Complex Numbers and Colors
The illustrations in this calendar show visualizations of complex functions and portraits of mathematicians whose work is connected with these functions. A short explanation of the mathematics used to
create each picture as well as some biographical information of the featured mathematician appears
on the back of each page.
Some basic knowledge of complex numbers is required to fully appreciate the aesthetics of the
images. To some extent, this knowledge will be provided in the text. To begin with, it is sufficient
to know that complex numbers can be associated with points of a plane called the Gaussian plane.
The horizontal coordinate, x, of a complex number z is called the real part of z (Re z) and the vertical
coordinate y is called the imaginary part of z (Im z); we write z = x + iy. The position of the complex
number z can also be characterized by its distance from the origin (the absolute value of z, denoted
by |z|) and an angle (the argument of z, denoted by arg z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument (or phase) of the value w = f (z).
More precisely, in the first step the color wheel is used to assign colors to the complex w-plane in such
a way that points on rays emanating from the origin are assigned the same color (as in the picture
on the right). Thus, points with the same argument are assigned the same color. In the second step,
every point z in the domain of f is assigned the same color as the value f (z) in the w-plane.

f

→
The phase portrait can be thought of as a fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the absolute value), functions
of an important class (“analytic”, or, more generally, “meromorphic” functions) can be reconstructed
uniquely up to normalization.
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Certain modifications of the color coding allow us to see properties of the function more easily. In
this calendar we use three different coloring schemes: the phase portrait as described above and two
variations shown in the second row of pictures. The variation on the left adds the absolute value of the
function to the representation; the version on the right highlights, in addition, preservation of angles
under the mapping.
For the mathematical background of phase portraits see E. Wegert and G. Semmler: Phase Plots of Complex
Functions: A Journey in Illustration, (Notices of the Amer. Math. Soc. 58 (2011) 768–780), and E. Wegert:
Phase diagrams of meromorphic functions (Comput. Methods Funct. Theory 10 (2010) 639-661). Further
information and downloads are available at

www.mathcalendar.net.
We would like to express our gratitude to Pamela Gorkin and Ulrich Daepp (Bucknell University) for their kind
help with the English version.
c Elias Wegert und Gunter Semmler, Fakultät für Mathematik und Informatik, TU Bergakademie Freiberg, D-09596 Freiberg, Germany.
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Powers, Polynomials, and Codes
Powers of a complex variable z – like 1 (exponent zero), z, z2 , z3 , and so on – are among the simplest
functions. Looking at the pictures below from left to right, we see the phase portraits of the functions
f (z) = 1, f (z) = z, and f (z) = z16 , all using the domain −1 ≤ Re z ≤ 1 and −1 ≤ Im z ≤ 1.

The most general functions that can be formed using only addition, subtraction, and multiplication
are polynomials. The power functions are the building blocks of polynomials.
The picture on the other side of this page shows the phase portrait of a polynomial known in
coding theory under the cryptic name CRC-16-CCITT,
f (z) = 1 + z5 + z12 + z16 .
CRC stands for Cyclic Redundancy Code, the number 16 denotes the highest occurring power of z,
and CCITT is the abbreviation for Comité Consultatif International Téléphonique et Télégraphique.
The domain shown is the square |Re z| < 1.4 and |Im z| < 1.4.
Properties of this polynomial are used in the operational design of bluetooth devices, for example.
To avoid transmission errors, additional (redundant) information is added before the data is encoded
and sent out. The receiver is then able to detect and correct errors using appropriate algorithms.
The cyclic redundancy codes proposed by William Wesley Peterson in 1961 use polynomials to
encode the data. Each code has a generator polynomial; f , as defined above, is the generator polynomial for CRC-16-CCITT. The binary data to be transmitted is divided into blocks and interpreted
as the coefficients of a data polynomial. A code word is generated using “polynomial division in the
quotient ring modulo 2” (this is an operation similar to long division in which only the remainders of
division by 2 matter). The code word is transmitted together with the message. The receiver checks
whether the transmitted data yields the same code word. If it doesn’t, there was a transmission error
that can be corrected up to some degree. Finding generator polynomials with “good” properties is a
topic that is still studied intensively today.

William Wesley Peterson (1924 – 2009)
showed an interest in electronics as early as high school and in 9th grade he was particularly enthusiastic about algebra. The combination of these two subjects formed an ideal basis for Peterson’s
later work in computer science though, as Peterson later said, he saw his first computer only after
completing his studies.
Peterson wrote his Ph.D. thesis in electrical engineering at the University of Michigan. In 1961,
a time when few engineers were interested in algebra, Peterson demonstrated its importance for the
practical design of error-correcting codes. This was a revolutionary development in the field. For his
groundbreaking papers in algebraic coding theory, he received the Claude Shannon Award in 1981
and the Japan Prize in 1999. The latter carries a cash award of about 400,000 dollars. Peterson was
a professor at the University of Hawaii in Manoa and an active researcher throughout his life.
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The Infinite and the Stereographic Projection
Has it ever bothered you that you cannot divide by zero? Could it be that 1/0 is infinitely large? In
the realm of the complex numbers there is a relatively simple solution to this problem; we extend the
complex plane by one point, the so-called “point at infinity.”
The story began almost 2000 years ago when the Greek mathematician, astronomer, and geographer Ptolemy described, in his book “Planisphaerium,” a method to make a map of the sky.
To map the supposedly spherical sky onto a
plane, Ptolomy used the stereographic projection. For this projection, the image is the
plane containing the equator. Every point of
the sphere (except for the north pole) is projected onto this plane by a ray emanating from
the north pole.
Conversely, every point z in the equatorial plane corresponds to a point P on the sphere under this
projection; nothing corresponds to the north pole N. If z moves away from the center O of the sphere,
then the corresponding point P approaches the north pole which is therefore regarded as the “point at
infinity”, z = ∞. In fact, after an appropriate extension of the arithmetic operations we have 1/0 = ∞.
It wasn’t until the middle of the 19th century when Bernhard Riemann introduced the representation of complex numbers on a sphere. For this reason, we also call this sphere the Riemann sphere.
Choosing the south pole as the center of the stereographic projection we can easily look at a
neighborhood of the point at infinity in the plane. The picture on the other side of this page shows
the phase portrait of the function that results when the polynomial z18 − z is divided by z − 1 in a
neighborhood of z = ∞. This quotient is itself a polynomial:
f (z) =

z18 − z
= z17 + z16 + . . . + z2 + z.
z−1

The point z = ∞ is located at the center of the square and the point z = 1 lies to the right of it. The
function f has a pole at infinity; that is, we have f (∞) = ∞. (For the expert we remark that it can
be seen from the coloring near ∞ that this pole has order 17; this coincides with the order of the
polynomial). The other points where all colors of the color circle meet are the zeros of the polynomial
f (z), i.e. the numbers z for which f (z) = 0. These are located on a circle of radius 1.

Claudius Ptolemy (ca. 90 – ca. 160)
was a Greek mathematician, geographer, astronomer, astrologer, music theorist, and philosopher.
Ptolemy worked as a librarian in the famous Ancient Library of Alexandria. His fundamental 13
volume treatise “Megiste Syntaxis” (known today as “Almagest”) was a standard reference for astronomy and mathematics until the end of the Middle Ages. In addition to a detailed catalogue of the
stars, it contains a refinement of the geocentric world model suggested by Hipparchus.
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Blaschke Products
The quotients of two complex linear functions have interesting properties. Functions of the form
z − z0
,
|z0 | < 1, |c| = 1,
f (z) = c
(1)
1 − z0 z

which are known as Blaschke factors, are of great importance. They have a unique zero at the point
z0 in the unit disc (the set of all points in the plane of distance less than 1 from the origin). The
denominator vanishes at the
point 1/z0 and the function f
has a pole at this point. On
the Riemann sphere the points
z0 and 1/z0 are symmetric with
respect to the equator.
In
the plane this symmetry corresponds to a reflection with respect to the unit circle, also
called an inversion.
Blaschke factors are self-mappings of the unit disc D: if the point z is in the unit disc then the
image point w = f (z) is in the unit disc and the converse also holds. In fact, every point w in D
occurs exactly once as the image of a point in D. As seen in
the figure on the right, the point
z0 is mapped to the origin. For
z0 = 0 the function f reduces to
f
a rotation about the origin.
The lines of the phase portraits emphasize the conformality of the mapping: The angle
at which curves in the z-plane

→

intersect is the same as the angle at which their image curves in the w-plane intersect.
A product of Blaschke factors with zeros at the points z1 , . . . , zn of the unit disc,
z − z1
z − z2
z − zn
f (z) = c
·
···
,
1 − z1 z 1 − z2 z
1 − zn z

is called a (finite) Blaschke product. It also maps the unit disc D onto itself, but in this case every
point w of D occurs exactly n
times as the image of a point
in D. The picture of the month
of March shows a Blaschke product with 50 zeros arranged in
a regular pattern. The pictures
to the right depict a Blaschke
product on the Riemann sphere
and in the complex plane which
has 60 zeros arbitrarily distributed in D.

Wilhelm Johann Eugen Blaschke (1885-1962)
was the son of a mathematics teacher in Graz. He decided early on to work in (differential) geometry
and he studied with many of the leading experts of his time (Wirtinger, Bianchi, Klein, Hilbert, Runge,
Study). After professorships in Prag, Leipzig, Königsberg, and Tübingen, he settled in Hamburg in
1919.
Wilhelm Blaschke is the author of influential books such as his “Lectures on Differential Geometry”. Because of his extensive travels and his numerous international contacts he initially opposed
the Nazi regime. Later, he gave up his resistance and supported the political system.
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The Exponential Function and the Szegő Curve
If one wishes to extend a real function f to complex arguments z, power series expansions turn out
to be very useful. For example, if we take the well-known Taylor series of the exponential function
and replace the real variable x with the complex variable z, then we obtain
ez = 1 + z +

z2
z3
zk
+ +...+ +...
2!
3!
k!

which represents the complex exponential function. Here k! denotes the product of all integers from
1 to k (more about this in August).
The phase portrait of ez has a characteristic pattern of strips (the figure
shown has edges of about 100 units each).
Truncating the series representation of the exponential function leads
to polynomials
zn
z2 z3
+ +...+ .
Pn (z) = 1 + z +
2!
3!
n!
These polynomials approximate the exponential function with increasing accuracy as n increases.
We show the phase portraits of the polynomials P3 , P10 , P25 , and P60 below; the latter is also shown
in the picture of the month. The figures are scaled proportionally to the degree n of the polynomial.

These pictures show that the quality of the approximation of ez by Pn (z) depends on z: the larger the
absolute value of z, the worse the approximation. The parallel strips associated with the exponential
function appear only in a certain domain. It is remarkable that the form of this domain seems to stabilize as n increases. This fact is related to a result of Gábor Szegő:
In 1924, Szegő proved that for increasing n, the zeros of the scaled
polynomials Pn (z/n) approach the curve described by the equation
z e1−z = 1

(Re z ≤ 1);

a curve that bears Szegő’s name. All zeros are located outside this
curve and in every neighborhood of every point of this curve there are
zeros of the polynomials Pn (z/n). The picture on the left shows P60
together with the Szegő curve.

Gábor Szegő (1895–1985)
was born in a small town in Hungary. After studying in Budapest, Berlin, and Göttingen, he graduated
in 1918 from the University of Vienna with a Ph.D. He continued his career in Berlin and in 1926 he
moved to Königsberg to assume a position as a professor. Because of his Jewish heritage Szegő
had to leave Germany in 1934. He immigrated to the United States where he remained active in
research well into his old age.
Szegő worked in various areas of analysis; he wrote an influential monograph on orthogonal polynomials. With his compatriot George Pólya, he coauthored “Problems and Theorems in Analysis”.
This two-volume work became a classic mathematical text. Szegő also tutored John von Neumann,
beginning when von Neumann was 15 years old.
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The Trigonometric Tangent Function
In a right triangle with legs a and b and hypotenuse c, we can
define six trigonometric functions using the quotients below:
a
c
c
csc x =
a

b
c
c
sec x =
b

sin x =

cos x =

a
b
b
cot x = .
a

C
a

b

tan x =

x
c

A

B

From these definitions we deduce the following relations
tan x =

sin x
,
cos x

cot x =

cos x
,
sin x

(1)

that are valid for all real numbers x (except when x is a zero of the denominator). Consequently, the
(simple) zeros of tangent are the same as those of sine; namely all integer multiples of π. Tangent
has (simple) poles whenever cosine vanishes; that is, at all points of the form π2 + kπ with integer k.
y

− π2

y

y = tan x

π
2

x

y = cot x

π
2

π

x

In the text of April 2011 we explained how the complex exponential function can be used to extend
sine and cosine to the complex plane:


1  iz
1  iz
sin z =
cos z =
e − e−iz ,
e + e−iz .
2i
2
From this, it is easy to define tangent and cotangent on the complex plane by replacing the real
number x by the complex number z in (1) above. The picture of the month shows the complex
tangent function. If we fix the real part and let the imaginary part of z tend towards +∞ (or −∞,
respectively), then the value of tan z will go to i (or −i, respectively) quickly. This explains why green
and violet dominate the upper and lower half of this picture.

Thomas Fincke (1561-1656)
was the child of an influential merchant family in Flensburg. He attended schools up through university preparatory school in Flensburg before leaving to study mathematics, astrology, rhetoric, and
philosophy in Strasbourg. In 1582, after further studies in Heidelberg and Central Germany, he returned to Flensburg to manage his considerable assets. The following year he went to Basel where
he published the paper Geometriae rotundi libri XIIII, which contained the results of his mathematical
and methodological studies. Afterwards, in Basel and Padua, he devoted himself to medicine. In
1587 he returned to his hometown to practice medicine and was named the personal physician of
the ruling duke. After the duke’s death, Fincke left for the University of Copenhagen where, in 1591,
he became professor of mathematics and, later, of rhetoric and medicine. In his major work Geometriae rotundi, the term tangent was coined for the first time, although the definition can be traced
back to the Arabian mathematician Muhammad bin Muhammad bin Yahyā Aba l-Wafā’ al-Būzağāni
(940-997/998).
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Zeros and a–Values
All functions shown in this calendar are so-called analytic functions. They can be characterized by
the property that, in their domain of definition, they can be locally approximated by polynomials with
arbitrary precision.
Intensive study of this class of functions began in the early 19th century. Around 1835 the grand
master Carl Friedrich Gauss wrote: “Complete knowledge of the nature of an analytic function must
include insight into its behavior for imaginary values and often this insight is indispensable for a
correct understanding of the behavior of the function for real values.”
Gauss’ statement is particularly important for the zeros of functions, i.e. for the points z of the
complex plane for which f (z) = 0. In these phase portraits, the zeros are easily identified as the
points where all the colors coincide. The same is true for the color patterns at the poles: i.e., points
z where f (z) = ∞. The two types of points can be distinguished by the differences in the sequence
of colors.
The frequency with which each color in a neighborhood of a zero or a pole occurs determines its
order. Looking at the figures on the back of the month of January, the figures in the center and on
the right show zeros of orders 1 and 16, respectively. In the figures below, we show three steps used
to move from three simple zeros to one triple zero.

Solutions, z, of the equation f (z) = a are called a-values of the function f . Since the solutions
coincide with the zeros of f (z) − a, the phase portrait of the latter function gives a good overview of
the solutions of the equation.
2
2
The function f (z) = e−z is the complex extension of the real function e− x , known as the Gaussian function or bell curve, and is of great importance in probability theory. The picture on front of this
page shows the phase portrait of the function f (z) − 0.1 in the square |Re z| < 5 and |Im z| < 5. The
points where f (z) assumes the value 0.1 are clearly visible as zeros of the function and are located
on two branches of a hyperbola.

Carl Friedrich Gauss (1777 – 1855)
was a child prodigy and of humble origin. A proof of the Fundamental Theorem of Algebra in 1799
(see Complex Beauties 2011, month of January) was one of his many achievements as a young
man. His major work, “Disquisitiones Arithmeticae” appeared in 1801 and is primarily dedicated
to questions in number theory. Although Gauss published relatively few papers, he had deep and
sometimes visionary insights into all subjects of 19th century mathematics.
Gauss’ ability to connect theoretical research with applied problems is particularly remarkable.
Using intensive numerical computations he developed the foundations of error propagation (the
Gauss–Markov Theorem) and the theory of normal distribution (the bell curve). Later, he used
the bell curve extensively to manage the pension fund for widows and orphans of the University of
Göttingen.
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Julia Sets
If the function f maps its domain into itself, then we can iterate f ; that is, compose it with itself
repeatedly:
f 2 (z) := f ( f (z)),

f 3 (z) := f ( f 2 (z)) = f ( f ( f (z))),

...,

f n (z) := f ( f n−1 (z)).

For example, if f (z) = z2 + c is a quadratic polynomial with a complex constant c, then we obtain
f 2 (z) = (z2 + c)2 + c,

f 3 (z) = ((z2 + c)2 + c)2 + c,

....

The following figures show the polynomials f (z), f 2 (z), and f 3 (z) for c = 0.3 + 0.4i. They have 2, 4,
and 8 zeros, respectively; the polynomial f 8 (z), appearing in the picture of the month has 256 zeros.

In general, iterated functions f n (z) become more and more complicated as n increases. Nevertheless, certain patterns can often be detected.
The investigation of these structures is the subject of the theory of
discrete dynamical systems. For the function f considered above,
there are two possibilities for the long-term behavior of f n (z), depending on z: In the first case f n (z) tends to a finite number (for
z in the green region) or to infinity (for z in the blue region). In
the second case f n (z) moves (mostly) irregularly on the common
boundary of both regions (red line) and does not stabilize near a
particular value.
In the 1920s, Gaston Julia and Pierre Fatou proved that all polynomials and rational functions exhibit
similar behavior: Either the behavior of f n (z) is quite tame or it is quite wild. The Fatou set of f is
the set of all “tame” points z and the Julia set is the set of “wild” points. In our example, the Fatou
set consists of the green and blue points in the plane and the Julia set is the common red boundary
curve of the two regions.

Gaston Julia (1893–1978)
was born and raised in Algeria. In 1910 he received a scholarship to a secondary school in Paris.
Afterwards he studied at the École Normale Supérieure. He served in World War I, was seriously
injured, and lost his nose. After that he wore a leather mask. In 1916 Julia finished his Ph.D. thesis
under Emile Picard at the Collège de France. The definition of the set that was subsequently named
after Julia appeared in 1918, in his paper on the iteration of rational functions. At the same time,
the French mathematician Pierre Fatou worked on this topic. Julia was awarded the Grand Prize of
the French Academy of Sciences for his results – Fatou had not applied. Julia worked at different
universities in Paris, was president of the French Academy of Sciences, and received many awards.
Interest in Julia’s and Fatou’s papers was revived in the 1970s, when Benoı̂t Mandelbrot’s computer-aided visualizations of Julia and Fatou sets became popular.
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Euler’s Gamma Function
This month’s picture is a phase portrait of Euler’s Gamma Function. This is one of the most important
functions in mathematical physics and can be regarded as a generalization of the product
n! = 1 · 2 · 3 · . . . · n
of the first n natural numbers. The number n! (read n factorial) is important in combinatorics as well.
It denotes the number of different arrangements (permutations) of n different objects in a row. The
first values of n! are 1, 2, 6, 24, 120, . . ., and they grow very quickly as n increases. For example, 100!
has 158 digits.
In the 1720s, Daniel Bernoulli and Christian Goldbach posed the question of whether and how n!
could be defined for non-integer values of n. The crucial idea is due to Euler who noticed that n! can
be written as an infinite product in which almost all factors cancel (at least formally),
  n
  n

 n
2
3
4
1
2
3
n! =
·
·
·....
1
n+1
2
n+2
3
n+3
Indeed, the product on the right also makes sense for values of n other than natural numbers, as
long as n is not a negative integer. In a letter to Goldbach in 1729, Euler suggested defining n! using
this product.
The figure on the left shows the graph of the function n! for real values of n. The original values at
the natural numbers n are indicated by dots. The
function has poles at negative integer values of n.
Later, Euler showed Goldbach an integral representation of n! that he had found when investigating a problem in mechanics. Using the symbol
Γ(n), introduced later by Adrien-Marie Legendre
to designate (n − 1)!, and a simple transformation,
the now standard representation for the gamma
function with real domain,
Γ( x ) =

Z ∞
0

t x−1 e−t dt,

x > 0,

can be obtained.
The complex gamma function was first studied by C.F. Gauss. The phase portrait for this month’s
picture shows the gamma function in the square −7 < Re z < 7 and −7 < Im z < 7. The poles lie
on a horizontal line in the center of the image.

Leonhard Euler (1707 – 1783)
studied at the University of Basel and worked at the University of St. Petersburg and the Royal
Prussian Academy of Sciences in Berlin.
Euler was one of the most productive mathematicians of all time. His posthumously published
work is comprised of more than 70 volumes. His exceptionally varied oeuvre also includes questions
from various applied fields such as hydrodynamics, gyroscope theory, beam theory, ballistics, lens
refraction, annuity computation, lotteries, life expectancy, and music theory. His contribution to the
Königsberg bridge problem is considered to be the birth of graph theory. As a pioneer of complex
√
function theory, Euler introduced (among other things) the notation i for the imaginary number −1.
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Power Series and Generating Functions
Polynomials are among the most elementary complex-valued functions. Their general form is
p ( z ) = a0 + a1 z + a2 z2 + . . . + a n z n ,
where a0 , a1 , . . . , an are complex numbers, called coefficients. Polynomials can be added, subtracted,
and multiplied using the well-known rules for working with parentheses and collecting terms with the
same power of z. For example,

(1 − z ) · (1 + z + z2 ) = 1 + z + z2 − z − z2 − z3 = 1 − z3 .
Adding more and more summands to a polynomial we arrive, using a suitable limit process, at a
power series.
f ( z ) = a0 + a1 z + a2 z2 + . . . + a n z n + . . . .
Infinite sums of this kind have, in general, a well-defined sum only for values of z in some disc (see
Complex Beauties 2011, month of March). For instance, the well-known summation formula
1 + z + z2 + z3 + . . . + zn + . . . = 1/(1 − z),

|z| < 1,

of the geometric series is only valid for points z in the unit disc. Despite this restriction on the domain,
it is possible to compute formally with power series just like with polynomials.
The phase portrait on the front of this page shows the sum of the first ten terms of the Lambert
series
z2
z3
zk
z
+
+
+
.
.
.
+
+....
(1)
f (z) =
1 − z 1 − z2 1 − z3
1 − zk
Although this series looks more complicated than a power series, it can be rewritten as such a series.
Using the geometric series representation for 1/(1 − zk ) we express the summands zk /(1 − zk ) as
zk
= zk + z2k + z3k + . . . + znk + . . . ,
1 − zk
substitute them into (1), and collect terms with like powers. The resulting power series
f ( z ) = d (1) z + d (2) z2 + d (3) z3 + . . . + d ( n ) z n + . . . .
has the remarkable property that the coefficient d(n) of zn coincides with the number of divisors n.
Hence, the numbers d(n) can be determined using computations with power series. The function
f appearing in (1) is therefore called the generating function of the divisor function d(n). Similarly,
many counting problems can be solved using analytic functions.

Johann Heinrich Lambert (1728 – 1777)
was born into a poor family of Huguenots. When he was 12 he had to quit school in order to work for
his father, who was a tailor. With tenacity and the support of some of the patrons, the highly talented
Lambert continued his education and at the age of 25 he was one of the most respected scientists
of his time. In 1756, he became involved in the founding of the Bavarian Academy of Sciences and
he was appointed a member of the Prussian Academy in 1764.
Lambert’s work was very versatile and included not only mathematics, but also physics (in particular photometry), astronomy, and geodesy. Lambert also studied questions of philosophy and
epistemology. He will always be remembered for his proof of the irrationality of π.
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Bessel Functions
Many special functions arise in a natural way as solutions of applied problems. For example, a model
for free vibrations of a membrane is the so-called two-dimensional wave-equation,
∂2 u ∂2 u
1 ∂2 u
= 2 + 2.
2
2
c ∂t
∂x
∂y
Here, t denotes time, x and y are the planar coordinates, and u = u( x, y, t) is the deviation of the
membrane from its equilibrium position. In addition, boundary and initial conditions are needed to
determine u.
If the membrane is fixed at the boundary (as is the case in a drum, for example), then there are
special forms of vibrations in which all points of the membrane oscillate with the same frequency.
All other possible vibrations are superpositions of these eigen-oscillations. The initial conditions
determine which eigen-oscillations will in fact occur and what their intensity will be.

The figures above show four (of infinitely many possible) eigen-oscillations of a circular membrane.
Dark gray corresponds to a valley, light gray to a hill. The computation of these vibrations is best
done in polar coordinates r, θ and leads to
Bessel’s differential equation
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The solutions of this equation are called
Bessel functions (of the first and second kind)
of order n. The Bessel functions Jn of the first
kind may be extended to complex values, z,
using a power series representation,
∞
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The figure above shows the graphs of the real functions J0 , J1 , . . . , J4 and the picture of the month on
the other side of this page shows the phase portrait of the complex Bessel function J5 in the domain
|Re z| < 15 and |Im z| < 15.

Friedrich Wilhelm Bessel (1784 – 1846)
left school at the age of 14 because of his aversion to latin lessons. He continued his education with
private lessons in mathematics and French. His studies of navigation lead him to astronomy. In 1810
Bessel was appointed Professor of Astronomy and Director of the Königsberg Observatory. In 1838,
by measuring parallaxes he was the first to succeed in determining the distance to a fixed star. As
a geodesist he developed the Bessel ellipsoid that is still used today as a reference model for the
flattened earth. In the field of mathematics, aside from Bessel functions, Bessel’s inequality from the
theory of orthogonal series also carries his name.
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The Bernoulli Numbers
It is said that Carl Friedrich Gauss, as a nine-year-old, amazed his teacher, Mr. Büttner, by computing
the sum of the integers from 1 to 100 in a few minutes. Gauss’ trick is as ingenious as it is simple:
Adding the first and the last numbers yields 101, adding the second and second-to-last numbers
yields 101, and so on. Altogether there are 50 pairs summing to 101 each, so the total sum is equal
to 5050.
This trick works more generally to compute the sum s of the first n natural numbers. Adding the
equations
s=1+ 2
+ . . . + (n − 1)+ n
s = n + ( n − 1) + . . . +

2

+1

leads to 2s = n(n + 1). Hence s = n(n + 1)/2. An explicit formula for the sum of the square numbers
has also been known since antiquity, namely
12 + 22 + 32 + . . . + n2 = n(n + 1)(2n + 1)/6.
It wasn’t until the end of the 17th century that Jakob Bernoulli succeeded in finding a formula for the
sum of arbitrary powers of natural numbers:
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where (m+
k ) = k! (m+1−k )! denote the binomial coefficients appearing in Pascal’s triangle and Bm are
the so-called Bernoulli numbers. The first few Bernoulli numbers are

B0 = 1,

B1 = −1/2,

B2 = 1/6,

B3 = 0,

B4 = −1/30,

B5 = 0,

B6 = 1/42, . . . .

With these values, it is possible to compute the sums up to the sixth powers. In order to sum higher
powers of integers one needs a rule to compute the Bernoulli numbers. One such rule uses the
power series
B
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We say that the function f (z) = z/(ez − 1) is the generating function of the numbers Bk /k! (compare
this with the explanations for the month of September).
November’s picture of the month shows a phase portrait of the aforementioned function f . There
are poles at the points where the denominator of z/(ez − 1) vanishes but the numerator does not.
These occur at the points . . . , −4πi, −2πi, 2πi, 4πi, . . .. The point z = 0 is missing in this list because
the numerator and denominator both vanish at this point, and therefore cancel each other out.

Jakob I Bernoulli (1654–1705)
came from a merchant family from Basel and studied philosophy and theology in his hometown.
Against his father’s will, Bernoulli educated himself in mathematics and astronomy. On journeys
through Holland, Great Britain, and Germany he made contacts with many important mathematicians
of his time. Upon his return, he gave lectures at the University of Basel where he was appointed
professor in 1687. He and his younger brother Johann worked together to further develop Leibniz’s
differential calculus. Jakob Bernoulli discovered the value of the limit limn→∞ (1 + 1/n)n , later called
e by Euler. As a pioneer of probability theory, he investigated the distribution that was later named
after him and he formulated an early version of the law of large numbers.
The Bernoulli family includes a whole dynasty of mathematicians. Since some of the first names
of family members occur repeatedly, numbers are used to identify them. The novelist Hermann
Hesse married a direct descendant of Jakob’s brother Johann I.
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Klein’s Invariant
Many functions change their values f (z) according to certain rules when the argument z is changed.
For example, the complex exponential function satisfies the relation
f ( z + 1 ) = ez +1 = ez e = e f ( z ).
More generally, one can investigate how a transformation T of z influences the value f (z). If the
values of f are unchanged after applying the transformation to the domain, we say that f is invariant
with respect to T. For example, the tangent function is invariant with respect to the translation
T (z) = z + π, due to the well-known periodicity tan(z + π ) = tan(z).
For analytic functions we can give some fairly general rules. For instance, if an analytic function
that is defined in the complex plane takes on only real values f (z) for real arguments z, then that
function must be symmetric with respect to the real axis: f (z) = f (z). Blaschke products B have a
similar property with respect to inversion in the unit circle, where the inversion is the transformation
defined by I (z) = 1/z; that is, for Blaschke products we have, B( I (z)) = I ( B(z)). This property
explains the symmetry of the phase portrait on the Riemann sphere with respect to the equator that
we observed in March.
Klein’s invariant j is a function that is analytic in the upper half-plane and has many symmetry
properties,
j(1/z) = j(z).
j ( z + 1) = j ( z ),
j(−z) = j(z),
These are symmetries with respect to the translation T (z) = z + 1, reflection with respect to the
imaginary axis S(z) = −z, and inversion in the unit circle I (z) = 1/z.
To aid us in recognizing symmetries, the figure on the left
shows the phase portrait of j together with the unit circle and
the straight lines Re z = −1, 0, 1.
In addition, the figure contains
parts of the straight lines Re z =
±1/2. These two lines and a
segment of the unit circle form
the boundary of the so-called
fundamental domain of j.
The Klein function provides a one-to-one mapping of this fundamental domain onto the complex
plane with a slit along the real axis from −∞ to 1. The values of the function in all other regions of
the domain are now determined by the symmetries. The figure on the right shows the effect of the
inversion on the fundamental domain. Of course, all this could have been written using formulas:
j := 123 ·

g23
,
g23 − 27g32

g2 (z) := 60

∑

(m + nz)−4 ,

(m,n),(0,0)

g3 (z) := 140

∑

(m + nz)−6 .

(m,n),(0,0)

Christian Felix Klein (1849–1925)
was born in Düsseldorf, the son of a Prussian civil servant. At first, he was more interested in
physics but he turned to mathematics when studying with Julius Plücker in Bonn. After graduating
with a Ph.D., he went to Berlin to attend lectures by the leading mathematicians Kronecker, Kummer,
and Weierstrass. Klein later held professorships in Erlangen, München, Leipzig, and Göttingen.
In 1872 he published his “Erlangen Program” where he proposed characterizing geometries by
studying their transformations and the corresponding invariants.
In 1882 Felix Klein had a major breakdown while competing with Henri Poincaré on the development of the theory of automorphic functions. Afterwards he turned his attention to teaching and
science administration.

