Complex Numbers and Colors
This year’s calendar, “Complex Beauties,” delights both the visual senses and the intellect. These
colorful representations of complex functions are fascinating aesthetically as well as mathematically.
The researchers’ biographical sketches and the explanations of the mathematical functions with
which their work is connected provides insight into various fields of mathematics. Our goal is to
inspire you to search the literature or to experiment with phase portraits on your own.
To understand the representations of these functions, it is helpful to know something about complex numbers. The construction of the phase portraits is based on the interpretation of complex
numbers z as points in the Gaussian plane. The horizontal coordinate x of the point representing z
is called the real part of z (Re z) and the vertical coordinate y of the point representing z is called the
imaginary part of z (Im z); we write z = x + iy. Alternatively, the point representing z can also be
given by its distance from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument (or phase) of the value w = f (z).
More precisely, in the first step the color wheel is
used to assign colors to the complex w-plane in
such a way that points on rays emanating from
the origin are assigned the same color (as in the
f
picture on the right). Thus, points with the same
→
argument are assigned the same color. In the
second step, every point z in the domain of f is
assigned the same color as the value f (z) in the
w-plane.
The phase portrait can be thought of as a fingerprint of the function. Although only one part of the
data is encoded (the argument) and another part is suppressed (the modulus), an important class of
functions (“analytic” or, more generally, “meromorphic” functions) can be reconstructed uniquely up
to normalization.

f

→

f

→

Certain modifications of the color coding allow us to see properties of the function more easily. In
this calendar we use three different coloring schemes: the phase portrait as described above and
two variations shown in the second row of pictures. The variation on the left adds the modulus of the
function to the representation; the version on the right highlights, in addition, preservation of angles
under the mapping.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert,
Visual Complex Functions – An Introduction with Phase Portraits, Springer/Birkhäuser 2012. Further
information about the calendar and the book is available at

www.mathe-kalender.de,

www.visual.wegert.com.

Visit us also at

www.mathestudium.de,

www.mathecafe.de.

We thank Pamela Gorkin and Ulrich Daepp (Bucknell University) for the English translation.
c Elias Wegert and Gunter Semmler, Fakultät für Mathematik und Informatik, TU Bergakademie Freiberg, D-09596 Freiberg.
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Solvability of Polynomial Equations by Radicals
Polynomials are functions of the form
p ( z ) = a n z n + a n −1 z n −1 + · · · + a1 z + a0 .
Because they are obtained from the complex argument z and the complex coefficients a0 , . . . , an
soley by addition, subtraction, and multiplication, they are among the simplest functions. Despite this
simplicity they contain a wealth of deep and fascinating features. The roots of the polynomials, that
is, the complex values z such that p(z) = 0, are of particular significance. For polynomials of degree
two of the form p(z) = z2 + pz + q, the roots are given by the well-known quadratic formula
z1,2

p
=− ±
2

r 
p 2
− q.
2

At the beginning of the 16th century, similar formulas were developed for polynomials of degree three
by Scipione del Ferro and Niccolò Tartaglia (and published by Cardano). A short time later, Lodovico
Ferrari provided solutions for polynomials of degree four. It wasn’t until the beginning of the 19th century that progress was made on polynomial equations of higher degree. Then Nils Henrik Abel proved
that the roots of a general degree-five polynomial equation cannot be expressed in terms of radicals,
that is, expressions obtained from complex numbers using only basic operations and nth roots (where n is a
positive integer).
This month’s image shows the phase
portrait of p(z) = z5 − z + 1.
The five roots are
the points at which all colors meet.
Of course, the
picture does not show whether a solution of the polynomial equation by radicals is possible.
For comparative purposes, another polynomial is pictured on the
right.
At first glance, it may seem to be of degree four.
Closer inspection reveals that all colors
meet twice at the root farthest to the right.
This
root, which we call z0 , counts twice: Algebraically this
is expressed by the fact that the polynomial is divisible by (z − z0 )2 . So, this is also a fifth-degree polynomial.

Niels Henrik Abel (1802 – 1829)
was the son of a theologian and, starting in 1815, he attended the Christiania (Oslo) Cathedral
School. He was mentored by a mathematics teacher, Bernt Michael Holmboe, and the two of them
remained friends for life. After a short career in politics, his father succumbed to drinking and died
early; his mother showed little concern for her children. In 1821, helped by some supporters, Abel
started his studies in Christiania and he believed he had found a solution by radicals of the general
fifth-degree polynomial equation. Later he discovered a mistake in his calculations and proved the
impossibility of such a solution. From 1825 to 1827, with the help of a government stipend, he
traveled throughout Europe. He spent almost a month in Freiberg, with the mathematician Constantin
August Naumann. In Berlin, Abel found an ardent supporter in Crelle. However, Abel received no
recognition in Paris. Abel returned to Norway and died at a young age from tuberculosis.
Abel’s main work is in elliptical integrals and function theory. Évariste Galois integrated Abel’s
contributions to the equation of degree five into a unified theory of solutions of polynomial equations.
Since The Norwegian Academy of Science and Letters has, since 2003, awarded the Abel Prize for
outstanding contributions in mathematics. The prize is presented annually and carries a monetary
award of six million Norwegian kroner.
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Iterated Polynomials and the Mandelbrot Set
Certain applications of a function can lead to interesting results. For example, if a complex number z
is squared repeatedly, we get the sequence of numbers
z,

z2 ,

z4 ,

z8 ,

z16 , . . . .

To investigate how properties of this sequence depend on the initial value z, we look at the terms of
the sequence as functions of z. We start with f 0 (z) = z and apply operations step-by-step
!
2
f n ( z ) = f n −1 ( z ) ,

n = 1, 2, . . . .

(1)

It is easy to describe the properties of f n (z) for this construction rule: For |z| < 1 the terms of the
sequence approach zero; for |z| > 1 the terms grow above all bounds (tend to infinity); and for |z| = 1
the terms stay on the circle of radius one centered at the origin.
Sequences obtained using the more general rule for construction
!
2
f n (z) = f n−1 (z) + c,

n = 1, 2, . . . ,

c ∈ C.

(2)

possess similar properties. The (filled) Julia set, J (c), consisting of the points z for which f n (z) is
bounded, depends on the number c and can possess interesting geometric properties (see Complex
Beauties 2012, month of July).
A different modification of (1) produces sequences that
have significantly more interesting properties:
!
2
f n (z) = f n−1 (z) + z,

n = 1, 2, . . . .

(3)

All points z for which the sequence f n (z) is bounded
form the famous Mandelbrot set M (the black set in the
figure on the left). It was popularized in the 1980’s by
Benoı̂t Mandelbrot. The Mandelbrot set has an amazingly rich structure that–even today–has not been fully
explored.
This month’s picture shows the phase portrait of the
polynomial f 8 (z) that is defined by f 0 (z) = z and (3).
This polynomial has 256 roots and the viewer can already see the formation of the Mandelbrot set.

Benoı̂t B. Mandelbrot (1924 – 2010)
Benoı̂t Mandelbrot was born on November 20, 1924 in Warsaw. In 1936, in order to escape the
terror of the National Socialists, his family moved to Paris. In 1952, after studies in the engineering
sciences and aeronautics, he graduated with a doctorate in mathematics.
In 1958, after various positions at research institutes and universities, Mandelbrot joined the research institute at IBM. In 1975 he was named an IBM fellow, which allowed him to choose his
projects freely. Besides mathematical problems, Mandelbrot was also interested in problems in information theory, economics, fluid dynamics, and cosmology.
Mandelbrot coined the term fractal to describe certain “rugged” geometric structures that were
considered previously to be oddities. Mandelbrot brought the fractal concept to a wide audience
with the publication of his now famous book “The Fractal Geometry of Nature” and he initiated many
controversial discussions.
Mandelbrot was conferred high honors for his revolutionary work, among them the promotion to
Officer of the Legion of Honor. He died on October 14, 2010 in Cambridge.
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Real Numbers and Continued Fractions
It has been known since antiquity that the ratio of the length of the diagonal of a square to the length
of the side cannot be expressed as p/q with√p and q integers. There is also no simple description
of the decimal representation of this ratio, 2 = 1.41421356237309 . . .; there is no pattern to the
sequence of digits following the decimal point. This state of affairs does not change if base ten is
replaced by a different integer base and the ratio is written in positional√notation of the new base.
However, there is a representation of real numbers that
√describes 2 in a simple way and does
not depend on the√choice of a base. To this end, we write 2 as the sum of the largest integer p that
does not exceed 2 plus a remainder r with 0 ≤ r < 1; that is
√
√
2 = 1 + ( 2 − 1) = 1 + r.

√
2 − 1 is once again expressed as the sum of the largest
The reciprocal, 1/r, of the value r =
positive integer not exceeding 1/r plus a remainder (that coincidentally turns out to be again r in this
case),
√
√
1
1
= 2 + 1 = 2 + ( 2 − 1) = 2 + r.
(4)
= √
r
2−1
√
Thus, 2 has the representation
√

2 = 1+r = 1+

1
1
= 1+
.
1/r
2+r

If (4) is used repeatedly to replace r by 1/(2 + r ), we get a (finite) continued fraction
1

p+
p1 +

,

1

√

namely

1

2 = 1+
2+

1
p2 + . +
pk + r
..

,

1
.
2 + .. +

1
2+r

in which all denominators p1 , p2 , . . . are equal to 2. In principle this method can be applied to any
real number but, in general, the integers p j will be different from each other. For rational numbers
this continued fraction will terminate in finitely many steps. For non-integral square roots of natural
numbers, the continued fraction will become periodic after a certain number of terms.
Besides the “regular” continued fractions explained above, there are more general forms containing (complex) variables. The picture of the month shows the (rational) function f that is represented
by the continued fraction with twenty fractions,
z

f (z) =
1−z+

.

z
.
1 − z + .. +

z
1−z

This function is the quotient of two polynomials, each of degree twenty.

Alfred Pringsheim (1850 – 1941)
Alfred Pringsheim, born on September 2, 1850 in Ohlau (Silesia), was one of the leading mathematicians studying continued fractions. His education began in schools in Breslau and continued in Berlin
and Heidelberg with the study of mathematics and physics. In 1886 he was appointed extraordinary
professor at the Ludwig-Maximilian-Univeristät in Munich and in 1901 he was promoted to professor.
Pringsheim’s research was in series, products, and continued fractions. He wrote a comprehensive
textbook in functional analysis.
Pringsheim obtained a substantial inheritance from his family. His mansion was a cultural center
in Munich and housed a distinguished art collection. Because of his Jewish ancestry, Pringsheim
was forced to sell his house to the NSDAP and the house was later destroyed. In 1939 he and
his wife emigrated to Switzerland and he died in Zürich in 1941. The couple had five children; his
daughter Katharina (Katia) was married to Thomas Mann.
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The Nyquist–Shannon Sampling Theorem
Mathematically, a signal is simply a function, f , defined on the real numbers. It assigns to every time
t a certain value f (t); this might be the displacement of a string or membrane, barometric pressure,
or the magnitude of an electric field strength at a fixed location. Measurements of a signal are
often done at regularly scheduled points in time with an interval of length ∆t between consecutive
measuring times. This process is called sampling the function and it is also the first step in the
digitalization of an analog signal.
It is not possible in general, of course, to reconstruct the complete function using the samples
alone; that is, from the values f (n∆t), where the positive integer n enumerates the samples. Surprisingly, such a reconstruction is possible if we have a band limited signal f ; that is, if the frequencies
of the signal are bounded above. In this case, the upper bound on the frequency determines the
largest possible value of ∆t for which the function f can be reconstructed using the formula
∞

f (t) =

∑
n=−∞

f (n ∆t) sinc

π

∆t


(t − n ∆t) .

This formula is attributed to Claude Elwood Shannon and several other mathematicians (Whittaker,
Kotelnikov, and Raabe among them). It is called the cardinal series because it contains the celebrated sinus cardinalis function sinc z := sin z/z. The phase portrait of this month shows the function
sinc.

The behavior of this function at z = 0, where it is initially not defined because the numerator and
the denominator vanish at that point, is particularly noteworthy. The first two images above are the
phase portraits of sinc z and z. Both images show all colors meeting at the origin, indicating that
the functions vanish there. It can be shown that sinc z approaches 1 as z tends towards 0. For this
reason, we say that we have a removable singularity at 0 and so we define sinc 0 := 1. The third
image above shows that the quotient has neither a zero nor a pole at the origin. The picture of the
month shows the origin as an exception in the regularity of the sequence of zeroes.

Claude Elwood Shannon (1916 – 2001)
grew up the son of a businessman in Petoskey (Michigan). He studied mathematics and electrical
engineering at the University of Michigan and at MIT (Massachusetts Institute of Technology). In
his master’s thesis he used Boolean algebra to simplify the construction of digital circuits; the thesis
was celebrated as the “most important and influential master’s thesis of the century.” In his doctoral
thesis (MIT, 1940) he extended the work to genetics. He worked at the Institute for Advanced Study
in Princeton (where he met John von Neumann and Albert Einstein) and at AT&T Bell Labs. He
returned to MIT in 1956 where he held a professorship until his retirement in 1972. His research
was in cryptography, communications and information theory. In addition, Shannon created a series
of toys, including a juggling machine, rocket powered frisbees, the mechanical mouse Theseus, a
chess computer, and a motorized pogo stick.
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Periodic Functions and Fourier Series
A function, f , satisfying the equation f (z + z0 ) = f (z) for all z is said to be periodic with period z0 .
The real sine and cosine functions are well-known examples of functions with period 2π (image on
the left). The phase portraits of periodic functions are unaltered when translated by z0 . The period
z0 need not be real; the exponential function (second picture), for instance, has complex period 2πi
because e!z+2πi = ez. The two images on the right show the phase portraits of the periodic functions
cos z = 21 eiz + e−iz and e(1+2i)z , respectively.

Fourier introduced the idea of representing “arbitrary” (say 2π–)periodic functions in terms of the
simplest periodic functions. This leads to the so-called Fourier series,
∞
a0
+ ∑ ak cos(kz) + bk sin(kz)
2
k =1

∞

or

∑

ck eikz .

k =−∞

Physically, this representation corresponds to a superposition of waves. That the two expressions
above are equal is a consequence of Euler’s formula eix = cos x + i sin x (see the calendar of April
2011). Some very deep questions are: Which periodic series have Fourier expansions and, of the
ones that do, how do the series converge? Extensive research on these questions started in the
nineteenth century.
The image of the month shows the phase portrait of the finite sum of three general exponential
functions,
f ( z ) = c 1 ed1 z + c 2 ed2 z + c 3 ed3 z .
By multiplying z with d1 , d2 , and d3 , the periods of the summands are turned in various directions
and are lengthened or shortened. In certain sectors of the plane, one of the three summands turns
out to be dominant and thus the function is free of zeroes in that sector. The zeroes of f are in the
regions where two of these sectors border each other.

Jean-Baptiste-Joseph Fourier (1768 – 1830)
was born in the region of Auxerre, the son of a tailor. He became an orphan early on. At the young
age of eighteen he was appointed professor of mathematics at the local military school and in 1797
he succeeded Lagrange at the École Polytechnique.
Fourier was an active supporter of the French revolution. In 1798 he accompanied Napoleon to
Egypt, where he directed the Institute d’Egypte. After the French defeat to the English, he returned to
France and Napoleon appointed him Prefect of the department of Isère, even though Fourier would
have preferred to work once again as a professor. In 1815 and after a lengthy stay in England,
Fourier was made secretary of the Académie des Sciences, a lifetime position. Fourier is one of the
72 people whose name is engraved in the Eiffel tower.
In 1822 Fourier published his most significant work: Théorie analytique de la chaleur. It contains
what is now called Fourier’s law of heat conduction, which implies the heat equation. It was Fourier’s
conviction that every periodic function could be represented as a trigonometric series. There is also
a continuous analog of this that is now known as the Fourier transform.
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Jacobi Theta Functions
Many complex functions have a power series expansion in the variable z. These series may be
generalized to include negative powers; these are the Laurent series,
∞

∑
k =−∞

c k ( z − z0 ) k .

Every Laurent series converges in an annulus with center at z0 and with its radii determined by the
behavior of the coefficients ck for large values of |k|. In the best case scenario, the series converges
in the “punctured plane” C \ {z0 }.
2
Suppose, for example, that q is a complex number with |q| < 1. Then the coefficients ck = qk
converge to zero rapidly as |k | increases and, as a consequence, the Jacobi theta series
∞

f (z) =

∑

2

qk zk

k=−∞

converges for all z different from zero. This series, f (z), has an interesting symmetry property that
can be expressed via the functional equation
f (qz) = qz f (q2 z).
In the following images we see phase portraits of the function f for values of the parameter q where
q = 0.9, q = 0.9eiπ/6 , and q = 0.97eiπ/6 . (In the picture we also see the black circle |z| = 1.)

The functions f are often replaced by the Jacobi theta functions
!

ϑ (z) = f exp(2πi z) .

Composing f with the exponential function makes the resulting function 1-periodic. The picture of
the month shows the phase portrait of the function ϑ (z) for q = (1 + i)/4.
There are other types of theta functions besides the one presented here, all connected to each
other using simple relations. Because of their fast rate of convergence, theta series are often used
for numerical calculations of other special functions.

Carl Gustav Jacob Jacobi (1804 – 1851)
Jacobi’s talent for mathematics was recognized early on. Only the restriction on age prevented him
from attending the University of Berlin at age thirteen, nevertheless he was still able to obtain his
habilitation by the time he was twenty-two. He spent many years in Königsberg before returning
to Berlin. Because of his brilliance in algebra, he was called the “Euler of the nineteenth century.”
He worked in the areas of elliptic functions, differential geometry, partial differential equations, and
calculus of variations.
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Ramanujan’s Continued Fraction
In the month of March, we met “regular” continued fractions (left) and more general types of continued
fractions (right),
1
b1
a0 +
,
a0 +
.
1
b2
a1 +
a1 +
1
b3
a2 +
a2 +
1
bn
..
..
.+
.+
.
.
an + . .
an + . .
Pringsheim introduced the following abbreviated notation, which we will use, for the general type of
continued fraction:
b | b2 |
bn |
a0 + 1 +
+...+
+... .
(5)
| a1 | a2
| an

The regular continued fraction representation (left) of π does not show a pattern. However, the
generalized continued fraction (right) representing π reveals a striking regularity.
π = 3+

1|
1|
1|
1|
12 | 32 | 52 | 72 | 92 |
1|
+
+
+
+
+... = 3+
+
+
+
+
+...
| 7 | 15 | 1 | 292 | 1
|6
|6
|6
|6
|6

In (5) the numbers a0 , a1 , a2 , . . . and b1 , b2 , . . . may be replaced by functions. One of the most interesting objects of this kind is the fraction introduced by Leonard Rogers in 1894 and later studied
extensively by Srinivasa Ramanujan,
1+

z | z2 | z3 | z4 |
+
+
+
+....
|1
|1
|1
|1

The phase portraits on the right
show the approximations terminating at z200 and z201 , respectively. In
the interior of the unit disk the two
approximations are quite similar.
Outside of this disk, they are completely different. In fact, the continued fraction converges for |z| < 1
only. For |z| > 1, approximations terminating in an even power
approach a different value than approximations terminating in an odd power. This month’s image
shows the approximation of order 401.

Srinivasa Ramanujan (1887 – 1920)
In 1913, the British mathematician G. H. Hardy received a letter from twenty-five-year-old Srinivasa
1
Ramanujan containing the mysterious summation 1 + 2 + 3 + . . . + n + . . . = − 12
. Hardy realized
that this equation, as well as several other relations Ramanujan gave, were very important. He
invited the brilliant Indian mathematician to Cambridge to start a collaboration.
Srinivasa belonged to an impoverished Brahmin family. His mathematical genius was recognized
early but, despite the recommendations of several Indian mathematicians, he was unable to find a
position that fit his talent.
Ramanujan discovered more than 3000 connections, most of them in number theory, series
summations, and continued fractions. Since he was a seer, he never understood the need for a
proof. The vast majority of his statements were confirmed later. A few of them turned out to be false
and some remain unproved, even today.
He returned to his homeland in 1919 suffering from a severe illness and died shortly afterward at
the age of thirty-two.
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Neumann Functions
In the month of October of “Complex Beauties 2012,” we featured the wave equation
∂2 u ∂2 u
1 ∂2 u
=
+ 2
c2 ∂t2
∂x2
∂y
(freely accessible at www.mathcalendar.net/). On that occasion we explained that the wave equation
in polar coordinates, r and ϕ, can be used to find the eigen-oscillations of a membrane; this leads to
Bessel’s differential equation
d2 u
du
r2 2 + r
+ (r2 − n2 )u = 0.
dr
dr
Aside from the solution Jn that we used in October of 2012, this equation has a second (linearly
independent) solution Yn that is called a Bessel function of the second kind or Neumann function.
This solution has the representation (for n a positive integer)
Yn (z) =

2
2n
(γ + log z − log 2) Jn (z) − n
π
πz

n −1

∑

k =0

(n − k − 1)! 2k 1
z −
π
4k k!

∞

H +H

∑ (−1)k 22k+kn k!(n k++nk)! z2k+n ,

k =0

where γ = 0, 57721 . . . denotes the Euler–Mascheroni constant and Hn = ∑nk=1 1/k. The picture on
the left shows the graphs of the real Neumann functions Y0 , Y1 , . . . , Y4 .

The picture on the right shows that the logarithmic function log z, appearing in the first sum, is not
continuous throughout C. There is a line (often chosen to be the negative real axis) along which
the values of the logarithm jump (compare to the month of May in the 2011 calendar). This jump
(from yellow to violet) also appears in this month’s phase portrait. However, the jump seems to be
missing in a neighborhood of zero. This is due to the factor 1/zn of the second summand in the
representation given above. The modulus of this factor grows arbitrarily large as z approaches the
origin; this summand has a pole. It dominates the jump, having the effect that the jump is no longer
visible. The origin looks like a pole of degree n (degree seven in the picture). This example shows
that we cannot always rely solely on our visual intuition.

Carl Gottfried Neumann (1832 – 1925)
was the son of a physicist and mineralogist. He studied in his home town of Königsberg, obtaining
a doctorate in mathematics. In 1985 he received his habilitation in Halle. After working in Basel and
Tübingen, he went to the University of Leipzig where he remained for forty-two years.
Neumann’s main work was in partial differential equations stemming from physics, potential theory in particular. A boundary condition that specifies the normal derivative (that is, the derivative in
direction orthogonal to the boundary of the domain) is now called a Neumann boundary condition.
A generalization of the geometric series that Neumann used to solve integral equations is called the
Neumann series. He was co-founder of the prominent journal Mathematische Annalen.
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Airy Equation
Many problems in mathematical physics are solved using differential equations, which are equations
that contain derivatives of the function that solves the equation. As an example, consider the general
form of a second order linear differential equation
y′′ ( x ) + py′ ( x ) + qy( x ) = 0.
If p and q are constant, then there are well-known methods to solve these equations. However, if p
and q are functions in x, it is not always possible to obtain a closed form for the solution. In solving
problems about light intensity, light bending, and the bending of radio waves on the earth’s surface
we are lead to Airy’s equation y′′ − xy = 0, a special case of the differential equations introduced
above that does not have a simple solution. It is possible to find the solution in the form of a power
n
series y( x ) = ∑∞
n=0 an x . If we substitute y ( x ) into the differential equation, we obtain conditions that
will determine the coefficients an . The general solution of the equation is the linear combination of
the Airy functions of the first and second kind, respectively:
Ai(z) =
Bi(z) =

1
32/3 π
1
31/6 π

∞

Γ((n + 1)/3)
sin(2(n + 1)π/3)(31/3 z)n ,
n!
n =0

∑
∞

Γ((n + 1)/3)
| sin(2(n + 1)π/3)|(31/3 z)n .
n!
n =0

∑

It can be shown that these series converge on the whole complex plane, which explains why we
chose z for the variable.

The images above are phase portraits of the Airy functions Ai (on the left) and Bi (on the right). This
month’s title picture shows the logarithmic derivative of Bi, that is, the function Bi′ (z)/ Bi(z).

George Biddell Airy (1801 – 1892)
was born in Alnwick, Northern England. He studied at Trinity College, Cambridge. At the young age
of 25, he was appointed Lucasian Professor of Mathematics at Cambridge University, thus becoming
a successor of Isaac Newton. Shortly afterwards he became the Plumian Professor of Astronomy
and Experimental Philosophy and Director of the Cambridge Observatory. In 1835 he was appointed
Astronomer Royal and Director of the Royal Observatory, Greenwich. He also held the position of
President of the Royal Astronomical Society. His main work was in the application of mathematics to
physics and astronomy. He calculated the mass of Jupiter, the density of the earth, and he developed
an orbital theory of the moon, among other things. In 1851 he participated in establishing the prime
meridian through Greenwich, a standard that was accepted by most nations in 1884. The bright
region produced by a light beam that passes through a lens with a circular hole is called an Airy disk.
It is surrounded by concentric light rings forming the Airy pattern.
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Fresnel Integrals
Every function f that is holomorphic in the whole complex plane has a primitive function in the plane;
that is, a function F that is complex differentiable and has derivative f , where F ′ (z) = f (z). Even
though the existence of a primitive function is guaranteed, there are simple functions f that are not
the derivatives of elementary functions. Such functions include f (z) = sin(z2 ) and g(z) = cos(z2 )
whose primitive functions
F (z) =

Z z
0

sin(t2 ) dt and G (z) =

Z z
0

cos(t2 ) dt

are the so called Fresnel integrals. Here, integration is along an arbitrary path from 0 to z – surprisingly, the value of the integral does not depend on the chosen path.
In his calculations needed to explain diffraction
phenomena, Fresnel succeeded in finding the
values of the improper integrals
r
Z ∞
Z ∞
1 π
2
2
cos(t ) dt =
sin(t ) dt =
.
2
2
0
0
In fact, these values can be obtained from results already known to Leonhard Euler. The
picture of the month shows the Fresnel integral
F (z). Simple substitutions for the variable lead
to the relations F (z) = F (z) and F (iz) = iF (z);
these result in the conspicuous symmetries of
the image. A phase portrait of the second Fresnel integral G (z) appears on the left. To calculate the values of the functions numerically, we
can use the power series
∞

F (z) =

∞
(−1)k
(−1)k
4k+3
z
and
G
(
z
)
=
∑ (2k + 1)!(4k + 3)
∑ (2k)!(4k + 1) z4k+1 .
k =0
k =0

These series are obtained by termwise integration of the well-known series for sine and cosine.

Augustin Jean Fresnel (1788 – 1827)
was born in Broglie, in Normandy. He had learning difficulties as a child; nevertheless, he graduated
from the École Polytechnique in Caen with high marks and began to work as an engineer. Due
to Napolean’s return and for political reasons, he lost his position. It was only after the second
restoration to the monarchy that he was able to return to Paris to work as an engineer. Around 1814,
Fresnel started to work on problems of optics. Despite being awarded a prize by the Académie des
Sciences and becoming one of its members in 1923, during his lifetime several of Fresnel’s papers
did not receive the recognition they deserved.
Fresnel corresponded with Thomas Young about calculations and experiments pertaining to the
wave nature of light. For Fresnel, mathematics was only a tool for investigations in physics. He
developed lenses for the use in light towers. Compared to a standard lens, the Fresnel lens saves a
lot of material and is now used widely, for instance in the headlights of cars. Fresnel died at an early
age from tuberculosis. His name is also engraved in the Eiffel Tower.
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Numerical Evaluation of Definite Integrals
Rb
If a definite integral a f ( x ) dx cannot be determined exactly it is possible to use approximation
methods that allow for evaluation to arbitrarily high precision. One basic approach is to replace
the function f by a polynomial p that approximates f . One way to achieve this is to require that
the two functions agree on certain points, called interpolation points. If p is chosen to be linear,
p( x ) = mx + n with p( a) = f ( a) and p(b) = f (b), then we have the trapezoidal rule
Z b
a

f ( x ) dx ≈


1!
f ( a ) + f ( b ) ( b − a ).
2

Increasing the degree of the polynomial and the number of interpolation points leads to various
approximation formulas that are collectively known as the Newton–Cotes formulas.
The starting point for the image of the month is a curve Γ that partitions the plane into six regions
(first picture). If we go along the curve in the direction of the arrows, then we go around the four
light blue regions in the clockwise (mathematically negative) direction; thus the winding number of Γ
around points in the light blue regions is −1. Similarly, we go around the red region in the positive
direction and thus the winding number around points in this region is 1. Finally, we do not go around
the black region at all, thus the winding number of Γ around points in this region is 0.

According to Cauchy’s integral formula (see the calendar of June 2011) the winding number of Γ
around a point z not on Γ is given by
f (z) =

1
2πi

Z

Γ

1
dw.
w−z

If the curve Γ is replaced by a polygonal path and the integration along each segment is done using
the trapezoidal rule, then we get a rational function that approximates f (see the picture in the middle
and on the right). For the picture of the month we used a coarse approximation. In the phase portrait
the vertices of the polygonal path appear as poles.

Roger Cotes (1682 - 1716)
was born in Burbage, Central England, the son of a school principal. His teachers recognized his
mathematical talent early on and he was supported by his uncle. After attending St Paul’s school in
London, Cotes enrolled at Trinity College, Cambridge in 1699. At the age of twenty-six he became the
first Plumian Professor of Astronomy and Experimental Philosophy at Cambridge University. Even
though he observed the sky and was instrumental in establishing an observatory, his real gift was
in theoretical and mathematical fields. In England, Roger Cotes was recognized as one of the most
eminent mathematicians and he was one of the few capable of following the Isaac Newton’s train of
thought. When Newton prepared his main work Philosophiae Naturalis Principia Mathematica for a
second edition, Cotes involved him in deep discussion lasting from 1709 to 1713 that resulted in a
substantial extension of the Principia. Cotes published only one paper in his lifetime; he died at age
thirty-three from a sudden fever. Referring to Cotes, Newton said, “If he had lived we would have
known something.”
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Complex Oscillations and Waves
The simplest oscillations can be represented by functions of the form u(t) = A cos(ωt + ϕ), where
t denotes the time, A the amplitude, ω the (circular) frequency, and ϕ the phase shift. Using the
Euler–de Moivre formula, the function u(t) can be written as the real part of some complex function
w(z), that is u(t) = Re w(t), where
w(t) = a eiωt ,

a = A eiϕ .

Thus the phase shift ϕ of the oscillation is the argument of the complex amplitude a.
Phase portraits are particularly suitable for the visualization of planar oscillating processes. The
two images below on the left are snapshots (at t = 0) of an (fictitious) undamped radially symmetric
wave, centered at z0 = 0 and of wave length λ,
w(t, z) = a ei(ωt−k|z−z0 |) ,

k = 2π/λ.

The first picture shows the real part as grey level (white for maximal and black for minimal deflection);
the second picture shows the phase.

If one superimposes two such waves, w1 and w2 , with different centers, z1 and z2 , then cancellation
will take place at some points, namely the points in which the difference of the distance from z1 and
z2 is an odd multiple of half the wavelength. These points lie on hyperbolas and in the phase portrait
of w1 + w2 (third picture) they are recognizable as points of discontinuity of the function (phase jump).
For reasons having to do with energy, rotationally symmetric waves subside as the distance r
√
from the origin increases; typically the decay is proportional to 1/ r (in the plane) or 1/r (in space).
In these cases, cancellation of the two waves in points of opposite phase is incomplete due to the
different amplitudes and there is no phase jump (picture on the right).
The image of the month shows the phase portrait of the superposition of twenty-one radial waves
with equally spaced sources on a vertical line (on the left in the image). All waves have the same
frequency, decay according to 1/r, and neighboring waves have opposite deflection.

Christiaan Huygens (1629 – 1695)
was born in Den Haag in 1629. He is the pioneer of explorations of wave phenomena. His optical
experiments helped him to recognize the wave theory of light. Huygen’s principle postulates that
every point reached by a wave is the source of a new (semi-)circular or (semi-)spherical wave. The
wave is then the result of all these superpositions. In 1816, Fresnel refined this principle (see the
month of October) and Kirchhoff later deduced the refined principle from the wave equation.
Huygen’s work in Den Haag and Paris was exceptionally versatile. He improved telescopes and
used them to resolve the understanding of the rings of Saturn. He also discovered Saturn’s moon,
Titan. In mechanics he formulated the laws of centripetal force and elastic collision. Among his most
significant discoveries is the construction and scientific investigation of the pendulum clock. Huygens
used continued fractions to design gear trains optimally. He also wrote the first text on probability
theory.

