Complex Numbers and Colors
As is our tradition, we bring you “Complex Beauties,” providing you with a look into the wonderful
world of complex functions and the life and work of mathematicians who contributed to our understanding of this field. We would like to reach a diverse audience: We present both relatively simple
concepts and a few results that require some mathematical background on the part of the reader. Nevertheless, we hope that non-mathematicians find our “phase portraits” exciting and that the pictures
convey a glimpse of the richness and beauty of complex functions.
Besides the calendar team, this year we have two contributions from guest authors: Bengt Fornberg presents radial basis functions and Jörg Liesen’s contribution is about rational harmonic functions and gravitational lensing.
To understand the representations of these functions, it is helpful to know something about complex numbers. The construction of the phase portraits is based on the interpretation of complex
numbers z as points in the Gaussian plane. The horizontal coordinate x of the point representing z
is called the real part of z (Re z) and the vertical coordinate y of the point representing z is called
the imaginary part of z (Im z); we write z = x + iy. Alternatively, the point representing z can also be
given by its distance from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument (or “phase”) of the value w = f (z).
More precisely, in the first step the color wheel
is used to assign colors to the complex w-plane:
z
f (z)
points on rays emanating from the origin are assigned the same color (as in the picture on the
f
→
right). Thus, points with the same argument are
assigned the same color. In the second step, every point z in the domain of f is assigned the same
color as the value f (z) in the w-plane.
The phase portrait can be thought of as the fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the modulus), an important class
of functions (“analytic” or, more generally, “meromorphic” functions) can be reconstructed uniquely up
to normalization. Certain modifications of the color coding allow us to see properties of the function

f

→

f

→

more easily. In this calendar we mainly use three different coloring schemes: the phase portrait as
described above and two variations shown in the second row of pictures. The variation on the left
adds the modulus of the function to the representation; the version on the right highlights, in addition,
preservation of angles under the mapping.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert, Visual
Complex Functions – An Introduction with Phase Portraits, Springer Basel 2012. Further information
about the calendar (including previous years) and the book is available at

www.mathcalendar.net,

www.visual.wegert.com.

We thank all our faithful readers and the Verein der Freunde und Förderer der TU Bergakademie
Freiberg e. V. for their valuable support of this project.
c Elias Wegert und Gunter Semmler (TU Bergakademie Freiberg),

Pamela Gorkin und Ulrich Daepp (Bucknell University, Lewisburg)
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Zeros of Polynomials
Given a polynomial p, a value α such that p(α) = 0 is a root or zero of the polynomial. Wilkinson’s
polynomial
p( x ) = ( x − 1)( x − 2) · · · ( x − 20)
shows that the location of a root may be sensitive to small changes in the coefficients of the polynomial. By inspection, we see that the constant coefficient, p(0) = 20!, is quite large; the other coefficients
can be determined as well. As we shall see below, a small change in the coefficient of x19 produces
a significant displacement in the roots. The question of how much roots change when coefficients
change is important in many fields, among them, computer science, computational algebraic geometry, linear algebra and numerial analysis. In general, we want the problem to be well-conditioned;
that is, a small change in a coefficient of a term in a polynomial produces only a small change in the
zeros of the polynomial.
For example, consider the polynomial p( x ) = x2 . This has two zeros, if we count according to
multiplicity, both at zero. Thinking of this as p( x ) = x2 + 0, if we change the constant term by a small
√
√
amount, say pε ( x ) = x2 − ε, the zeros are now at ε and − ε. These roots are much bigger than ε
for very small values of ε. This is an example of ill-conditioning.
Wilkinson’s polynomial demonstrates that ill-conditioning can happen even when the zeros are
quite far apart. In his MAA article The Perfidious Polynomial, Wilkinson said of this discovery, “Speaking for myself I regard it as the most traumatic experience in my career as a numerical analyst.” In
Wilkinson’s example, the coefficient of x19 is −210. Decreasing it by 2−23 changes the root at x = 20
to approximately 20.85. One way to deal with this problem is, following Wilkinson, to derive what is
called a condition number (a kind of derivative) to estimate the magnitudes of the changes of the
roots corresponding to changes in the coefficients.
This month’s picture shows a modified Wilkinson’s polynomial p(z) − 2−23 z19 (evaluated on complex numbers in the domain −2 < Re z < 24, |Im z| < 13). Though we performed only a slight change
in one coefficient, the new zeros are far from the original zeros that were on the positive real axis.

James H. Wilkinson (1919 – 1986)
was born in Strood, Kent, England. He won a Trinity Major Scholarship in Mathematics at the age of
16. About a year later, he began studying at Trinity College, Cambridge, where his main interest was
classical analysis and his tutors included G. H. Hardy, J. E. Littlewood and A. S. Besicovitch.
During World War II, Wilkinson joined the Ordinance Board of the Ministry of Supply and in 1943
was transferred to the Ministry of Supply Armament Research Laboratory at Fort Halstead. It was
here that he was introduced to the thermodynamics of explosions. However, Wilkinson wished to do
mathematical research and eventually secured a position assisting Turing on the building of the Automatic Computing Engine (ACE group). The next few years at the National Physical Laboratory were
difficult and the morale of the ACE fell. Turing left the group and other changes followed. Construction
began in 1949 and “Wilkie...[was] undoubtedly responsible for the success of the Pilot ACE project.
Turing provided the blueprint, but could not get on with others.” Soon, Wilkinson began working on
problems in numerical linear algebra; in particular, backward error analysis. In addition to his work in
numerical analysis, he developed computer software.
Wilkinson received the Doctor of Science from Cambridge in 1963 and was a visiting professor
at the University of Michigan in Ann Arbor, Michigan, and later at Stanford University in California.
He received many honors, including being elected a Fellow of the Royal Society in 1969, an Honorary Doctor at several universities (Essex (1979), Waterloo (1978), Brunel (1971) and Heriot-Watt
(1973)), and he received the Turing award from the Association of Computing Machinery. According
to Cleve Moler at Matlab, “Wilkinson was the world’s authority on matrix computation. His research on
eigenvalue algorithms and their implementation in Algol led directly to EISPACK, the mathematical
foundation for the first MATLAB.”
Bibliographic information: www-history.mcs.st-and.ac.uk/Biographies/Wilkinson.html (accessed October 19, 2014)
Biographical Memoirs of Fellows of the Royal Society Vol. 33 (Dec., 1987) pp. 670–708
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Complex Numbers and Elementary Geometry
If complex numbers are represented by points in the plane, then the algebraic operations may also
be interpreted geometrically. Sometimes this results in interesting connections between complex
functions and theorems in geometry.
As a case in point we look at the phase portrait of the function f (z) = (z − a)/(z − b). Notice that
curves of uniform color are arcs with endpoints at a and b. This observation represents the inscribed
angle theorem of plane geometry (left illustration). The argument of the function is the (directed)
angle under which an observer at z sees the (directed) segment ba. This angle is constant along an
arc above this segment. The two arcs of a circle divided by the segment ba have complementary
colors, because the inscribed angles on the two arcs add up (in absolute value) to 180◦ .
The curves of constant magnitude of f are circles as well; they are perpendicular to the isochromatic curves. Along each of these circles we have |z − a|/|z − b| = constant; that is, the ratio of the
distances from point z to the points a and b is fixed. These are the Apollonian circles of elementary
geometry (middle illustration).

z
ϕ

b

a

α
We now allow functions of the form f (z) = (z − a)/(z − b) with α real (and choose an analytic
branch of the function that passes through a and b in the interior of the disk). Choosing α appropriately, we can control the change of color when passing through a and b along a circle (illustration on
the right). Using this observation, we construct a function that is analytic in the unit disk and whose
phase portrait is of a predetermined color on finitely many arcs Tk = ( ak , bk ) of the unit circle T. To
achieve this, we determine for each Tk a function f k (z) = ck ((z − ak )/(z − bk ))αk with the property
that its phase portrait has the desired color on the arc Tk and is red on the rest of the circle. The
product of all f k will have the desired property. This month’s illustration shows such a product in the
unit disk. Outside the disk, the respective color was extended radially.

Euclid (about 300 BC)
Almost nothing is known about Euclid’s life that is verified historically. It is likely that he was educated
in Platon’s academy in Athens and later worked in Alexandria. His most significant works are the
13 volumes of his Elements, in which he summarized the complete mathematical knowledge of his
time. He presented the theory using definitions, postulates, axioms, theorems, and proofs. This has
profoundly influenced today’s shape of mathematics. Other studies of Euclid are related to music
theory and astronomy.
Among the axioms of plane geometry the parallel postulate stands out. Heated debates in the
19th century led to the creation of non-Euclidean geometry in which the parallel postulate of Euclidean geometry does not hold. Other mathematical objects named after Euclid include: The Euclidean
algorithm to calculate the greatest common divisor of two natural numbers, Euclidean space (the
vector space Rn endowed with the inner product x · y = x1 y1 + . . . xn yn and the Euclidean norm
√
k x k := x · x), Euclidean rings (structures in which division with a remainder is possible), Euclid’s
theorem establishing that there are infinitely many prime numbers, the crater Euclides on the moon,
and the asteroid (4354) Euclides.
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The Hilbert Operator
Last month we learned about analytic functions on the unit disk D whose phase portraits can be
given a predetermined color along arcs of a circle. Is it possible to choose an arbitrary color of a
phase portrait along a whole circle?
This question can, in fact, be considered part of a class of problems posed and studied for
the first time by Bernhard Riemann in his thesis in 1851. Riemann was interested in how analytic
functions could be defined. He was looking for general concepts about determining these functions
rather than for specific formulas. In particular, analytic functions should be characterized by boundary
and transmission conditions. In a visionary way, Riemann asks general questions that enlighten the
subject, but stops short of giving rigorous justification. For many situations, Riemann’s ideas turned
out to be correct and are now established firmly. However, many questions he raised are the subject
of mathematical research today.
In the problem mentioned above, the phase ψ of the function f to be determined is given as a
(continuous) function on the unit circle T. Since (under suitable conditions) an analytic function is
uniquely determined by its values on the boundary (by Cauchy’s integral formula), we only need to
find the magnitude of f on the the boundary T.
A substantial contribution to the solution of this problem was made by David Hilbert. In a 1904
paper, he gives a formula that allows us to determine the real part u of an analytic function on the
boundary from the imaginary part v of this function on the boundary,
u(eiτ ) =

1
2π

Z 2π
0

v(eiσ ) cot

σ−τ
dσ =: Hv(eiτ ).
2

This defines the Hilbert operator H, which is said to be a singular integral operator because of the
pole of the cotangent function (that is not absolutely integrable).
If we start with a (continuous) function ϕ on the unit circle, then f = e H ϕ+iϕ on T can be extended
to an analytic function on the disk with the phase ψ = eiϕ on T. This month’s illustration is such a
function, with the phase chosen for aesthetic reasons only. Outside the disk D, the phase portrait
was extended radially.
The question raised at the beginning of this month’s description cannot be answered positively,
in general. Not every continuous phase function ψ can be written as ψ = eiϕ with ϕ continuous.
Therefore, in some cases (see next month), we may not be able to apply Hilbert’s formula.

David Hilbert (1862 – 1943)
was born in Königsberg, the son of a lawyer. In 1880 he enrolled as a mathematics student at
Albertus Universität in Königsberg and earned his doctorate in 1885. Just one year later he wrote his
habilitation to become a Privatdozent and in 1893 a full professor, all in Königsberg.
As a result of Felix Klein’s recommendation, Hilbert was appointed at the Universität Göttingen
in 1895. Under Hilbert’s leadership, Göttingen developed into one of the world’s leading institutes
of mathematical research. His 69 doctoral students include Hermann Weyl, Richard Courant, Erich
Hecke, and Hugo Steinhaus. Hilbert’s broad research interests included number theory, geometry,
axiomatics of set theory, analysis, mathematical physics, and calculus of variations. In 1915, Hilbert
and Einstein both worked on certain principles of relativity theory and many physicists refer to the
action from which the gravitational field equations are derived as the Einstein-Hilbert action.
In 1900 at the International Congress of Mathematicians in Paris, Hilbert presented 23 problems
whose solutions promised significant advances in mathematics. Some of these problems (among
them the Riemann hypothesis, see the calendar of November 2011) are still unsolved.
One of Hilbert’s lifelong goals was the complete axiomatization of mathematics. Despite Gödel’s
incompleteness theorem of 1930, which showed the limits of this program, Hilbert’s efforts lead to
deep insights into the structure and capabilities of formal systems.
Today, Hilbert’s name is associated with many mathematical concepts, among them Hilbert space
(a complete vector space with an inner product), the Hilbert operator (above), the Hilbert curve (a
space filling curve), and Hilbert’s hotel (a Gedankenexperiment to visualize countable infinity).
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Riemann-Hilbert Problems and the Index
Last month’s problem may be viewed in a more general context: If the function f is analytic on the
unit disk D with argument ψ on the boundary, then we get f = ψ · | f |, which implies ψ f = | f | on the

unit circle. Thus, the function f is a solution of the boundary value problem Im ψ f = 0. This is the
homogeneous case of the linear Riemann-Hilbert problem

(1)
Im ψ f = c.
The functions ψ and c are specified on the unit circle T. The function ψ is called the symbol of the
Riemann-Hilbert problem; it has to be continuous and zero free. Thus the condition |ψ| = 1 that
needs to hold for all argument functions can be achieved through a normalization.
In 1921, Fritz Noether made the seminal observation that the solvability of the boundary value
problem (1) depends critically on a geometric property of the symbol (something that David Hilbert
overlooked in his paper of 1904). If a point t moves around the circle once, then the image point ψ(t)
also goes around the circle. The number, n, of revolutions that the point ψ(t) makes is called the
winding number or the index of ψ. The index is negative, if t and ψ(t) wind in opposite directions.
Fritz Noether realized that the number of degrees of freedom in the solutions of (1) would always
be 2n + 1. If n = 0 then, and only then, can the symbol be written as ψ = eiϕ where ϕ is a continuous
function. In this case, the solution of (1) has the form

f = w H (c/|w|) + i(c/|w|) + d w,
w = exp( H ϕ + iϕ)
with a free parameter d ∈ R. Here H is the Hilbert operator we learned about last month. In the
case n > 0 similar formulas for the solution, with the appropriate number of free parameters, can be
given explicitly. In particular, for the homogeneous case c = 0 the degrees of freedom may be used
to choose n arbitrary zeroes in D. For n < 0, there is a solution only when the right side satisfies
|2n + 1| additional conditions.
The picture of the month shows a solution of the Riemann-Hilbert problem for ψ(t) = t7 (of
index 7) with seven arbitrarily chosen zeroes in the first quadrant of the unit disk.

Fritz Alexander Ernst Noether (1884 – 1941)
was born in Erlangen, the son of Max Noether, a professor of mathematics. The algebraist Emmy
Noether was Fritz’s older sister. Beginning in 1904, Fritz Noether studied mathematics and physics
in Erlangen and München. He wrote a dissertation entitled “On the rolling motion of a ball on a
surface of rotation” (1909), a habilitation “On the range of the validity of Stoke’s law” (1911), and
several articles for the four volume treatise edited by Felix Klein and Arnold Sommerfeld “On the
theory of the gyroscope.” As these works indicate, Fritz Noether’s interest was foremost in applied
mathematics and mechanics.
He spent time in Göttingen, Karlsruhe and worked briefly for Siemens before being appointed
“Professor für höhere Mathematik and Mechanik” at the Technische Universität Breslau. Because of
his Jewish heritage, he lost his position in 1934 and moved to the Soviet Union where he was given
a professorship in Tomsk. In 1935, Noether was guest of honor at a colloquium with P. S. Alexandrov,
the president of the Moscow Mathematical Society, but just a short time later Noether was arrested
in 1937 during the Great Purge. It was only after the secret archives were opened in the Gorbachev
era that we learned that Noether was condemned to death for alleged anti-Soviet propaganda and
shot on September 10, 1941 in Oryol.
Noether’s 1921 paper “Über eine Klasse singulärer Integralgleichungen” is now considered the
origin of the concept of an index. This established a fundamental connection between the (algebraic)
solvability of an operator equation and the (geometric) properties of its symbol; later it was generalized extensively. In honor of Noether (and factually correct) Russian literature does not generally use
the term Fredholm operator but calls these operators Noetherian instead.
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Wiener-Hopf Factorization
As mentioned in the article for March, in his dissertation Bernhard Riemann was looking for a characterization of analytic functions by their boundary and transmission conditions. In March and April we
illustrated typical boundary value problems; to represent the latter type we will look at so-called coupling or transmission problems. In these problems we are typically looking for two (or more) analytic
functions that satisfy a coupling condition on a common piece of the boundaries of the two domains.
A prominent example of this is often also referred to as a Riemann-Hilbert problem. In one of
many variations of the problem, we are looking for two analytic functions, Φ+ defined inside the unit
circle T and Φ− defined outside the circle. On the unit circle, the two functions have boundary values
that are required to satisfy the coupling condition
Φ + ( t ) = G ( t ) Φ − ( t ) + g ( t ).
Here G and g are predetermined complex-valued functions defined on T with G (t) , 0. Again, the
solvability of the problem depends critically on the index (the winding number of the function G).
If the index is zero (and under suitable normal conditions) the problem has a unique solution with
Φ− (∞) = 1. If g = 0, then the solution Φ− of the (homogeneous) problem will have no zeroes. Thus,
the function G may be expressed as the quotient (or product) of two analytic functions, G = Φ+ /Φ− .
This representation is called the Wiener-Hopf factorization of the function G.
In concert with the Fourier transform (and Φ− and Φ+ defined on the lower and upper half plane,
respectively) this is a powerful tool to solve various applied problems. This method was first used by
Norbert Wiener and Eberhard Hopf in 1931, in a now famous paper about the radiative equilibrium
of stars, to solve a (Wiener-Hopf) integral equation.
This month’s phase portrait illustrates the Wiener-Hopf factorization of a real valued function G
on the unit circle. Because the function G was chosen to be negative on all of T, the functions Φ−
(outside) and Φ+ (inside) are linked with a negative factor along the circle; thus their phase portraits
have complementary colors along the boundary.

Norbert Wiener (1894 – 1964)
was born in Columbia (Missouri). Until 1903 his father, Leo Wiener, homeschooled the “Wunderkind.”
The younger Wiener earned a bachelor’s degree in mathematics at age 14. He went on to study
zoology at Harvard and philosophy at Cornell. At 17 he earned a Ph.D. in mathematical logic from
Harvard University. One year later, as an 18-year-old, Wiener met giants like B. Russell, G.H. Hardy,
D. Hilbert and E. Landau.
Wiener started teaching philosophy at Harvard, was an engineer for General Electric, wrote articles for the Encyclopedia Americana, and even worked as a journalist for a short period of time. After
initial difficulties finding a suitable position, Wiener was a lecturer at MIT and was later appointed a
professor at the same institute.
Wiener’s scientific interests spanned a wide area from stochastic (Wiener process), Fourier analysis (Paley-Wiener theorem, Wiener-Khinchin theorem), and potential theory to signal processing
(Wiener filter) and control theory and on to neurophysiology and genetics. Wiener is a founder of
the area that he called cybernetics, a field that is intimately related to robotics, automation, systems
theory, and computer science.
Even though Wiener was still working for the US army in the second world war, he later became
an outspoken pacifist. He called on scientists to take responsibility for the ethical consequences of
their research. His diverse international contacts often took him abroad (he spoke 10 languages). He
died in Stockholm on a trip at age 69.
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Eisenstein Series
z
In November 2011, the calendar’s illustration showed the Riemann zeta function: ζ (z) = ∑∞
n=1 1/n .
We will now look at a related function, one that can be considered a two-dimensional extension of
the zeta function. For this, we need our domain to be restricted to the complex numbers with positive
imaginary part, i.e. the upper half-plane H = {τ ∈ : Im τ > 0}.
For even integers k > 2 we define the Eisenstein series of weight k by

Gk (τ ) =

1
.
(cτ + d)k
(c,d)∈Z×Z\{(0,0)}

∑

This series turns out to be absolutely convergent and uniformly convergent on compact subsets of
H, which implies that Gk is holomorphic on H.
The Eisenstein series have an additional interesting property. If we let γ be a matrix,

γ=

a b
c d


, where a, b, c, and d are integers and the determinant, Det(γ) = ad − bc = 1,

then these matrices form a group under multiplication, called the special linear group SL2 (Z). We
can view the group elements as linear fractional transformations on C as follows:
γ(z) =

az + b
, for z ∈ C.
cz + d

The Eisenstein series satisfies the relation
Gk (γ(τ )) = (cτ + d)k Gk (τ ), for γ ∈ SL2 (Z) and τ ∈ H.

(1)

A holomorphic function on H (and ∞) that satisfies condition (1) is called a modular form of weight k.
Modular forms were a crucial tool in the proof of Fermat’s last theorem, a conjecture that withstood
more than 350 years of attacks by mathematicians throughout the world and was finally proved by
Andrew Wiles in 1994. Modular forms continue to be of central interest in number theory.
All modular forms can be transplanted to the unit disk using the map z 7→ q = e2πiz (where z = ∞
gets sent to q = 0). This month’s picture shows G10 after this transformation.

Ferdinand Gotthold Max Eisenstein (1823 – 1852)
was born in Berlin, the son of a largely unsuccessful industrialist. All five of his siblings died in
childhood. At age ten he was placed in a boarding school in Charlottenburg, a neighboring town,
where he suffered under the almost military discipline. Back in Berlin, while attending a gymnasium
he frequented lectures by Dirichlet and studied works of Euler, Lagrange, and Gauss on his own.
With his father abroad looking for work, Eisenstein and his mother experienced financial hardship
when he enrolled at the university. Soon, Eisenstein published 25 articles in Crelle’s Journal. As
a consequence, when he was in his third semester as a student, the University of Breslau gave
him an honorary doctorate. Eisenstein’s financial problems continued, but fortunately Alexander von
Humboldt supported him, even after Eisenstein’s death.
Eisenstein’s work in number theory and complex functions was well respected, but no professorship was made available to him. Gauss, one of his earliest and strongest admirers and with whom
Eisenstein corresponded regularly, initiated Eisenstein’s election as a corresponding member of the
Göttingen Society in 1851. The next year, just a few months before his death, Eisenstein was elected a member of the Berliner Akademie. Eisenstein’s life was marred by sickness, he did not have
personal friends, and he did not manage to find fruitful professional contact with the mathematicians
of Berlin. He died poor, isolated and depressed, at the young age of 29 years before he was able to
fully develop his mathematical ideas.
Biographic information: Kurt-R. Biermann, Gotthold Eisenstein, J. Reine Angew. Math. 214/215, 1964, 19–30.

July

K. Struve

Su Mo Tu We
1
12 13 14 15
26 27 28 29

Th
2
16
30

Fr Sa Su Mo Tu We Th Fr Sa
3 4 5 6 7 8 9 10 11
17 18 19 20 21 22 23 24 25
31

The Struve Function
In 1882 the astronomer Karl Hermann von Struve noticed that the light intensity distribution, y( x ), of
a light emitted by a glowing line can be modeled with the differential equation
 x  n +1
4


x2 y00 + xy0 + ( x2 − n2 )y = √
.
(1)
2
πΓ n+ 1
2

If we replace the right side of the equation by 0, then we have the (homogenous) Bessel differential
equation. In previous calendars, specifically October 2012 and August 2013, we presented two linearly independent solutions of this equation: the Bessel functions of the first and second kind (the latter
is also known as the Neumann function). To obtain the general solution of the non-homogeneous
differential equation one only needs to add one particular solution of (1) to the linear combination of
the two Bessel functions. The Struve function
 z 2k+n+1
∞
(−1)k


Hn (z) = ∑
,
3
3
2
k =0 Γ k + 2 Γ k + n + 2
which is analytic on the whole complex plane provided n is a positive integer, is one such particular solution. This month’s picture shows the function H1 in the square −15 < Re z < 15, −15 <
Im z < 15. For large values of |z| away from the negative real axis, this function can be approximated
asymptotically:
r

2
2
π
H1 (z) ≈ g(z) = −
cos z −
.
π
πz
4

The figures above show the functions H1 and g on the square −2 < Re z < 30, −16 < Im z < 16.
The black line in the figure on the right is a branch cut of the function g due to the square root. The
remarkable similarities of the two phase portraits points to g as a useful approximation of H1 even
for moderately sized values of |z|.

Karl Hermann von Struve (1854 – 1920)
was born in Pulkovo near Saint Petersburg, the son of an extended family of astronomers of German heritage. His grandfathers, father, brother, son, nephew, and grandson were all astronomers.
Struve studied mathematics and physics in Dorpat (today Tartu in Estonia). Following that, he travelled through Europe for two years. He attended lectures by Helmholtz, Boltzmann, Kirchhoff, and
Weierstrass, among others. Beginning in 1882 he was an astronomer at the observatory in Pulkovo.
While there, he participated in the planning and utilization of the, at the time, world’s largest telescope. Instead of succeeding his father as the director of the observatory, he went to the University of
Königsberg, where he was appointed director of the observatory that same year. Starting in 1904,
Struve chaired the observatory of Berlin and he organized its move to Babelsberg. Concurrently, and
since 1905, he was a professor at the University of Berlin.
Following family tradition, Struve was occupied with the location of celestial bodies and he developed a theory for the motion of the moons of Saturn. He belongs to the group of family members in
whose honor the asteroid 768 was named “Struveana.”
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Swiss Cheese
When we work with functions other than polynomials, our computations and investigations become
more difficult. If a set S is specified, one way of working with complicated functions defined on S is to
approximate them – and this approximation is best if it works uniformly on the whole set.
One of the most famous theorems in this direction is the Weierstrass approximation theorem
that says that on a closed and bounded interval in the real line, every continuous function can be
approximated uniformly by polynomials. In 1926, Walsh showed that the interval may be replaced by
a particular compact arc, called a Jordan arc. Later, Carleman further extended the theorem. One
question one might ask is how far can one take the approximation? In 1931 Hartogs and Rosenthal
showed that one can approximate continuous functions by rational functions on closed and bounded
sets of Lebesgue measure zero. Is it possible that all continuous functions can be approximated by
rational functions on more general closed and bounded sets?
In 1938, Roth constructed an example that came to be
known as the Swiss cheese and can be used to show that
this question has a negative answer. Roth considered the
closed unit disk, and she punched out small open disks
with the sum of the radii less than 1 and the property that
their closures do not intersect. At the end of her process, it
should no longer be possible to punch out another disk in
the aforementioned manner. For the purpose of visualizing
the Swiss Cheese, we have “relaxed” the bound on the
sum of the radii.
This month’s picture illustrates one such way to punch
holes in our “cheese.” The figure on the right illustrates
another way to do so.

Alice Roth (1905 – 1977)
was born in Bern, Switzerland. After a year spent learning domestic tasks, Roth began studying at
the ETH in Zürich. She wrote a master’s thesis under the direction of George Pólya on an extension
of Weierstrass’s approximation theorem and then spent several years teaching in various schools in
Switzerland. While teaching, she worked on her dissertation. This work, also under the direction of
Pólya, was completed in 1938, earning Roth the disctinction of being the second woman to earn a
Ph.D. in mathematics at the ETH and the first to win the silver medal for an excellent thesis (in any
field of studies). In 1940, Roth began teaching at the Institut Humboldtianum in Bern and remained
there until her retirement in 1971. After retiring, Roth began doing mathematics again.
Roth’s work was concentrated in approximation theory, and her Swiss cheese was created in
1938. The Swiss cheese is of fundamental importance; in an article about Roth’s life that appeared in
The Mathematical Intelligencer the authors note that “among counterexamples in the field of function
algebras, the Swiss cheese is hard to match.” For many years, Roth’s thesis was overlooked and the
Swiss cheese example was rediscovered by Mergelyan in the 1950’s and credited to him in many
years that followed. By the 1970’s, the error was corrected and Roth’s work was rediscovered and
celebrated. As V.P. Havin wrote in a review of Roth’s 1973 paper Meromorphe Approximationen, “This
earlier work seems to have fallen into almost complete oblivion, a common (but unfair) punishment for
anyone who dares to enter a subject too early, without waiting until it is accepted among experts and
has even become fashionable.” Roth died in 1976, shortly after her last paper arrived for submission
to the Canadian Journal of Mathematics, where it appeared.
Photo by A. Bollinger-Roth

Biographic information: Mathematical Intelligencer, 27–1, 2005, pp. 41–54.
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Radial Basis Functions (Bengt Fornberg)
Many applications require interpolating functions that are smooth and, at scattered locations in d dimensions, take prescribed values. In 1946, Isaac J. Schoenberg described cubic splines, which have
been immensely successful when d = 1. A decade earlier, he introduced the concept of completely
monotone functions, which much later became a key to solving the problem for arbitrary dimensions.
The figure below illustrates the basic idea of radial basis functions (RBFs) in 2-D:

Part (a) shows some scattered data in the ( x, y)-plane. At each data location ( xk , yk ), we place a
rotated Gaussian, which can be written mathematically as

−ε2 ( x − xk )2 +(y−yk )2
φk ( x, y) = e
(Part (b)). Finally, we ask what different factors we need to multiply the amplitudes of these Gaussians with so that their sum will agree with all the specified function values. This gives rise to a
linear system to solve. The resulting sum will look like what is shown here in Part (c), an infinitely
differentiable surface that satisfies all the data. Schoenberg showed that, for all completely monotone functions (which include Gaussians), the linear system that arises can never become singular (if
ε > 0), no matter how (distinct) data locations are scattered in any number of dimensions. Choosing
ε small leads to an intriguing dilemma: Excellent accuracy, but a terrible condition number for the
linear system (since all the Gaussians then become flat). This dilemma was resolved recently by the
discovery of several stable algorithms. Mathematically, these rely on the fact that, letting ε become
complex valued, the interpolant becomes an analytic function of ε, with ε = 0 a removable singularity.
Choosing a small 21-node test case, this month’s phase portrait shows, in the first quadrant of the
complex ε-plane, the determinant of the resulting linear system once the stable RBF-GA algorithm
has been applied. This system is perfectly “well behaved” even for ε = 0. Schoenberg’s result ensures
this will remain the case for all real values of ε

Isaac Jacob Schoenberg (1903 – 1990)
was born on April 21, 1903, in Galat.i, Romania. Following his M.A. in mathematics, he left his country,
first for some highly productive years in Berlin and Göttingen. There he established close contacts
with a number of leading mathematicians, including Bohr, Schur, Ostrowski, and Landau (who incidentally also became his father-in-law).
After a couple of years in Jerusalem, a Rockefeller Fellowship brought him to the US in 1930. War
service (researching ballistics) at the US Army Aberdeen Proving Grounds was followed by several
university affiliations, before retiring from University of Wisconsin-Madison in 1973.
From his early interests (and Ph.D.) in analytic number theory, Schoenberg went on to become
one of the most innovative pioneers in both approximation theory and practice. He practically ’owned’
the topic of splines for the first 15 years, until the advancing field of scientific computing showed them
to be almost universally indispensable.
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Dedekind Eta Function
Dedekind introduced what is now called the Dedekind eta function, η, in a 1876 paper entitled
Erläuterungen zu den vorstehenden Fragmenten. The Dedekind eta function is defined in terms
of an infinite product and thus may not be defined for all complex numbers. However, it turns out that
we can define η on the upper-half plane H = {τ : τ = x + iy, y > 0} and we do so as follows: Let
q = e2πiτ . Then the Dedekind eta function is defined by
∞

η (τ ) = q1/24 ∏ (1 − qk ) = q1/24
k =1

∞

∑

(−1)n qn(3n−1)/2 = q1/24 (1 − q − q2 + q5 + q7 − q12 − · · · ).

n=−∞

Thus, all our pictures show regions in which the complex numbers lie above the real line. The
exponents appearing in our summand
above, (3n2 − n)/2 or 1, 5, 12, . . ., are
called the pentagonal numbers, and
they are a natural step after the construction of the triangular and square
numbers. The justification for the name
“pentagonal number” is presented in the
picture to the right.
As we see from this month’s picture, this function has no zeros in the upper-half plane (i.e., there
are no points above the real line where all the colors come together). Therefore, it makes sense to
consider the logarithm of the η function, which was the basis of Dedekind’s analysis. This series,
like the Eisenstein series that we saw in the month of June, is a modular form. This function has
since played an important role in the theory of elliptic modular forms; because it is relatively easy to
compute the function numerically from its power series, it is often useful to express other functions
in terms of the eta function.

Julius Wilhelm Richard Dedekind (1831 – 1916)
was born in Braunschweig (now Germany) in October of 1831. Richard Dedekind began studying
mathematics at the University of Göttingen in 1850, where he was the last student of Gauss. He
received his doctorate in 1852, just one year after Riemann. In 1854, each completed his Habilitation.
In 1855 Gauss died and Dirichlet was appointed his successor. Dedekind attended Dirichlet’s lectures
in number theory, differential equations and the theory of definite integrals.
As Dedekind wrote in a letter, What is particularly useful to me is the almost daily association with
Dirichlet, with whom I am really beginning to learn for the first time; he is always very friendly towards
me, and he tells me, without beating about the bush, what gaps I need to fill and simultaneously gives
me the instructions and means to do so. I thank him already for infinitely many things, and there will
no doubt be many more.
In 1858, Dedekind moved to the the Polytechnikum in Zürich (ETH) and began teaching. It was
here that he first thought of what we know of today as Dedekind cuts of the real numbers. In his
book Was sind und was sollen die Zahlen (What are numbers and what should they be), he gave
a definition of infinite set. In addition to his own work, he edited works of Gauss, Riemann and Dirichlet. In 1862, Dedekind returned to his old hometown and the Technische Hochschule (previously
Collegium Carolinum), where he stayed. He was elected to the Berlin Academy, Academy of Rome,
the Leopoldino-Carolina Naturae Curiosorum Academia, and the Académie des Sciences in Paris.
He received honorary degrees from universities in Oslo (Kristiania), Zürich, and Braunschweig.
Bibliographic information: Richard Dedekind 1831–1981: Eine Würdigung zu seinem 150. Geburtstag, Ilse Dedekind (auth.), Winfried Scharlau (editor)
http://www.britannica.com/EBchecked/topic/155414/Richard-Dedekind (accessed October 5, 2014)
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Rational Harmonic Functions (Jörg Liesen)
The fundamental theorem of algebra states that every complex polynomial in a single variable z
and of degree n ≥ 1 has exactly n complex zeros. What can we say about the zeros of complex
polynomials in the two variables z and z ? This question is intriguing, as readily illustrated by two
simple examples: The polynomial zz − 1 has infinitely many zeros (every point on the unit circle), and
the polynomial zz + 1 has no zeros at all.
In recent years, researchers have focussed on the important special class of harmonic polynomials. These are of the form p(z) − q(z), where p(z) and q(z) are both (usual) polynomials in the
variable z. Again, infinitely many zeros may occur, as demonstrated by z − z. For harmonic polynomials p(z) − z with deg( p) = n > 1, however, this is impossible: A sharp upper bound on the number
of zeros in this case is 3n − 2 (Khavinson and Świa̧tek, 2003; Geyer, 2007). While finding a sharp upper bound for the general case remains an open research problem, Khavinson and Neumann (2006)
considered the natural generalization from p(z) − z to rational harmonic functions of the form
f (z) = r (z) − z,
where r (z) is a rational function in z. They proved that if deg(r ) = n > 1, then such a function may
have at most 5n − 5 zeros.
The fact that this bound is sharp for every n > 1 follows from advances in the theory of gravitational microlensing published by the astrophysicist Sun Hong Rhie in 2003. In mathematical terms,
she explicitly constructed a family of rational harmonic functions r (z) − z with deg(r ) = n and exactly
5n − 5 zeros for every n > 1. In the gravitational lensing model she considered, the zeros of r (z) − z
represent the images produced from a single light source by a lens containing n point masses, which
are modeled by the n poles of r (z).
The picture of the month visualizes Rhie’s function for n = 8 and hence with 5n − 5 = 35 zeros. In
Rhie’s terms, it represents a case of maximal lensing, where an 8-point gravitational lens produces
35 images. Since, due to the term z, the function f (z) is not meromorphic, a simple phase plot
does not depict all properties we are interested in. The more sophisticated color scheme we used
to generate the image allows us to read off where the mapping z 7→ f (z) is orientation preserving
(brighter colors) or orientation reserving (darker colors). This is important to distinguish between
zeros and poles: in the brighter regions the orientation of colors near a zero of f is the same as in
the color wheel; in the darker regions the orientation is reversed.

Sun Hong Rhie (1955 – 2013)
was born on March 1, 1955, in Gurae, South Korea. Sun Rhie enjoyed going to school from the age
of five. She was an excellent student; on her college pre-entrance exam she received the highest
score among women in all of South Korea. After earning her bachelor’s degree in physics at the
Seoul National University in 1978, she moved to the United States in 1980 for her graduate work in
physics at the University of California, Los Angeles. In 1982, she transferred to Stanford University
where she received her PhD in physics in 1988.
Sun Hong Rhie is famous for her pioneering work in the field of gravitational lensing. She was
the lead author of a paper in 2000 that presented observations of the first well-sampled highmagnification microlensing event. In collaboration with her husband, David Bennett, she was the
first to show theoretically that such events could be used to discover Earth-mass planets orbiting
other stars. In 2002, both scientists proposed to build a space telescope to discover such planets
toward the center of our galaxy. In 2010, this proposal became part of the Wide Field Infrared Survey
Telescope mission, selected by the National Academy of Sciences as the top priority large space
mission for the current decade; it is expected to launch in 2022.
In her later years, Sun Hong Rhie was afflicted with schizophrenia, which limited her ability to
continue scientific work. She died on October 19, 2013 in Granger, Indiana.
Photo: courtesy of David Bennett and Clara S. Bennett.

Biographic information: David Bennett and Dmitry Khavinson, http://dx.doi.org/10.1063/PT.3.2318
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Riemann Surfaces

This month’s phase portrait is the result of a numerical calculation of f (z) = log cos(z5 − z−5 using
standard software (M ATLAB). Why is this picture so peculiar? Note the ten-fold rotational symmetry,
the fractal-like structure, and, in particular, the unusually abrupt color shifts. To explain how the latter
occur, we look at a square region in the middle of the first quadrant (figure on the left).
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The function f is the composition of g(z) = cos(z5 − z−5 with the complex logarithm log z. The
phase portrait of the inside function, g, does not show any peculiarities (middle figure). However,
the phase portrait of the outside function, the logarithm, has an abrupt color change across the
negative real axis (figure on the right). The jumps S of f are therefore in places where g takes on
negative real values (where the phase of g is light blue). These lines end in zeroes, N, of g. Their “crossing points,” K, are
zeroes of the derivative g0 with negative real values of g.
This example demonstrates the difficulty in representing
the complex logarithmic function. Since it is the inverse of the
exponential function, which has period 2πi, the function log z
has infinitely many branches (see Complex Beauties, May
2011). Common software will likely only calculate one, the
principle branch Log z with −π < Im Log z ≤ π. Separating
the branches along the negative real axis is arbitrary. The
figure on the right shows a different separation. In “reality,”
all branches are connected with each other and the totality
of all of them forms a Riemann surface. This is the natural
domain of log z. It can be envisioned as a spiral staircase
winding around the logarithmic branch point of z = 0.
The function in this month’s picture also lives on a
Riemann surface. This one not only possesses infinitely
many sheets, but also infinitely many branch points, each one involving all the sheets. In contrast, the
seemingly particularly complicated “crossing points” are completely innocuous. Above these points
all branches are on levels, neatly separated from each other.

Hermann Weyl (1885 – 1955)
attended the Gymnasium in Altona before starting his studies of mathematics in 1904. He earned
his doctoral degree in 1908 in Göttingen under the supervision of David Hilbert. After his habilitation
in 1910, he worked as a Privatdozent in Göttingen until he was appointed to a position at the ETH in
Zürich. In 1930 he was appointed Hilbert’s successor in Göttingen but, in 1933, when the National
Socialist party took power, Weyl resigned from his chair. With the help of Einstein, Weyl attained a
position in Princeton, where he worked until 1951.
Weyl worked in an unusually wide variety of fields, from number theory to functional analysis and
geometry, and on to general relativity and quantum physics. He is considered one of the last mathematical universalists, as evidenced by the notions that are named after him including: Weyl group,
Weyl spinor, Weyl quantization, Weyl transformation, Weyl curvature tensor, and Weyl’s imbedding
problem.
Riemann surfaces had already been introduced in Riemann’s doctoral thesis. However, even
some prominent mathematicians rejected the concept at first. The breakthrough was achieved by
Hermann Weyl with his seminal early work “Die Idee der Riemannschen Fläche” (The concept of
a Riemann surface) published in 1913 (with many subsequent editions) through which the concept
gained general acceptance.

