Complex numbers and colors
The illustrations of this calendar show visualizations of complex functions and portraits of mathematicians connected with these functions. Each reverse side features a short explanation of the picture and
biographical information of the depicted personality.
If you want to not only enjoy the esthetic beauty of the images but also understand the mathematical background, some basic knowledge of complex numbers is required. This knowledge will also be
provided to some extent in the text of each month.
To begin with it is sufficient to know that complex numbers z can be associated with points of a plane
called the Gaussian plane. The horizontal coordinate x of such a point z is termed the real part (Re z)
and the vertical coordinate y the imaginary part (Im z) of z, and we write z = x + iy. Alternatively, the
position of the point z can be characterized by its distance from the origin (|z|, the absolute value of z)
and an angle (arg z, the argument of z).
The phase plot of a complex function (shown in the left picture) arises when all points z of its domain
of definition are colored according to the argument (or ‘phase’) of the value w = f (z). More precisely,
in the first step, the complex w-plane is colored by associating the colors of a chromatic circle to rays
emanating from the origin, so that points of the same argument carry
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the same color (right picture). Then, in the second step, every point z in the domain of definition of f
gets the same color as the value f (z) has in the w-plane.
The phase plot can be interpreted as a fingerprint of the function. Although only one part of the
data is encoded (the argument) and the other part is suppressed (the absolute value), functions of an
important class (’analytic’, or, more generally, ’meromorphic’ functions) can be reconstructed uniquely
up to a normalization.
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Certain modifications of the color coding allow us to read off properties of the function more easily. In this
calendar we use three different coloring schemes: the phase plot as described above and two variations
shown in the lower pictures. The left variant also involves the absolute value of the function, the right
version highlights that the mapping is angle-preserving.
For the mathematical background of phase plots see E. Wegert, Phase plots of meromorphic functions
– a journey in illustration, DOI: arXiv:1007.2295 (to appear in Notices of the AMS) and Phase diagrams
of meromorphic functions, Comput. Methods Funct. Theory 10 (2010) 639-661. Further information and
downloads are available at
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Polynomials and analytic functions
Powers of a complex variable z are among the simplest functions, e.g. 1 (equal to z to the
power 0), z, z2 , z3 , and so on. The first picture shows phase plots of the functions f (z) = 1,
f (z) = z and f (z) = z17 in the domain −1 ≤ Re z ≤ 1 and −1 ≤ Im z ≤ 1.

Powers are elementary building blocks of polynomials, the most general functions that can
be formed using only the operations of addition, subtraction, and multiplication. Customarily,
polynomials are written in the normal form
f ( z ) = a0 + a1 z + a2 z2 + . . . + a n z n ,

where

an , 0.

The complex numbers a0 , a1 , . . . , an are the coefficients of the polynomial, and the number n is
referred to as the degree of f .
This month’s picture shows the phase plot of the (cyclotomic) polynomial f (z) = z17 − 1.
The distinctive points where all colors of the chromatic circle meet are the zeros of the function
f , i.e. the points z with f (z) = 0. The Fundamental Theorem of Algebra says that every
polynomial of degree n has exactly n zeros, if they are counted according to their multiplicities.
The multiplicity of a zero can be recognized in the phase plot by counting how often one color
(e.g. yellow) occurs in its neighborhood.
In the example the zeros of f form the vertices of a regular 17-gon. In 1796, 18-year-old Carl
Friedrich Gauss succeeded in proving the surprising fact that this polygon can be constructed
using only ruler and compass.
Most functions in this calendar are so-called analytic functions. These can be characterized
by the property that they can locally be approximated with arbitrary precision by polynomials.

Carl Friedrich Gauss (1777 – 1855)
was a prodigy of humble background whose extraordinary mathematical talent was revealed
and nurtured in his early years. A scholarship of the Duke of Braunschweig enabled him
to study from 1792 to 1795. In his doctoral thesis of 1799, Gauss proved the Fundamental
Theorem of Algebra. His magnum opus ‘Disquisitiones Arithmeticae’ appeared in 1801 and is
dedicated to questions in the theory of numbers.
Gauss combined in a remarkable way aspects of theoretical and applied mathematics.
When the position of the dwarf planet Ceres was lost shortly after its discovery in 1801, Gauss
developed his method of least squares and computed its orbit so exactly that Heinrich Olbers
was able to rediscover the planet in 1802.
Inspired by land surveying, Gauss was led not only to deep questions of geometry but also
to the invention of new instruments (heliotrope).
In 1807 Gauss became professor and director of the observatory in Göttingen where he
stayed until the end of his life. The number of his publications is not very large since his motto
was ‘pauca sed matura’ (few, but ripe). However, his universal influence is visible from the
numerous notions that carry his name today.
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Rational and meromorphic functions
If one takes into account not only the operations of addition, subtraction, and multiplication,
but also division, more general functions can be formed. These rational functions can simply
be written as a quotient p(z)/q(z) of two polynomials p and q. Easy examples are the powers
f (z) = zn with integer exponent n, which might be negative. The following pictures show phase
plots of the functions f (z) = z3 , f (z) = z−3 and f (z) = (z − 1)/(z2 + z + 1) in the square given
by −2 ≤ Re z ≤ 2 and −2 ≤ Im z ≤ 2.

For the zeros of the denominator polynomial q, the function f is not defined (since division by
zero is not allowed) and it typically has a pole there. Poles look similar to zeros in the phase
plot, but the sequence of colors is reversed.
If a zero of q is also a zero of p, then the two can (maybe partially) cancel out. A similar
effect occurs if zeros of p and q lie close to each other; in this case their effect is restricted to
a small neighborhood. The following pictures demonstrate this cancelation when a pole and a
zero approach each other.

This month’s picture shows a rational function with 20 pairs of zeros and poles distributed along
a curve in the complex plane.
Functions that are locally the quotient of an analytic function and a polynomial are called
meromorphic. A theorem of Mittag–Leffler describes how a meromorphic function is composed
of its local elements.

Magnus Gösta Mittag-Leffler (1846 – 1927)
started to study mathematics in Uppsala in 1855, after a short apprenticeship as an insurance
broker. Having completed his PhD in 1872, he went to Paris and Berlin to attend lectures by
Charles Hermite and Karl Weierstrass. In 1876 he was appointed professor at the University of Helsinki and thereafter in 1881 the first professor of mathematics at the University of
Stockholm.
In 1882 Mittag-Leffler founded the mathematical journal Acta Mathematica, which made
communication across national borders possible. His villa in Stockholm’s suburb Djursholm
houses the Mittag-Leffler Institute, an international research center for mathematics.
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Power series and Taylor polynomials
Using only the four basic arithmetic operations one cannot go beyond the class of rational
functions. In order to construct new functions we first generalize polynomials. For that purpose we consider an infinite sequence of complex numbers a0 , a1 , a2 , . . . and the sequence of
polynomials
f 0 ( z ) = a0 ,

f 1 (z) = a0 + a1 z,

f 2 ( z ) = a0 + a1 z + a2 z2 ,

... .

Under certain circumstances the function values of these polynomials for fixed z differ less
and less from each other as the degree of the polynomials grows without bound. We say that
the polynomials converge. Convergence takes place for all z within a certain circle, the socalled disc of convergence. Outside of this circle the function values of the polynomials do not
approach any number; we have divergence.

The pictures show the phase plots of the polynomials f 10 , f 30 and f 100 whose coefficients are
all equal to 1, a0 = a1 = a2 = . . . = 1. Convergence occurs for all z with |z| < 1, i.e. for points
of distance less than 1 to the origin.
A formalization of this (limit) process leads to the concept of power series. A power series
with center z0 has the form
f ( z ) = a0 + a1 ( z − z0 ) + a2 ( z − z0 )2 + . . . + a n ( z − z0 ) n + . . . ,
and converges for all z in a certain disc centered at z0 . Analytic functions turn out to be
those (complex) functions f that can be represented as a convergent power series in some
neighborhood of every point z0 of their domain of definition. The coefficients of these Taylor
series are uniquely determined and can be computed explicitly. The corresponding polynomials
f 0 , f 1 , f 2 , . . . are called the Taylor polynomials of the function f at z0 .
This month’s title picture shows the Taylor polynomial of degree 60 of the rational function
f (z) = 1/(1 − z) centered at z0 = 0. All the coefficients of this polynomial are equal to one.
The accumulation of zeros of this polynomial along the boundary of the disc of convergence
is remarkable. This effect is not only specific for the example at hand, but can be observed in
general. It is described more precisely by a theorem proved by Robert Jentzsch in 1914.

Sir Brook Taylor (1685 – 1731)
studied mathematics in Cambridge. In his main work ’Methodus Incrementorum Directa et Inversa’ he considered the development of functions into power series, the vibrations of strings
based on mechanical principles, and the calculus of finite differences. He was also an outstanding artist and published works on perspective. He was elected as Fellow of the Royal
Society in 1712 and acted as its secretary from 1714 to 1718.
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Exponential and trigonometric functions
This month’s picture shows a (modified) phase plot of the complex cosine function w = cos z
for values of z with −6 ≤ Re z ≤ 6 and −6 ≤ Im z ≤ 6.
The most accessible way to understand complex trigonometric functions is via the exponential function. The fundamental identity eiϕ = cos ϕ + i sin ϕ for real values of ϕ was published
for the first time by Leonhard Euler in his ’Introductio in Analysin Infinitorum’ in 1748. As a
special case it contains one of the most beautiful formulas of mathematics,
eiπ + 1 = 0,
linking the five fundamental constants 0, 1, π, e and i. Using the relation
ez = ex+iy = ex · (cos y + i sin y)
which holds for arbitrary exponents z = x + i y, the complex exponential can be reduced to
known real functions. Since the sine and cosine have period 2π, the function ez is also periodic
with the purely imaginary period 2πi. The regular stripes of the phase plot on the left-hand side
reflect this periodicity.

Conversely, trigonometric functions can be expressed in terms of the complex exponential:
sin z =


1  iz
e − e−iz ,
2i

cos z =


1  iz
e + e−iz .
2

As a consequence of the multiplication of z by ±i the resulting phase plots of both summands
eiz and e−iz are obtained from the phase plot of ez by a rotation about 90◦ to the right (picture
in the middle) and left (right picture), respectively. Finally, the phase plot of the cosine function
is a superposition of both images where in the upper part the contribution of e−iz dominates
whereas in the lower part the function eiz overrides the other summand. Of course, on the real
axis, the cosine function is real-valued with red corresponding to positive and cyan to negative
values. The zeros of the function can be seen at the points where all colors coincide.

Leonhard Euler (1707 – 1783)
With more than 800 publications, Leonhard Euler is one of the most productive mathematicians.
After his studies at the University of Basel he worked at the University of Saint Petersburg and
the Prussian Academy of Sciences in Berlin. Despite his total blindness starting in 1771, he
continued working in diverse areas of mathematics until the end of his life.
Several of the notations nowadays common in mathematics go back to Euler, e.g. e for
Euler’s number 2.7182818284590 . . . , the symbol i for the imaginary unit, the sigma sign Σ for
summation, and the notation f ( x ) for functions.
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The complex logarithm
The real logarithm is the inverse of the real exponential function. Since the latter assumes only
positive values, it is not clear how to define the logarithm of negative numbers.
Attempts to solve this fundamental problem started in the beginning of the 18th century.
In a historical controversy Johann Bernoulli defended his point of view that the logarithm of a
negative number must be equal to the logarithm of its absolute value, while Gottfried Wilhelm
Leibniz believed it to be an imaginary value. A final clarification was obtained by Leonhard
Euler only in 1749.
The basic problem of a consistent definition of the (complex) logarithm results from the periodicity of the function
ez . Since the exponential function assumes the same
value for all numbers z + 2kπi where k is an arbitrary
integer (the position of such points in the phase plot of
the exponential function is marked by dots) its inverse
function is not unique. Therefore the logarithm is often
considered as a ’multiple-valued’ function.
A mathematically satisfying solution of this
problem can be achieved by introducing Riemann surfaces. The Riemann surface of the
logarithm can be regarded as a spiral staircase
consisting of infinitely many planes (’sheets’)
cut and pasted together along the cut line. The
picture on the right-hand side visualizes the
phase plot of the logarithm on its Riemann surface. The only zero is clearly recognizable and
is situated at the point z = 1 on the central
sheet.
Since multiple-valued functions and Riemann surfaces are problematic in software applications, usually only the principal value of the logarithm is implemented. Writing z in polar form
z = r (cos ϕ + i sin ϕ) with −π < ϕ ≤ π, it is defined by
Log z = ln r + i ϕ.
This month’s phase plot shows the function Log(ez ), thus demonstrating that the principal value
of the logarithm is not the inverse function of the exponential. Although we have eLog z = z, the
relation Log (ez ) = z is not satisfied for all z.

Gottfried Wilhelm Leibniz (1646 – 1716)
was a scientist who, according to his own statement, had ‘already so many ideas when he
woke up, that the day was not sufficient to write them all down’. In modern terminology he
worked as a mathematician, physicist, philosopher, historian, diplomat, lawyer, politician, and
librarian.
In the field of mathematics Leibniz is known as one of the founders of calculus. Further
contributions are the invention of the dual numeral system, the development of symbolic logic,
fundamental findings in determinants, as well as the construction of a mechanical calculator
called the ‘Step Reckoner’.
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Complex integrals and Cauchy’s formula
One more principle for the construction of new functions is based on the use of integrals.
Complex functions are typically defined in a domain of the complex plane and can be integrated
along curves in their domain of definition.
In 1831 Augustin Louis Cauchy found a wonderful formula that allows one to reconstruct all
values f (z) of analytic functions (see January) inside a curve using only the function values on
this curve.

The line in the left picture is a simple closed curve K surrounding some domain once in counterclockwise (’positive’) direction. Cauchy’s integral formula says that for all points z inside K
we have
Z
f (t)
1
f (z) =
dt.
2πi K t − z
This formula has far-reaching generalizations. Replacing the function f (t) under the integral
by some arbitrary complex-valued function g(t) called the density function, the function f (z)
generated by this integral remains to be analytic inside K as well as outside. This is also valid
for complicated curves with self-intersections. In this case the winding numbers of the curve
about points not lying on the curve, indicated in the middle picture, are important.
The picture of the month shows the phase plot of an analytic function generated by a Cauchy
integral with constant density function along the black curve.
In exact arithmetic all subdomains would be monochromatic as shown in the upper picture
on the right-hand side. The additional ‘fine structure’ arises since the integral is computed by
a simple approximation formula. Instead of using the usual quadrature formulas we simulated
the result by the phase plot of a rational function. The zeros and poles of this rational function
are distributed along the curve in such a way that the cancelation effect described in February
occurs.

Augustin Louis Cauchy (1789 – 1857)
started his career as an engineer when he finished his studies at the famous École Polytechnique. After an illness in 1814 he turned more and more towards mathematics. In spite of a
changing destiny in politically troubled times (Cauchy worked in Paris, Turin, Prague, and at
other places) he published almost 800 papers.
As master of formal rigor Cauchy put the theory of sequences and series on solid foundations and introduced for the first time functions of a complex variable in the modern sense.
Many concepts and results in analysis carry his name: Cauchy’s integral theorem, the Cauchy–
Riemann differential equations, the Cauchy initial value problem, the Cauchy–Schwarz inequality, Cauchy sequences, and many more.
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Growth and singularities
Each complex number is uniquely determined by its absolute value and its argument. Although
the phase plot only depicts the argument (the phase) of the function values, the relative change
of the absolute value can also be read off.
Along any isochromatic line the absolute value increases or decreases, depending on the
direction the line is traversed. The function grows the faster the smaller is the distance between
neighboring isochromatic lines. If isochromatic lines run parallel (as it is the case with the
exponential function) the growth is exponential. On each line (generated by shading) in the
right-hand picture, the absolute value is constant, and from one such line to the next one it
grows by the same factor.

The absolute value is also essential for the behavior of a function in the neighborhood of an
isolated singularity. The function is then analytic in a neighborhood of z0 , but not at the point
z0 itself, where it need not even be defined. Then there are three possibilities.
If the absolute value | f (z)| near z0 remains below some bound, then f (z0 ) can be defined
in such a way that the function becomes analytic there (removable singularity ).
If | f (z)| grows without bound whenever z approaches z0 , then f has a pole in z0 as described
in February.
In all other cases z0 is called an essential singularity. Near such a point the function shows
a weird behavior. According to a famous theorem by Charles Émile Picard, every complex
value, with at most one exception, is attained infinitely often in every small neighborhood of z0 .
2
The latter case is realized for the function f (z) = e1/z at the point z0 = 0 shown in the
phase plot of this month. Every isochromatic line of this function emanates from the origin and
terminates there. In one direction along this line the absolute value approaches zero; in the
other direction it tends to infinity. In between, | f (z)| attains all positive values. Since there
are isochromatic lines of every possible color in every neighborhood of the origin and on every
such line all positive absolute values occur, f (z) attains all complex values, except zero, for z
arbitrarily close to the origin.
Near the origin the function values change extremely fast and numerical computations are
distorted by rounding errors. The irregularly colored area in the middle shows this ’rounding
noise’.

Charles Émile Picard (1856 – 1941)
Charles Émile Picard was born in Paris and worked there most time of his life. He made important contributions to complex analysis, real analysis, algebra, geometry, and mathematical
physics. Picard iteration is the basis for a celebrated proof of the Picard-Lindelöf Theorem on
existence and uniqueness of solutions to ordinary differential equations.
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Analytic landscape and saddle point method
The main problem in visualizing complex functions is that the simultaneous representation of z
and f (z) would require four real dimensions. While the phase plot considers only the argument
and neglects the absolute value, a different representation that has been used for about 100 years
does just the opposite and considers only the absolute value | f (z)|. Representing the absolute value
as height above the point z in the complex plane
gives a three-dimensional picture, the analytic landscape. The illustration on the left shows such a
graph, where the argument is additionally included
using the familiar color-coding.
The analytic landscape of meromorphic functions has some peculiarities. According to the
maximum principle there are no mountains peaks of finite height and the lowest points of all
valleys must have level zero; they coincide with the zeros of the function. The towers have
unbounded height and correspond to the poles.
Any point where the analytic landscape is horizontal cannot be a summit or valley (maximum or minimum of | f |),
but is always a saddle point. In the picture above one
of these points is located between the towers. Saddle
points correspond to zeros of the derivative f 0 of the function f and appear in the phase plot as crossing points of
isochromatic lines (in the picture on the right two such
points are marked). The order of these zeros is visible
from the number of intersecting isochromatic lines.
Saddle points are important in asymptotic analysis. This branch of mathematics deals with
the approximate evaluation of formulas depending on a parameter λ, e.g.
F (λ) =

Z b
a

f ( x ) eλg( x) dx,

F (λ) =

Z
K

f (λ, z) dz.

Pierre-Simon Laplace observed that the value of the left integral for large λ depends essentially
only on the regions where g has a maximum. In the right formula the path of integration can to
some extent be chosen arbitrarily without changing the value of the integral, provided that f is
an analytic function of z. Hence the most useful way to chose K is to connect areas with small
function values and let K pass through a saddle point s. Then the absolute value of f has a
maximum at the saddle point and F is determined for large values of λ by the behavior of f
near s.
This month’s picture shows the function f (z) = exp(sin(z) + i z). A suitable path of integration for the saddle point method is indicated in the detail above.

Pierre-Simon Laplace (1749 – 1827)
The main works of Pierre-Simon Laplace are devoted to celestial mechanics and the theory
of probability. Politically always on the side of the powerful, he had numerous high positions;
under Napoleon he was even Minister of the Interior for a short period of time. Many of his
mathematical methods, created often with regard to an application, have survived: the Laplace
expansion for determinants, the Laplace operator, and the Laplace transform.
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Elliptic integrals and elliptic functions
The circumference U of a circle can be computed from its radius r by the simple formula
U = 2π r. However, for the circumference of an ellipse with semi-axes a and b there is no such
simple formula; one needs an integral:
Z q
( a cos t)2 + (b sin t)2 dt.
This integral cannot be expressed in terms of elementary functions. It belongs to the class of
elliptic integrals, which are of great importance in some areas of mathematics and physics, for
example in investigations of oscillating rods.
Already Leonhard Euler had the fundamental idea to study the complex inverse functions
of elliptic integrals. These elliptic functions are meromorphic in the complex plane and doubly
periodic, i.e. there are two complex numbers (periods) p1 and p2 with non-real quotient such
that for all complex numbers z
f ( z + p1 ) = f ( z ),

f ( z + p2 ) = f ( z ).

The phase plot of doubly periodic functions is characterized by the property that a shift of p1
or p2 moves the picture to itself. This month’s picture shows the Jacobian function known as
delta amplitudinis (for the module k = 0.2). Shifts by the two periods are marked with arrows in
the detail on the left-hand side.

In 1843, Carl Gustav Jacobi proved that a meromorphic function cannot have more than two
(essentially different) periods.
Drawing these periods as vectors from a point and continuing this process from the arrival
points, we obtain the so-called period lattice consisting of congruent parallelograms in the
plane. The detail in the middle shows this lattice with one parallelogram highlighted for the
Jacobian function cosinus amplitudinis (for the module k = 0.2).
The values of f and therefore also the color patterns of the phase plots are the same in
each such parallelogram. Moreover, the function values on opposite sides are equal, hence
the parallelogram can be glued together in such a way that it forms a torus, the natural living
space of an elliptic function shown in the right-hand picture.

Carl Gustav Jacob Jacobi (1804 – 1851)
The enormous talent of Jacobi appeared early in his life. Only age restrictions prevented him
from enrolling at the University of Berlin at the age of 13. Nevertheless, at the age of 22 he had
already defended his habilitation thesis. He spent many years in Königsberg and then returned
to Berlin. Because of his outstanding algebraic abilities he has been called the ’Euler of the
19th century’. Besides the theory of elliptic functions he also worked in differential geometry,
partial differential equations, and calculus of variations.
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The Weierstrass elliptic function
In modern terminology all doubly periodic meromorphic functions in the complex plane are
called elliptic. Every elliptic function has a fundamental parallelogram generated by two periods. Conversely, for a given parallelogram it is not immediately clear if there exist a corresponding elliptic function.
However, this question can be answered in the affirmative by an explicit construction. One
such function we were looking for is the Weierstrass elliptic ℘-function, defined by


1
1
1
℘(z) = 2 + ∑
− 2 ,
2
z
p
p∈ P,p,0 ( z − p )
where the sum ranges over the set P of all vertices of the period lattice with the exception of
the origin.
In fact, the function ℘(z) and its derivative ℘0 (z) are building blocks for the class of elliptic
functions with given period lattice, since the latter can all be expressed as rational functions in
℘(z) and ℘0 (z).

This month’s picture and the detail on the left show phase plots of a function ℘(z); the picture
on the right represents ℘0 (z). One period parallelogram is highlighted by brighter colors. In its
interior and on its boundary we see the zeros (black), the poles (white), and in the picture on
the left also the saddle points (gray).
The function ℘ has double poles at the vertices of the parallelogram and two simple zeros
in the interior. Saddle points of order 1 are located at the midpoints of the sides as well as at
the centroid. The saddle points of ℘(z) are just the zeros of ℘0 (z). Of course, the zeros, poles,
and saddle points are repeated with the periods p1 and p2 .

Karl Theodor Wilhelm Weierstrass (1815 – 1897)
After Karl Theodor Wilhelm Weierstrass had abandoned studies of law and finance he was finally allowed to study mathematics and physics. Afterwards he was employed as a high school
teacher and continued to develop the theory of analytic functions in complete isolation from
circles of experts. It was only after the publication of some outstanding papers in Crelle’s Journal in 1856 that he was appointed professor. His lectures soon became famous and attracted
many students. Weierstrass put much emphasis on logical rigor and thus contributed to the
clarification of the basic mathematical concepts. Today his name survives in numerous notions
in mathematical analysis.
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The Riemann Zeta function
Adding the reciprocals of the squares of the natural numbers from 1 to n we obtain a sum sn
which, for n = 1, 10, 100, 1000, 10000, assumes the following values:
s1 = 1,

s10 = 1.549 . . . ,

s100 = 1.634 . . . ,

s1000 = 1.643 . . . ,

s10000 = 1.644 . . . .

In 1735, Leonhard Euler proved the remarkable fact that the numbers sn approach the value
π 2 /6 = 1.644934066848226 . . . with arbitrary precision, provided that the number n of summands is large enough. More generally, for real numbers s with s > 1, the sum
ζ (s) = 1 +

1
1
1
1
+ + +...+ s +...
2s 3s 4s
n

defines a function ζ (s). With this notation Euler’s result can be written as ζ (2) = π 2 /6. In 1737
Euler discovered that ζ (s) can also be represented as an infinite product
ζ (s) =

1
1
1
1
·
·
·...·
·... ,
−
s
−
s
−
s
1−2
1−3
1−5
1 − p−s

where p runs through the set of all prime numbers 2, 3, 5, 7, 11, . . .. The importance of the
function ζ (s) for the distribution of primes is even greater if it is considered for complex values
of s, which, however, requires some mathematical tricks.
This month’s title picture shows the phase plot of the Riemann Zeta function in the square
−40 ≤ Re s ≤ 10 and −2 ≤ Im s ≤ 48. One can see the only pole of the function at the point
s = 1, the so-called trivial zeros at s = −2, −4, −6, −8, . . . and eight further non-trivial zeros.
It is known that there are infinitely many non-trivial zeros and that they are all located in the
critical strip where 0 < Re s < 1. Although their position seems to be characterized by some
strange mixture of regularity and randomness, all non-trivial zeros ever computed (at present
these are more than 10,000,000,000,000) have real part equal to 1/2, so they lie on a vertical
straight line.
In his groundbreaking paper ‘On the number of primes less than a given magnitude’ of less
than ten pages, Bernhard Riemann conjectured that indeed all non-trivial zeros are located on
the critical line Re s = 1/2. This conjecture, known as the Riemann hypothesis, has not ever
been proved. It belongs to the most important problems of current research and many mathematicians consider it as the holy grail. In the year of 2000, the renowned Clay Mathematics
Institute endowed a prize of 1 million dollar for a proof of the Riemann hypothesis.

Georg Friedrich Bernhard Riemann (1826 – 1866)
is the founder of geometric function theory. After his studies in Göttingen and Berlin he became
professor extraordinarius in Göttingen in 1857 and obtained Gauss’s chair in 1859. Riemann
traveled to Italy and Paris, he suffered from tuberculosis and died at the age of 39 near Lake
Maggiore.
Riemann’s mathematical intuition was absolutely outstanding. Although his published work
does not even comprise 500 pages, his visionary ideas have deeply influenced various trends
in modern mathematics. His name does not only survive in the Riemann hypothesis, but also
in a number of other mathematical concepts, for example the Riemann integral, the Riemann
sphere, Riemann surfaces, the Riemann mapping theorem and the Riemann–Hilbert problem.
The subject known as Riemannian geometry is the foundation of the general theory of relativity.
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Analytic functions and potential theory
Charged particles generate an electric field in space, thereby exerting a force on test charges.
Moving a unit charge in the field from a position A to a position B requires an amount of energy
which is independent of the chosen trajectory and can therefore be expressed as a difference
V ( B) − V ( A) of some function V. This function V describes the electric field completely and
is called the potential.
In the planar case the potential V (z) of a charge q located at a point z0 in the Gaussian
plane (after normalization of physical constants) is given by
V (z) = q · ln |z − z0 |.
The level lines V = const of this function are the red circles in the picture on the left. The forces
exerted by the electric field on a test charge can be visualized by field lines running into the
direction of the force (blue rays). They are orthogonal to the potential lines and their density
corresponds to the magnitude of the force.

The potential of several charges is the sum of the potentials of the individual charges. In
particular, if positive unit charges are located at the points z1 , . . . , zm and negative unit charges
are at the points zm+1 , . . . , zn , the resulting potential is
V (z) = ln |z − z1 | + . . . + ln |z − zm | − ln |z − zm+1 | − . . . − ln |z − zn | = ln

( z − z1 ) · · · ( z − z m )
.
( z − z m +1 ) · · · ( z − z n )

Hence the potential lines V = const are the level lines of the
 absolute value of the rational
function f (z) = (z − z1 ) · · · (z − zm )/ (z − zm+1 ) · · · (z − zn ) . Consequently, the field lines
coincide with the isochromatic lines of the phase plot of f , since both are orthogonal to the
potential lines. The pictures in the middle and on the right illustrate this for the case of two
positive unit charges. Where isochromatic lines cross each other the electric force vanishes.
Since these stationary points are just the zeros of the derivative f 0 , it follows immediately that
every configuration of n (positive or negative) unit charges in the plane generates an electric
field with at most n − 1 stationary points.
In his fundamental work ‘A Treatise on Electricity and Magnetism’ of 1873 James Clerk
Maxwell claimed that any electric field generated by n point charges in space can never have
more than (n − 1)2 stationary points. In contrast to the planar case, this claim has not been
verified to this day.
This month’s picture shows a somewhat modified image of the field lines of 100 positive and
100 negative unit charges, distributed at random in a square.

James Clerk Maxwell (1831 – 1879)
is regarded as the greatest physicist between Newton and Einstein. He was born in Edinburgh,
but studied and worked in Cambridge. Maxwell made fundamental contributions to the theory
of electricity and magnetism (Maxwell’s equations), kinetic theory of gases (the Maxwell distribution), and optics (light as an electromagnetic wave, first color photograph). Some of his
mathematical ideas were worked out only half a century later.

