in Florence and in Turin. His more than 300
publications reveal a wide variety of interests: singular integrals, differential and integral equations,
pseudo-differential operators, integral transforms, special functions, probability, and number theory.
As early as 1923 he published a paper on the partial differential equation yu xx + uyy = 0, later
called the Tricomi equation, which was used in investigations about supersonic jets. In 1943–45 and
1948–51 Tricomi spent two long periods of time at the California Institute of Technology in Pasadena.
While there he participated in the Bateman Manuscript Project. This project was started by Harry
Bateman (1882–1946) and consisted of the systematic compilation of the theory of special functions.
It was completed under the direction of Arthur Erdélyi and resulted in the publication of five reference
volumes. An asteroid (31189) was named after Tricomi.
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The Polygamma Function (by Jörn Steuding)
In Complex Beauties of August 2012 we presented Euler’s gamma function, Γ(z), which is extremely
important in many branches of mathematics and physics. The gamma function can be thought of
as generalizing the factorial function n! = 1 · 2 · · · · · n. The logarithmic derivative of the gamma
function, ψ0 (z) = (log Γ)0 (z) = Γ0 (z)/Γ(z), is called the digamma function (see Complex Beauties
September 2014). For non-negative integers n, taking the n-th derivative of the digamma function
yields the polygamma function ψn (z). For n ≥ 1 and z , 0, −1, −2, . . ., the polygamma functions
have the series expansions
ψn (z) = (−1)n+1 n!

∞

1
∑ (m + z)n+1 = (−1)n+1 n!
m =0



1
z n +1

+

1
1
+
+···
(1 + z ) n +1 (2 + z ) n +1


.

(1)

This shows that the polygamma functions are meromorphic with poles at the non-positive integers;
each pole of ψn is of order n + 1.
Polygamma functions can also be represented using generalized hypergeometric functions: For
positive integers n,
ψn (z) = (−1)n+1 n! z−n−1 n+2 Fn+1 (1, z, z, . . . , z; z + 1, z + 1, . . . , z + 1; 1).
Since June is the sixth month, for the phase portrait on the reverse side we have chosen the
polygamma function ψ6 . We see the characteristic seven rays of equal color meeting at the origin. The series expansion (1) shows that there are poles of order seven at the origin and at the
points −1, −2, −3, . . .. While the gamma function does not have any zeroes, the function ψ6 has
zeroes in the left half plane at the points, symmetric with respect to the real axis, at which all the
colors meet.
If the series appearing in (1) is considered as a function in n then we have the Hurwitz theta
function with parameter z,
∞

ζ (s, z) =

1

1

1

1

∑ ( m + z ) − s = z s + (1 + z ) s + (2 + z ) s + · · · + ( m + z ) s + · · · .

(2)

m =0

Choosing z = 1, we get the well known Riemann zeta function (see Complex Beauties November
2011). The series in (2) converges for Re s > 1. As is the case for the Riemann zeta function, the
Hurwitz zeta function can be extended analytically onto the whole complex s-plane; the only pole of
the series is at s = 1, where it reduces to the harmonic series.

Adolf Hurwitz (1859 – 1919)
The Hurwitz zeta function is an early work of Felix Klein’s pupil Adolf Hurwitz. Shortly after completing his doctoral dissertation on modular forms, Hurwitz turned to Dirichlet’s work on the infinite
number of primes in an arithmetic progression. In this context he studied ζ (s, z) while remaining
in Hildesheim, his place of birth. Later, Hurwitz made significant contributions to complex analysis
(e.g. on Riemann surfaces), number theory (approximation of irrational numbers), and in related
areas. He also influenced David Hilbert and Hermann Minkowski, who were among his students at
Königsberg.
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Meijer G-Functions
The large class of functions consisting of a far-reaching generalization of hypergeometric functions
called Meijer G-functions encompasses many – almost all, according to some people – well known
special functions (e.g. the exponential functions and Bessel functions and their products). It is
both remarkable and useful that this class of Meijer G-functions is closed under a substantial number of transformations; among them certain substitutions of the argument, multiplication by powers,
differentiation and integration, and also more complicated operations like Laplace transform, Euler
transform, and convolution.
In 1936, C. S. Meijer introduced G-functions using power series. Today one customarily defines
them using a complex line integral.
G m,n
p,q



a1 , . . . , a p
b1 , . . . , bq


z

=

1
2πi

Z

n
∏m
j =1 Γ ( b j − s ) ∏ j =1 Γ (1 − a j + s )

q
∏ j = m +1 Γ (1 − b j
L

p
+ s ) ∏ j = n +1 Γ ( a j

− s)

zs ds ,

where L denotes an (unbounded) curve in the complex plane and Γ stands for Euler’s gamma function. In order for the integral to converge, the parameters a1 , . . . , a p and b1 , . . . , bq have to satisfy
certain conditions. The integration path L may depend on the parameters and on z and may have
jumps. Consequently, in addition to the branch cuts stemming from zs , G-functions may have discontinuities along the unit circle. This is apparent in this month’s phase portrait representing the function


5i, 1/2
1,1
z .
G2,2
−5i, −1/2
Near the middle of the picture one
sees closed isochromatic lines –
something that cannot happen for
analytic functions. This apparent
contradiction is resolved if the
modulus of the function values is
included in the color coding, using
brightness of the color (small illustration on the left). We then see a
previously hidden branch cut along the negative real axis.
Meijer G-functions are of particular interest in calculating integrals with a computer algebra system. Other applications can be found in stochastic processes, quantum physics, and nanotechnology. In the solution of one of Nick Trefethen’s
we encounter the function

 100-digit challenge problems
3,0 π/8 + 1, π/8 + 3/2
illustrated above on the right; that is G2,4
z .
1/2, 1/2, 1, 0

Cornelis Simon Meijer (1904 – 1974)
was born on August 17, 1904 in the small Dutch village of Pieterburen on the Wadden Sea. From
1924 on, he studied mathematics with Bartel van der Waerden and Johannes van der Corput at the
University of Groningen. After earning his doctorate in 1933 with van der Corput as advisor, he was
appointed Professor of Mathematics in Groningen in 1946.
Throughout his mathematical life Cornelius Simon Meijer worked on integral representations and
asymptotic expansions with error estimates for special functions. He is best known as the creator of
G-functions. In addition, he introduced a generalization of the Laplace transform in 1940 that now
carries his name.
Sources: R. Beals and J. Szmigielski, Meijer G-functions – a gentle introduction. Notices of the AMS, vol. 60, no. 7, 866872. F. Bornemann, D. Laurie, S. Wagon, J. Waldvogel, The SIAM 100-Digit Challenge, Chap. 9, SIAM 1987.
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Moment function of a 4-step planar random walk
(by Jonathan M. Borwein and Armin Straub)
The term random walk was coined by Karl Pearson in 1905 (Nature 72, p. 294). Pearson considered
a man who “starts from a point O and walks l yards in a straight line; he then turns through any angle
whatever and walks another l yards in a second straight line. He repeats this process n times.” The
question was to determine the probability distribution of the man’s distance to the origin O after these
n steps. Lord Rayleigh, who had considered the problem from a different perspective, immediately
provided an asymptotic answer: for large n, the probability density function pn ( x ) of the distance
− x2 /n . This approximation is remarkably good already
after n steps of length 1 is approximately 2x
n e

for n = 8. However, the densities of very short walks, especially n ≤ 5, exhibit markedly different
features. As indicated by the plots above, these functions are not smooth at certain singular
points.
R∞
On the other hand, it is clear, a priori, that the associated moment functions Wn (s) = 0 pn ( x ) x s dx
are analytic in s, at least for Re s > 0. Moreover, it turns out that the even moments Wn (2k ) are
positive integers and that they count combinatorial objects known as abelian squares (words of
length 2k over an alphabet of n letters, such that the second half of the word is a permutation of the
first half). These counting sequences, which can be represented as sums of squares of multinomials,
satisfy recurrences which lift to functional equations for the complex functions Wn (s). For instance,
s2 W3 (s) − 2(5s2 − 10s + 6)W3 (s − 2) + 9(s − 2)2 W3 (s − 4) = 0. As a consequence, the functions
Wn (s) are seen to continue meromorphically to the entire complex plane, with potential poles at
negative integers only. This month’s picture is a phase portrait of the function W4 (s). In particular,
we observe, extending to the left, the string of double poles at negative even integers. For Re s > −2,
we have the Meijer G-function representation
!

1− s
,
1,
1
1,
2s Γ 1 + 2s
4,4
2
 G2,2
1 .
W4 (s) =
1
s
s
s
π Γ − 2s
,
−
2
2, −2, −2
Ultimately, connecting these moments back to the density functions (via the inverse Mellin transform),
we find that the density p4 ( x ) has the hypergeometric closed form
√

2 3
2
16 − x2
1 1 1 5 7 (16 − x )
p4 ( x ) = 2
Re 3 F2 2 , 2 , 2 ; 6 , 6 ;
.
x
π
108x4
Reference: Densities of short uniform random walks, J. Borwein, A. Straub, J. Wan, W. Zudilin, with
an appendix by D. Zagier, Canadian Journal of Mathematics, 64:5, 2012.

Karl Pearson (1857 – 1936)
Pearson graduated from Cambridge University in 1879 as Third Wrangler in the Mathematical Tripos.
He is considered by many the founder of the modern science of statistics. In particular, he coined
(1893) the term “standard deviation”, introduced (1900) the chi-square test, and was instrumental in
the development of linear regression. Pearson spent most of his career at University College London, where he founded the world’s first university statistics department in 1911. He was a prominent
proponent of eugenics, contributed significantly to biometrics and meteorology, and anticipated several ideas of Einstein’s theory of relativity. He was also an expert on German literature (indeed, he
was offered a post in the German department at Cambridge University), law and philosophy. His
commitment to socialism and its ideals led him to refuse a knighthood in 1935.
Main source: https://www.ucl.ac.uk/statistics/department/pearson
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The Whittaker Method
We can only solve nonlinear equations exactly in exceptional cases; usually, we have to rely on a
numerical approximation. One of the most important methods to approximate the zeroes of a function
is due to Newton and is called Newton’s method (see Complex Beauties of March 2014): To solve
f (z) = 0 we choose an initial estimate z0 ; then we calculate successive approximations z1 , z2 , . . .
using the formula
f (z )
z k +1 = z k − 0 k .
f (zk )
To avoid the repeated evaluation of the derivative, we replace f 0 (zk ) by a constant 1/λ (that should
be close to the values f 0 (zk )). Using these iterations, zk+1 = zk − λ f (zk ), we arrive at the Whittaker
method. The sequence converges slower (linearly) than the one we get using Newton’s method
(quadratically).
In fact, a skillful choice of λ (that depends on zk ) leads to an accelerated convergence of the approximating sequence. For example, the “double convex acceleration of Whittaker’s method” (DCAW
method) uses the iteration formula
!
f (zk )
1 + g(zk )
 ,
z k +1 = z k −
1 − g(zk ) +
2 f 0 (zk )
1 − g(zk ) 1 − g(zk )

where g(z) = f (z) f 00 (z)/ 2 f 0 (z)2 . This method leads to convergence of order 3.
The picture of the month is the phase portrait of the third iterate z3 of f (z) = z5 − 1 = 0 as a
function of the starting point z0 using the DCAW method. If we start with a point of a particular color,
the third iterate will already be close to the similarly colored solution of the equation.

The illustrations above show the error functions z3 − 1 as functions of the starting point z0 . On the left
we used the Whittaker method with λ = 0.15, in the middle Newton’s method was used, and on the
right we used the DCAW method. To get a better picture of the magnitude of the error, the modulus
of the function was encoded using a grey scale. In the dark regions the moduli are very small; in the
black region the absolute value of the error is less than 10−15 for the DCAW method.

Edmund Taylor Whittaker (1873 – 1956)
was born into a well-established and prosperous family in Lancashire, a county in North West England. Until he was eleven, he was homeschooled by his mother, the daughter of a physician. After
grammar school in Manchester he entered Trinity College in Cambridge and, after graduating in
1895, he stayed on to teach and conduct research. Godfrey Harold Hardy, John Edensor Littlewood,
Harry Bateman, and George Neville Watson were among his students. Watson became Whittaker’s
coauthor for the second edition of the famous book A Course of Modern Analysis. In 1906 Whittaker
was appointed Professor of Astronomy at the University of Dublin and in 1912 he took a position as
Professor of Mathematics at the University of Edinburgh. Whittaker worked primarily in the areas
of special functions, partial differential equations and their applications to problems of mathematical
physics. There is a sampling theorem in the field of digital signal processing that he discovered (and
was independently discovered by Nyquist, Shannon, Kotelnikov, and others) that is named after him.
Source: M. A. Hernández: An acceleration procedure of the Whittaker method by means of convexity. Zb. Rad. Prirod.-Mat. Fak., Vol. 20, 27-38, 1990.
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Almost Periodic Functions (von Jörn Steuding)
A function f defined on the real numbers is called periodic if the function values are repeated in
regular intervals or, more rigorously, if there is a positive real number p (called the period) such that
f ( x + p) = f ( x ) for all real numbers x. The trigonometric functions sine and cosine are the most
well known periodic functions and both have period p = 2π. For a positive integer M and complex
coefficients an and bn , we form the trigonometric polynomials
M

f ( x ) = a0 +

∑ (an cos nx + bn sin nx).

n =1

These play a major role in Fourier analysis. Because all summands have period 2π, the trigonometric
polynomials do also. However, if we add two periodic functions for which the ratio of the periods is
irrational the sum will, in general, not be periodic. The graph of

√
f ( x ) = sin x + sin 2 x
illustrates this. However, the graph also shows that it is only slightly different from that of a periodic
function (in this case, with a rather large period).

To be more precise and following Harald Bohr, we say that a continuous function f that is defined on
the reals is almost periodic if for every ε > 0 there exists ` > 0 such that in every interval of length `
there is a real number τ such that for all real x we have

| f ( x + τ ) − f ( x )| < ε.
This concept of almost periodicity can be extended from the real line to strips in the complex plane.
√
This month’s phase portrait shows the almost periodic function f (z) = sin z + sin 2 z on a strip that
contains the real axis. A finite part of this strip was cut into ten parts and and they were stacked
below each other, just like the lines of a book page. The result brings to mind the graphs of doubly
periodic functions and illustrates the almost periodicity of f . To find an almost period τ one calculates
√
rational approximations of 2 like 99/70 (incidentally also the ratio of the side lengths of this page).
For example, for ε = 0.035 this results in τ = 2π · 70. This almost period is indicated with two red
lines in the figure above.
In addition, Bohr’s concept of almost periodicity was generalized by Hermann Weyl, John von
Neumann, and Abram Samoilovitch Besicovitch.

Harald Bohr (1887 – 1951)
Who is more famous: Harald Bohr or his older brother, the physicist and Nobel laureate Niels? Harald excelled as a soccer player and won a silver medal at the Olympic Games in London in 1908 as
a member of the Danish national team. Later, in his career as a mathematician, Harald Bohr investigated the Riemann zeta function. His theory of almost periodic functions is a result of an interesting
attempt to prove the Riemann hypothesis in 1921/22. Bohr’s work on almost periodic functions,
during the years 1924 and 1925, was fundamental to the later development of an important part of
harmonic analysis with, among other things, applications to the theory of group representations.

P. R. H. Blasius
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The Blasius Function (computation by Hrothgar)
Heinrich Blasius investigated the stationary, laminar (no turbulence) flow along a straight wall of
infinite length. He was particularly interested in the boundary-layer drag, applying a theory developed
by Prandtl to describe the velocity profile of the fluid near the wall. In this situation the Navier-Stokes
equations may be simplified. Using a substitution, Blasius derived the nonlinear boundary value
problem
2 f 000 + f f 00 = 0,
f (0) = f 0 (0) = 0,
f 0 (+∞) = 1
for a function f defined on the positive real axis. The solution to this problem is called the Blasius
function. Since its introduction in 1908, many illustrious mathematician have dedicated their efforts
to investigating this function – mathematicians including Hermann Weyl and John von Neumann.
The Blasius function has a power series representation of the form
f ( z ) = z2

∞

∑ ak z3k ,

k =0

with coefficients ak for which only complicated recursive formulas are known. This series converges
for complex numbers z satisfying |z| < 5.690038.... In this month’s phase portrait of the Blasius
function, numbers satisfying this inequality are precisely the points in the largest circle centered at
the origin that touches the endpoints of the black lines.
In the analytic continuation of the Blasius function to the complex plane we encounter complications in the form of branch points; the Blasius function exists on a Riemann surface. On the back of
this page, in the phase portrait that shows one branch of the Riemann surface, we chose radial rays
and circular arcs connecting all branch points.
The Blasius function shows a striking symmetry; denoting a third root of unity by ω = e2πi/3 we
can write f (ωz) = ω 2 f (z). This explains the symmetry of the picture by a rotation through 120◦ .
If we calculate numerical solutions of ordinary differential equations using, for instance, the RungeKutta method to find values of the function, it suffices to take a sector around the positive real axis.
Starting with this axis and moving out along circular arcs one obtains the system of branch cuts that
are represented by the black lines. Currently, there are only conjectures for the exact values of the
branch points. One such conjecture is that the branch points approach the ray arg z = π/4 or the
rays obtained from this one by rotation or reflection, respectively.
Because of the invariance of the Blasius equation under the map z 7→ λ f (λz), the numerical
solution of the boundary value problem (with one boundary value taken on at infinity) can be obtained
from a scaled numerical solution of a corresponding initial value problem. We are grateful to Hrothgar
for his computation of the phase portrait.

Paul Richard Heinrich Blasius (1883 – 1970)
was born in Berlin and studied mathematics, physics and technical physics in Marburg and Göttingen.
He was one of the first PhD students of Ludwig Prandtl, earning his doctorate in 1907 in Göttingen.
After some time as scientific collaborator at the Versuchsanstalt für Wasserbau und Schiffbau (research institute of hydraulics and ship building) in Berlin and after completing his habilitation in hydromechanics, Blasius went to the Technische Staatslehranstalten zu Hamburg in 1912. At this
technical college he devoted himself primarily and very successfully to teaching. Even after his official retirement in 1950, he continued to work relentlessly as a college professor and textbook author
until his death.
Source: J. P. Boyd, The Blasius function in the complex plane, Experiment. Math. 8 (1999) 381-394.
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Ramanujan’s Mock Theta Functions
In a 1919 letter written on his deathbed to G. H. Hardy, Ramanujan introduced the idea of what
he called a “mock theta function.” Ramanujan provided no definition; instead he gave seventeen
examples, descriptions of properties, and he included equations and formulas about these functions
– all without proofs. His mock theta functions are q-series, that is, power series in q, converging for
|q| < 1. The series are expressible in “Eulerian form,” that is, a series with rational terms, as in the
equation below, and they have singularities at infinitely many roots of unity.
A breakthrough in understanding mock theta functions was made in 2002 by S. P. Zwegers in his
Ph.D. thesis. Zwegers found a way to complete mock theta functions by adding in a non-holomorphic
part, placing them into a more general theory of functions called automorphic forms, namely weak
Maass forms. Now, one hundred years after Ramanujan’s letter, written in difficult circumstances
shortly before his untimely death, mathematicians are working to understand the full impact and
potential of mock theta functions in areas such as number theory and mathematical physics.
This month’s calendar illustration is the phase portrait of the first example of a mock theta function
in Ramanujan’s last letter. For |q| < 1 this function is
∞

∞

2

qn
.
f (q) = ∑ a(n)q = 1 + ∑
2
2 2
n 2
n =0
n =1 (1 + q ) (1 + q ) · · · (1 + q )
n

The coefficients a(n) count something of combinatorial interest, as is the case for many mock theta
functions. To see this, define a partition of a positive integer n as a decomposition of it into a sum
of positive integers. The number of ways this can be done, neglecting the order of summation, is
denoted by p(n), e.g. 4 = 1 + 1 + 1 + 1 = 1 + 1 + 2 = 1 + 3 = 2 + 2 = 4. Hence p(4) = 5. The rank
of a partition is the largest summand of the partition minus the number of summands in the partition,
e.g. the rank of 1 + 1 + 2 is 2 − 3 = −1. The coefficient a(n) is the number of even rank partitions
of n minus the number of odd rank partitions. One checks that a(4) = 1 − 4 = −3. In his letter,
Ramanujan asserted the following asymptotic formula that has subsequently been verified:
a(n) ∼

 √

(−1)n−1
√
exp π n/6 − 1/144
2 n − 1/24

as n → ∞.

Srinivasa Ramanujan (1887 – 1920)
was born in Erode, a small village in the state Tamil Nadu of southern India. He grew up in the city
of Kumbakonam in a family of moderate means. As a high school student he came across Synopsis
of elementary results in pure mathematics by G. S. Carr, a book of 6165 theorems presented with
essentially no proofs. Ramanujan studied this book on his own, even after entering college. He
neglected the other subjects, lost his scholarship, and had to drop out.
Ramanujan was married in 1909 and he acquired a position as a clerk in the Madras Port Trust.
Desperate to find someone who appreciated his work and asking for help, Ramanujan wrote to
Hardy in Cambridge in 1913 , including a long list of his theorems – all of them without proof. Hardy,
together with Littlewood, recognized Ramanujan’s unconventional mathematical creativity. Many
of Ramanujan’s statements were rediscoveries, others were very unusual, and many were deep
important results – in the event that they were true. In 1914, Ramanujan sailed to England, where he
would work for five mathematically very fruitful years at Trinity College in Cambridge, collaborating
with Hardy. While there, Ramanujan earned a Ph.D., was elected a fellow of the Royal Society of
London, and became a Fellow of Trinity College, Cambridge.
Though he had great academic success, his health problems persisted throughout his stay in
England. In 1919 he returned to India, now an accomplished mathematician but gravely ill; he died
the following year in Kumbakonam at the age of 32.
W. Duke, Allmost a Century of Answering the Question: What is a Mock Theta Function? AMS Notices 2014, Vol 61, No. 11, pp. 1314–1320. Bibliographic information: G.H. Hardy,
Ramanujan, 3rd edition, New York 1978 and www-history.mcs.st-and.ac.uk/Biographies/Ramanujan.html (accessed May 30, 2015). We are grateful to our colleague Sharon Garthwaite
for corrections and suggestions.

