Complex Numbers and Colors
With the twelfth edition of “Complex Beauties” a tradition has been established: We have presented
144 complex functions so far. On each month’s front page, we show the phase portrait of a function.
On the back page, we provide an exposition of the mathematical background and a biographical
sketch of a mathematician whose work is related to the function presented. Despite the sometimes
challenging explanations, we hope that a wide audience will be able to enjoy the pictures and that
many people who are interested in mathematics will catch a glimpse of classical and present-day
mathematics.
We thank this year’s guest authors: Olivier Sète and Jan Zur contributed the months of June
(Kantorovich Theorem) and July (Caustics and Catastrophies); October’s contribution (The Nonlinear Schrödinger Equation) is by Andrei Bogatyrev. August (Multistep Methods) was suggested by
Folkmar Bornemann.
The construction of phase portraits is based on the interpretation of complex numbers z as
points in the Gaussian plane. The horizontal coordinate x of the point representing z is called the
real part of z (Re z) and the vertical coordinate y of the point representing z is called the imaginary part of z (Im z); we write z = x + iy. Alternatively, the point representing z can also be given by its distance from the origin (|z|, the modulus of z) and an angle (arg z, the argument of z).
The phase portrait of a complex function f (appearing in the picture on the left) arises when all
points z of the domain of f are colored according to the argument of the value w = f (z). More
precisely, in the first step, in the complex w-plane,
we use the color wheel to assign the same color
z
f (z)
to points on a ray emanating from the origin (as
in the picture on the right). Thus, points with the
f
→
same argument (or the same phase w/|w|) are
assigned the same color. In the second step, every point z in the domain of f is assigned the color
of f (z) in the w-plane.
The phase portrait can be thought of as the fingerprint of the function. Although only one part of
the data is encoded (the argument) and another part is suppressed (the modulus). An important class
of functions (“analytic” or, more generally, “meromorphic” functions) can be reconstructed uniquely up
to normalization. Certain modifications of the color coding allow us to see properties of the function

f

→

f

→

more easily. In this calendar we use three different coloring schemes: the phase portrait as described
above and two variations shown in the second row of pictures. The variation on the left adds contour
lines of the modulus of the function to the representation. The version on the right encodes the
modulus using grey tones: light colors correspond to large moduli and dark colors to small ones.
An introduction to function theory illustrated with phase portraits can be found in E. Wegert, Visual
Complex Functions – An Introduction with Phase Portraits, Springer Basel 2012. Further information
about the calendar (including previous years) and the book is available at

www.mathcalendar.net,

www.visual.wegert.com.

We thank all our faithful readers and the Verein der Freunde und Förderer der TU Bergakademie Freiberg e. V.
for their valuable support of this project.
©Elias Wegert and Gunter Semmler (TU Bergakademie Freiberg),

Pamela Gorkin and Ulrich Daepp (Bucknell University, Lewisburg)
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Bernstein Polynomials
In 1885, Karl Weierstrass introduced what is now called the Weierstrass approximation theorem.
The theorem states that a continuous function f : [ a, b] → R can be approximated uniformly by
a sequence of polynomials. In 1911, Sergei Bernstein gave a constructive proof of this theorem,
earning a prize from the Belgium Academy of Science. He used the result for his second Ph.D.
thesis (see below) at the University of Kharkov.
The keys to Bernstein’s proof are the Bernstein basis polynomials. For degree n these polynomials are defined by
 
n m
bn,m ( x ) =
x (1 − x )n−m for m = 0, 1, . . . , n.
m
These can be interpreted
as the probability of having
exactly m successes in an
experiment of n identical
and independent trials, with
x the probability of success
for each trial (binomial distribution). In the inset (left)
the picture shows the basis for degree 5. Bernstein
proved: If f : [0, 1] → R is
a continuous function, then
the sequence of polynomials ( Bn ( f )) converges uniformly to f on [0, 1], where
m
n
Bn ( f )( x ) = ∑ f
bn,m ( x ).
n
m =0
In the picture on the right, the graph of a function f appears in red, the approximation B5 ( f ) in orange,
B10 ( f ) in green, and B100 ( f ) in blue.
Fifty years after they were introduced, the Bernstein basis polynomials became the building
blocks for Bézier curves. These curves are used in computer graphics, animation, and robotics
among others.
Returning to Weierstrass’ theorem, Marshall H. Stone extended it considerably in 1937. The
Stone-Weierstrass theorem works in a much more general setting. For our complex setting, it implies
that the polynomials with complex coefficients in z and z are dense in the algebra of complex continuous functions on the unit circle. This month’s cover page shows the phase portrait of the complex
9
4
Bernstein basis polynomial b13,9 (z) = (13
9 ) z (1 − z ) .

Sergei Natanovich Bernstein (1880 – 1968)
was born and raised in a Jewish family in Odessa. His father, a physician and lecturer at the university,
died when he was just eleven years old. Bernstein followed his elder sister to Paris to study at the
Sorbonne. During a three semester stay in Göttingen, he worked under the supervision of David
Hilbert and submitted his doctoral thesis on differential equations to the Sorbonne, which included a
solution to Hilbert’s nineteenth problem.
On returning to Russia, Bernstein needed to retake a master’s exam and write another Ph.D.
thesis, because foreign degrees were not honored. He did so, using his work on approximation
theory with the proof of the Weierstrass theorem. After 25 years teaching in Kharkov, the political
pressure became overwhelming and he moved to Leningrad to the USSR Academy of Sciences.
Bernstein lost his son in the attack of Hitler’s army on Leningrad. Later, he moved to Moscow, first to
the University of Moscow and then to the Steklov Institute from which he retired in 1957.
His extensive mathematical work is in ordinary and partial differential equations, approximation
theory, and probability. He was elected to many academies of sciences (Paris, Ukraine, USSR); he
received honorary doctoral degrees and many prizes, among them the State Award: First Class, the
Stalin Prize, and two Orders of Lenin.
J. J. O’Connor and E. F. Robertson, Sergei Natanovich Bernstein, MacTutor History of Mathematics, (University of St Andrews, Scotland, 2010).
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Harmonic Polynomials
A real-valued function u( x, y) is said to be harmonic if it satisfies Laplace’s equation:
∆u = u xx + uyy = 0.
The real and imaginary parts of an analytic function are examples, as is the function u( x, y) =
e x sin(y). More generally one can study complex-valued harmonic functions, including harmonic
mappings in the plane (univalent complex-valued harmonic functions) and harmonic polynomials.
Harmonic mappings were studied by differential geometers because they were interested in socalled isothermal parameters for minimal surfaces. In the mid-1980s complex analysts studied these
functions motivated, in part, by the discovery that many results for conformal maps have analogous
statements for harmonic mappings. A comprehensive look at these mappings can be found in Peter
Duren’s book Harmonic mappings in the plane.
This month, we focus on complex harmonic polynomials; that is, polynomials P that satisfy Laplace’s equation. Such polynomials can be written as
P ( z ) = S ( z ) + T ( z ),

z = x + iy,

n
k
k
where S(z) = ∑m
k =0 bk z and T ( z ) = ∑k=0 ak z . An example of such a polynomial is the function of
the month,
π
π
P(z) = Im (e−i 4 (z + 1/2)n ) + iIm (ei 4 (z − 1/2)n ).

In the inset picture we see that the brighter regions are where the holomorphic part dominates
(the colors go in the usual order about a zero), while the anti-holomorphic part dominates in the
darker region (the order is reversed). For a general harmonic
polynomial with n > m, A. S. Wilmshurst proved that there
are at most n2 zeros.
When we choose n = 7, we obtain the picture of the
month. In this picture, we see that the zeros of P appear
on lines emanating from the imaginary axis. But how many
of them are there? In 1994, Wilmshurst constructed examples such as the one here (that we have modified slightly) in
his thesis and conjectured that when S has degree m and
T degree n then P has at most m(m − 1) + 3n − 2 distinct
zeros. Though this conjecture was eventually proved to be
incorrect, it has motivated further investigation of the zeros
of harmonic polynomials.

Peter Larkin Duren (1935 – 2020)
was born in New Orleans. His father, William Larkin Duren Jr. was a mathematician and President of
the Mathematical Association of America (MAA) from 1955-1956. Peter Duren received his A.B. from
Harvard University and his Ph.D. from MIT. In addition to his position as Professor of Mathematics at
the University of Michigan, he held visiting positions at Imperial College, the Institute for Advanced
Study, Université de Paris-Sud, the ETH, Stanford, and the Mittag-Leffler Institute, among others. He
served as editor of several journals, including Proceedings of the American Mathematical Society,
the Michigan Mathematical Journal, and the Monthly. He had a wide range of interests, including
hiking, reading, birding, gardening, photography, stamp collecting, carpentry, and astronomy and
was also known to perform “unsolicited magic tricks”. He authored five books and co-authored one,
and he had 25 doctoral students. According to his obituary, “he often said that he felt truly fortunate
for having figured out a way to make a living doing what he loved.” He served as a member of the
AMS Council, as well as on several subcommittees and on the Board of Governors for the MAA.
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Jentzsch’s Theorem
Consider the geometric series 1 + z + z2 + · · · , which converges inside the unit disk. Its partial
sums, Sn (z) := 1 + z + z2 + · · · + zn = (1 − zn+1 )/(1 − z) have zeros at the (n + 1)th roots of
unity not equal to 1. Letting n → ∞, we find that these zeros cluster at every point of the unit circle.
Jentzsch’s theorem says that this happens for every power series a0 + a1 z + a2 z2 + · · · with radius
of convergence r, where 0 < r < ∞; that is, every point on the circle of radius r is a limit point of the
zeros of the partial sums. The function featured in this month’s picture is the 20th partial sum of the
function
∞

f (z) =

∑ k2 zk(k−1)/2 .

k =1

The inset picture is an image of a partial sum of f together with its
disk of convergence. In this picture, we see that the zeros appear to
cluster at many points on the circle. Jentzsch’s theorem ensures that,
in general, the zeros of the partial sums will eventually cluster on the
entire circle. Jentzsch also gave quantitative information about the location of the zeros of the partial sums: Let r > 0 denote the radius
k
of convergence of a power series ∑∞
k =0 ak z . For each ε > 0, if we let
Φ(n) denote the number of zeros of the nth partial sum inside a circle
with radius r + ε, then lim supn→∞ Φ(n)/n = 1. While these are the
best known of Jentzsch’s results, in his short lifetime he proved many
other interesting theorems.

Robert Georg Adolf Alfred Jentzsch (1890 – 1918)
was born in Königsberg. After studying in Jena for one semester, he entered what is now Humboldt University. His advisor in Berlin was Georg Frobenius, who regarded Jentzsch highly. Jentzsch
was considered seriously for a professorship in Berlin, ranked second behind Issai Schur. In 1914,
Jentzsch was drafted into the army, advancing to the rank of Lieutenant. He continued doing mathematics, delivering his habilitation lecture in 1916 the day before he was recalled for active duty.
In March of 1918, he was killed in battle. Jentzsch also wrote many poems and a friend had the
intention of editing them, but this was never done and many of the poems were lost. However, transcriptions of the poems were made, and those have been archived in Marbach and Berlin. In a 2008
biography of Jentzsch the authors wrote, “In addition to his mathematical legacy, Robert Jentzsch
produced a large number of poems, some of which were published in literary journals as well as in a
book. In literary circles he was viewed, in fact, as a poet who also did mathematics.”

Die Gefangenen

Prisoners

Uns blieb das enge Zimmer nicht erspart,
Drin wir wie Tiere trotten auf und ab.
Die Zeit fällt langsam in ihr Abgrund-Grab . . .
Der Teppich schweigt and jene Diele knarrt.

There’s no escape from the narrow chamber
In which, like caged beasts, we pace to and fro.
Time drips slowly into her deepest grave . . .
That silence of carpets, that creaking floor.

Weh! Schon fliesst über schrill in Abendrot
Der Horizont! – fern hinterm Fensterglas . . .
Da schäumt noch einmal wütend unser Hass.
Dann wirft er uns zu Schatten, toll und tot.

Alas, the horizon already overflows, shrill,
Into the red sunset – far beyond the window glass.
Once again froths up the fury of our hatred.
Then it sweeps us to shadows, mad and dead.

The poems and biography is from Duren, Peter; Herbig, Anne-Katrin; Khavinson, Dmitry, Robert Jentzsch, mathematician and poet. Math. Intelligencer 30 (2008), no. 3, 18–24. Peter
Duren is featured in February of this year’s calendar. The poet Anne Stevenson is responsible for the translation of Die Gefangenen.
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The Sochocki-Plemelj Jump Relations
For a function f that is continuous on a real interval [ a, b], the Cauchy integral
1
F (z) =
2πi

Z b
f (t)
a

t−z

dt

(1)

with density f defines a holomorphic function on C \ [ a, b]. In general, the integral will not exist for
z ∈ [ a, b]. For instance, if f (t) ≡ 1, then the integrand has a non-integrable pole of first order at t = z.
However, if f is Hölder continuous on [ a, b] (that is, there exist constants C > 0 and α ∈ (0, 1],
such that | f ( x ) − f (y)| ≤ C | x − y|α for all x, y ∈ [ a, b]), then for x ∈ ( a, b) the Cauchy integral
F has limits if z approaches x from above or from below. In general, these limits, F ( x + i0) =
limε→0+ F ( x + iε) and F ( x − i0) = limε→0+ F ( x − iε) are different from each other. But, it turns
out that their difference is equal to the density f at x:
F ( x + i0) − F ( x − i0) = f ( x ),

x ∈ ( a, b).

(2)

In addition, the integral (1) exists for z ∈ ( a, b) if considered as the Cauchy principal value (p.v.).
That is, the limit as ε → 0+ of the integrals that are obtained by cutting out an interval of length 2ε
symmetrically around z from the interval of integration [ a, b]. For the sum of the upper and lower limits
of F we then have
F ( x + i0) + F ( x − i0) =

1
p.v.
πi

Z b
f (t)
a

t−x

dt,

x ∈ ( a, b).

(3)

The relations (2) and (3) are known as the Sochocki-Plemelj formulas (or theorem). They were first
established by Julian Sochocki in 1868. They were then rediscovered in 1908 by Josip Plemelj and
used in the solution of a class of Riemann-Hilbert problems.
The picture of the month shows the function F for a = −1, b = 1, and f (t) ≡ 1. Letting log denote
the principal value of the logarithm, we can give integral (1) explicitly in this case:
F (z) = −

z+1
1
log
,
2πi
z−1

z ∈ C \ [−1, 1].

The Möbius transformation w = (z + 1)/(z − 1) maps C \ [−1, 1] to the plane with a branch cut
C \ (−∞, 0]. If z approaches a point in (−1, 1) from above (below), then w will converge to a point
on the negative axis from below (above). Finally, since log w = log |w| + i arg w we conclude that
F ( x + i0) − F ( x − i0) = 1.

Julian Karol Sochocki (1842 – 1927)
was born and raised in Warsaw. In 1860, he went to the University of Saint Petersburg to study
mathematics and physics. However, due to his participation at a requiem of Polish students for independence fighters who were shot to death, he had to return home the following year. He studied on
his own until he was able to return to Saint Petersburg in 1865. In 1868, he defended his master’s
thesis (equivalent to a PhD in the US) “Theory of residuals with some applications.” It is, perhaps, the
first function-theoretic research paper in Russian. It contains several results that were later attributed
to other mathematicians, among them the Casorati-Weierstrass theorem. In 1873, Sochocki defended his doctoral thesis (equivalent to a German habilitation) “About definite integrals and functions
used with series expansions.” It contains the theorem that was later named after Plemelj and him.
Starting in 1868, Sochocki lectured at the University of Saint Petersburg. In 1873, he became
an associate and, in 1882, a full professor. In 1892, he became president of the Saint Petersburg
Mathematical Society.
Steffens, K.-G.: The History of Approximation Theory: From Euler to Bernstein. Birkhäuser 2006.
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Weierstrass’s Monster
In 1872, Karl Weierstrass (CB January 2011, June 2017) presented an example of a function that
is continuous everywhere but differentiable nowhere. Others had discovered such examples, but did
not publish them in their lifetimes. Weierstrass’s class includes functions of the form
∞

f (x) =

∑ an cos(bn πx),

n =0

3
where 0 < a < 1, and b is an odd positive integer, and ab > 1 + π.
2

In 1916, G. H. Hardy showed that the conditions on a and b could be relaxed.
Weierstrass’s result was not expected; it seemed intuitively evident that continuous curves would
be “mostly” differentiable. The unusual behavior of the function is implied by its name, “Weierstrass’s
monster.” In 1916, Grace Chisholm Young looked at “infinite derivates” [that is, derivatives] and she
showed that, in some sense, people’s intuitions were not as far off as the monster made it seem. She
showed that when one considers so-called upper and lower derivatives of a measurable function that
is finite almost everywhere, the set where these are finite and not equal is very small, and similar
results hold when these limits are not finite. She noted that though “Weierstrass had indeed shown
that at every point f ( x ) has one of its upper derivates +∞ and the lower derivate on the other side
−∞ . . . it is possible that an infinite right-hand or left-hand differential coefficient might exist. Such a
point might be a cusp, with vertical tangent . . . but . . . such cusps can, at most, be countably infinite.”
She concludes that Weierstrass’s curve “is not really a curve without tangents, but has, in every
interval an infinity of cusps with vertical tangents.”
A graph of the 10th partial sum of the real series with a = 1/2
and b = 3 appears on the right. The graph of the monster is a fractal and exhibits self-similarity (zooming in at every point produces a
picture similar to the global one). Zooming in also reveals the nondifferentiability; no matter how far we zoom in, the image will never
approach a line nor will it be monotone on any interval.
In this month’s picture, we see the derivative of the tenth partial sum of Weierstrass’s monster (a and b are as above). To plot
this, we write cos(z) = f + (z) − f − (z) as the difference
of two functions. Here, we take f + (z) = eiz /2 and
f − (z) = −e−iz /2. We then take the derivatives of the resulting partial sums.The inset picture shows plots of two partial
sums for particular values of a and b; a partial sum of the
monster appears on the left and on the right is the derivative
of the partial sum. The first series converges in C while the
second series converges in the upper and lower half-planes, but not on the real line.

Grace Chisholm Young (1868 – 1944)
entered Girton College at Cambridge when she was 22. She wanted to study medicine but her family
would not allow it, so she studied mathematics. On a challenge from another British mathematician,
Ada Isabel Maddison, she took the exam for Final Honours School at the University of Oxford, besting
the Oxford students. As a result, she was the first person to obtain (the equivalent of) a first-class
degree at both Oxford and Cambridge. In order to continue her education, she went to the University
of Göttingen where she studied under Felix Klein, as women were then not admitted to graduate
schools in England. She married William Henry Young and, in addition to six children, they produced
primarily joint mathematical work. However, the paper discussed here was published under her name
only. She was awarded the 1915 Gamble Prize for Mathematics given by Girton College for her
papers containing contributions to the Denjoy-Saks-Young theorem. The couple also wrote books,
including a textbook on set theory. William was awarded the Sylvester Medal by the Royal Society for
his contributions to mathematics and Grace was awarded, posthumously, an honorary degree from
Girton College. One of their grandchildren is Sylvia Wiegand, Professor Emerita at the University of
Nebraska-Lincoln and a past president of the Association for Women in Mathematics.
G.C. Young, On the derivates of a function. Proc. of the London Math. Soc. (2) 15, 360–384 (1916).
Wiegand, Sylvia. “Grace Chisholm Young and William Henry Young: A Partnership of Itinerant British Mathematicians,” Creative Couples in the Sciences, Helena M. Pycior, Nancy
Slack, and Pnina Abir - Am, Editors, Rutgers University Press, 1996, 126 -140.
J. J. O’Connor and E. F. Robertson, Grace Chisholm Young, MacTutor History of Mathematics, (University of St. Andrews), 2005.
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Kantorovich Theorem (by Olivier Sète and Jan Zur)
Newton’s method to find zeros of analytic functions (CB March 2014) can be generalized to Fréchet
differentiable functions on Banach spaces. Under certain conditions on a function F and a point v0 ,
Kantorovich’s theorem guarantees that the Newton iteration
v k +1 = N ( v k ) = v k − F ′ ( v k ) −1 F ( v k ),

k = 0, 1, 2, . . .

(1)

converges locally to a zero of F. We apply this generalization to functions f : C → C that are not
analytic but Fréchet differentiable. Identifying ( x, y) ∈ R2 with z = x + iy ∈ C leads to the complex
version of (1):
z k +1 = N ( z k ),

k = 0, 1, 2, . . . ,

with

N (z) = z −

∂z f (z) f (z) − ∂z f (z) f (z)
.
J (z)

(2)

Here ∂z f = 12 (∂ x f − i∂y f ) and ∂z f = 12 (∂ x f + i∂y f ) are the Wirtinger derivatives and J (z) = |∂z f (z)|2 − |∂z f (z)|2 is the Jacobi determinant of f . The
Newton map N is defined outside the critical set C = {z ∈ C : J (z) = 0}
and its fixed points are the zeros of f .
To illustrate this, consider the harmonic function

f (z) = z −


z2
.
z3 − 0.63

(3)

In the phase portrait, in order to distinguish between zeroes and poles of
non-analytic functions, we color regions where the function is orientation
preserving (J > 0) lighter and regions where the function is orientation
reversing (J < 0) darker. At zeros or poles of the function in an orientation
reversing region, the color wheel is traversed in the direction opposite to the
usual one. The top figure on the right shows the function f that is orientation
preserving at 4 zeros and orientation reversing at 6 zeros and 3 poles. The
middle figure shows the function N (z) − z. Its zeros are precisely the zeros
of f . Across C the phase of N (z) − z jumps because J changes the sign.
The lower figure shows the basins of attraction of the zeros of f : Points for
which the iteration (2) leads to the same zero of f have the same color.
The cover picture shows N 3 (z) − z = N ( N ( N (z))) − z for |Re (z)| ≤ 1.5
and |Im (z)| ≤ 1.5. The regions where N 3 (z) − z ≈ z∗ − z for a zero z∗ of f
are striking. They resemble the basins of attraction of the zeros. This is an
indication of the fast convergence of Newton’s iteration (2), the third iterates
are close to z∗ already.

Leonid Vitaliyevich Kantorovich (1912 – 1986)
was born the son of a physician in Saint Petersburg. Beginning in 1926, he studied mathematics in
Leningrad, taking classes from Fichtenholz, Smirnov, and Delauney. While still a student, he solved
some open problems of Luzin (CB September 2019), which earned him recognition. In 1934, at
age 22, he was appointed to a professorship in Leningrad. Kantorovich’s research is in functional
analysis. In particular, he looked at numerical properties of iterative processes like Newton’s method.
Later he turned to economics. In 1961, he was appointed Professor of Mathematics and Economics
in Novosibirsk. From 1971 to 1976, he directed the Research Laboratory at the Institute of National
Economy Control in Moscow.
Kantorovich also considered practical problems. Beginning in 1938, he worked as a consultant
for the Laboratory of the Plywood Trust. To optimize the production processes and the use of scarce
resources, he developed a method that is now known as linear programming. For his work in this
area he shared the 1975 Nobel prize in economics with Tjalling Koopmans.
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Caustics and Catastrophes (by Olivier Sète and Jan Zur)
According to the fundamental theorem of algebra, the equation p(z) = η, where p is an analytic
polynomial of degree n ≥ 1 and η ∈ C, has exactly n solutions (counting multiplicities). In contrast, for harmonic polynomials of the form f (z) = p(z) + q(z), where p and q are polynomials, the
number of solutions of f (z) = η depends on η. The location of η with respect to the caustic of f
is decisive in this case. The caustic is the image of the critical set C under f . The critical set is
C = {z : J (z) = 0}, where J denotes the Jacobi determinant (see June). Typically, f (C) consists of
piecewise smooth curves with cusps. The number of solutions of f (z) = η is the same for all η in a
connected component of C \ f (C). On the other hand, if η1 and η2 are in two adjacent components
of C \ f (C), then the numbers of solutions of f (z) = η1 and f (z) = η2 differ by ±2. The sign is
determined by the curvature of the caustic. This is also valid for more general harmonic mappings.
The change in the number of solutions described here and the branching behavior of the solutions
are included in the study of catastrophe theory.
As an example, consider f (z) = 12 z2 + z. On the right, we see the
caustic of f and points η1 , η2 , η3 , and η4 . In the phase portraits of the
non-analytic functions f − η j we have colored regions lighter or darker,
depending on whether f maintains or reverses orientation, respectively. The critical set C can be seen in the change from light to dark. The
step from η1 to η2 creates two additional zeros. The function f − η2 is
orientation preserving at 3 of the zeros and orientation reversing at one
zero. In the latter case, the color wheel is traversed opposite to the usual direction. Since η2 and η3 are in the same connected component of
C \ f (C) the functions f − η2 and f − η3 have the same number of zeros. The same holds for η1 and η4 . The step from η4 to η3 goes through a cusp of the caustic. Two
additional zeros are created here as well, but this time by a bifurcation.

The picture of the month shows the harmonic mapping f (z) = 21 ϕ(z)2 + ϕ(z) − η with
3
ϕ(z) = e2z +1 and η = 0.5 in the region |Re (z)| ≤ 2 and |Im (z)| ≤ 2. At the critical set C , we
see several triples of zeros as a result of bifurcations. In fact, η lies in the neighborhood of a cusp of
the caustic with infinitely many pre-images in C .

Vladimir Igorevich Arnold (1937 – 2010)
was born in Odessa, the son of the mathematician Igor Arnold and the art historian Nina Arnold. His
father died at an early age and it was his uncle who encouraged him to pursue analysis. As a result,
Arnold studied mathematical literature from his father’s legacy. In 1957, while studying in Moscow
under Kolmogorov, he solved Hilbert’s 13th problem. From 1965 to 1986, Arnold was a professor at
Lomonosov University in Moscow. He then moved to the Steklov Institute and, from 1993 on, he was
also at the Université Paris-Dauphine.
Arnold was both an outstanding and versatile mathematician. He made important contributions
to many areas, including topology, algebraic geometry, symplectic geometry, differential equations,
classical mechanics, hydrodynamics, singularity theory (catastrophe theory), and dynamical systems. He was a co-founder of KAM theory (Kolmogorov-Arnold-Moser) and of topological Galois
theory. He received numerous awards. The 1974 Fields medal should have been one of them, but
after his nomination, the award was blocked under pressure from the Soviet leadership.
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Multistep Methods
Many questions in applied mathematics lead to initial value problems of systems with ordinary differential equations

y′ (t) = f t, y(t) ,
y ( t0 ) = y0 ,
y 0 ∈ Rn .
Problems of this type can only be solved analytically in special cases. Generally, numerical methods
need to be implemented. Among the most well-known are linear multistep methods. Given a step size
h, approximations y j for the unknown exact solution y(t j ) at the places t j = t0 + jh for j = 1, 2, . . . are
calculated. For an integer m > 1, the calculation of the approximations in an m-step method is done
recursively according to
m −1

y j+m = −

∑

m

ak y j+k + h

k =0

∑ bk f j + k

for j = 0, 1, . . .,

(1)

k =0

where f j+k = f (t j+k , y j+k ). At the onset, the initial values, y0 , . . . , ym−1 , are chosen suitably. The
choice of the coefficients ak and bk determines the quality of the approximation. The local truncation
error of a multistep method is the difference between the approximation y j+m and the exact value
y(t j+m ), where y j+m is calculated using (1) and the exact values y j+k = y(t j+k ), for k = 0, . . . , m − 1.
This difference depends on the step size h. We say that the multistep method has order p if the local
truncation error satisfies y j+m − y(t j+m ) = O(h p+1 ) as h → 0.
The order may be calculated with the help of a Taylor series, but it is more efficient to use the
generating polynomials
m −1
m
ϱ(z) = zm +

∑

ak zk and σ(z) =

k =0

∑ bk z k .

k =0

It can be shown that the order of the multistep method is p if and only if
ϱ(z)
− log z = O(|z − 1| p+1 ).
σ(z)
In addition, to guarantee that the approximation converges to the solution of the differential equation
as h → 0, a stability criterion needs to be satisfied. In 1956, Germund Dahlquist was able to show
that a multistep method of the form (1) converges if and only if it is of order p ≥ 1, all zeros of the
polynomial ϱ are in the closed unit disk, and the zeros on the disk’s boundary are simple.
The picture of the month shows the function ϱ(z)/σ (z) − log z for the implicit 4-step AdamsMoulton method

h
y n +4 = y n +3 +
251 f n+4 + 646 f n+3 − 264 f n+2 + 106 f n+1 − 19 f n .
720
As can be seen from the zero of order 6 at z = 1, this method has order 5. The approximations of
this method converge since ϱ(z) = z4 − z3 has the triple zero 0 and the simple zero 1.

Germund Dahlquist (1925 – 2005)
was born in Uppsala, his father was a pastor of the Lutheran church of Sweden (which was the state
church at the time) and his mother was a poet. From 1942 to 1949, Dahlquist studied mathematics
at the University of Stockholm. He was particularly influenced by Harald Bohr. Afterwards, he worked
on the development of a computer, the Binary Electronic Sequential Calculator (BESK). The machine
was used to solve differential equations (in particular, for military purposes and for weather forecasting). This led him to deeper studies of numerical methods. In 1959, after earning a PhD, he joined
the Royal Institute of Technology and between 1963 and 1990 he was the director of the Department
of Numerical Analysis and Computer Science.
Dahlquist did seminal work in numerical analysis. With Ake Björck he co-authored the text Numeriska metoder (first edition 1969). It was translated into many languages and, updated in many
ways, it is still a standard reference today.
Dahlquist received honorary degrees from the universities of Hamburg (1981), Helsinki (1994),
and Linköping (1996). In 1995, the Society of Industrial and Applied Mathematics (SIAM) started
awarding the biennial Germund Dahlquist Prize.
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The Korteweg-De Vries Equation
Diederik Korteweg and his PhD student Gustav de Vries studied waves in a shallow rectangular
canal. Their 1895 paper “On the Change of Form of Long Waves advancing in a Rectangular Canal,
and on a New Type of Long Stationary Waves” is based on de Vries’ thesis. The paper includes the
differential equation, now named after them, for the elevation ℓ + η of the water surface above the


bottom
r ∂ 1 η 2 + 2 αη + 1 σ ∂2 η
2
2
3
3 ∂x
∂η
3 g
=
,
∂t
2 ℓ
∂x
where g denotes the gravitational acceleration, ℓ is the depth of the canal, x is measured in the
direction the water is flowing, and α and σ are further constants. However, this equation had already
appeared in a paper by Boussinesq in 1877. After some transformations, the equation is turned into
the now common form
ut + 6uu x + u xxx = 0
(1)
for a function u(t, x ). Despite the equation being nonlinear, there are solutions in the form of solitons. These are invariant waves that propagate at a constant velocity. To find such solutions we set
u(t, x ) = w( x − ct). Substituting into (1) we get an ordinary differential equation for w:

−cw′ + 6ww′ + w′′′ = 0.
The picture of the month shows a solution u of the Korteweg-De Vries equation (1); u is regarded
as a function of the complex variable x + it. What we see is the phase portrait of exp(iu). At the
bottom edge of the chosen window, the (periodic) initial condition has two distinctive maxima. As time
increases, these wave crests move to the right and decay into several solitons that move at various
speeds and eventually penetrate each other. The solitons emerge from this interaction undisturbed
(except for a certain time delay). The solution was calculated with the help of MATLAB and Chebfun
(see www.chebfun.org).
In 1967, Gardner, Green, Kruskal, and Miura showed that the Korteweg-De Vries equation can
be solved explicitly using their inverse scattering transformation. The Korteweg-De Vries equation
is an infinite dimensional Hamiltonian system and has infinitely many conserved quantities that can
be calculated explicitly. The Korteweg-De Vries equation and its generalizations are still a current
research topic.

Diederik Johannes Korteweg (1848 – 1941)
was born in Hertogenbosch, the Netherlands, the son of a judge. He attended a school that prepared
him for a military career. But he decided against such a career and started studying at the Polytechnic
School of Delft. It was there that he discovered his admiration for mathematics and mechanics.
He dropped out of the engineering program and became a mathematics teacher in Tilberg and
Breda. In 1876, he enrolled in a university again, first in Utrecht and then in Amsterdam, where
he earned his PhD, advised by Johannes van der Waals. From 1881 to 1918, Korteweg held a
professorship in Amsterdam. The focus of his research was in applied mathematics with applications
in hydromechanics, electricity, statistical mechanics, and thermodynamics. He directed the thesis on
the foundations of mathematics by Luitzen Brouwer (CB February 2020), which indicates the breadth
of Korteweg’s mathematical interests.
In his later years, Korteweg devoted himself to the history of mathematics. He was one of the
editors of the complete works of Christiaan Huygens. For 60 years, he was a member of the Royal
Netherlands Academy of Arts and Sciences and for 75 years he was a member of the Royal Dutch
Mathematical Society, of which 58 years were serving on the board.
Bastiaan Willink: The collaboration between Korteweg and de Vries – An enquiry into personalities. arXiv:0710.5227 [physics.hist-ph]
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The Nonlinear Schrödinger Equation (by Andrei Bogatyrev)
The nonlinear Schrödinger equation is a nonlinear evolutionary equation for the complex-valued
function u( x, t) that depends on a temporal variable t and a 1-dimensional spatial variable x, and is
of the form
iut + u xx − 2σu|u|2 = 0.
The constant σ determines the behavior of the solutions; σ < 0 corresponds to the so-called selffocusing case, while σ > 0 corresponds to the defocusing case.
Despite its name, the nonlinear Schrödinger equation has little to do with quantum mechanics. It
is a universal model for the evolution of the envelopes of quasi-monochromatic wave packets in media
with weak nonlinearity and dispersion. Belonging to the classical nonlinear equations of mathematical
physics, it has applications in nonlinear fiber optics, Lengmuir waves (describing rapid oscillations
of the electron density in conducting media, like plasma), Bose-Einstein condensates, and gravity
waves in deep inviscid water. Moreover, it is closely related to more involved physical models like the
Landau-Lifshitz equation (describing time evolution of magnetism in solids), the Ginzburg-Landau
equation (in supraconductivity, see Complex Beauties, September 2017) and the Gross-Pitaevskii
equation (describing the ground state of a quantum system of identical bosons).
The nonlinear Schrödinger equation admits a Hamiltonian formulation with the Hamiltonian density function
1
H := (|u x |2 + σ|u|4 ).
2
It belongs to the class of integrable equations and, in particular, admits an infinite series of conservation laws and a rich family of explicit (multi-) solitonic solutions (see September), like breathers,
bright and dark solitons. Exact solutions by use of the inverse scattering transform were obtained by
V. E. Zakharov and A. B. Shabat in 1972.
The figure of the month shows the phase portrait of a three-soliton that solves the nonlinear
Schrödinger equation. It consists of a nonlinear superposition of three simpler one-soliton solutions
of the kind
Im λ
γ( x, t)
u( x, t) = 2 √
,
γ( x, t) := γ exp(iλx − iλ2 t),
σ 1 + |γ( x, t)|2
where γ , 0 and λ are arbitrary complex numbers; positive Im λ determine the amplitude and the
width of the soliton, while Re λ defines its velocity.

Alexei Borisovich Shabat (1937 – 2020)
was born on August 8, 1937 in Moscow into a family of scientists. His father, Boris Vladimirovich
Shabat, was a professor at Moscow State University (MSU) and a prominent specialist in complex
analysis as well as the author of world famous textbooks on the subject; his mother, Elena Alexandrovna Makarova, worked in the P. K. Sternberg State Institute of Astronomy as a senior research
fellow. In 1959, Alexei Shabat graduated from the Faculty of Mechanics and Mathematics at MSU,
where his diploma was supervised by Mark Iosifovich Vishik. In 1963, he defended his PhD thesis
under the supervision of academician Mikhail Alekseevich Lavrentiev at the Novosibirsk Institute of
Mathematics of the USSR Academy of Sciences. In 1975, he defended his habilitation thesis at MSU.
Alexei Shabat’s papers on solitons, co-authored by Vladimir Evgen’evich Zakharov, belongs to the
classical works in the theory of integrable systems, and was adopted by the mathematical as well
as the physics community. He worked in many places, including Novosibirsk, Ufa, Chernogolovka,
Karachaevsk, and in recent years at the universities of Cambridge, Rome, Madrid, Minneapolis,
Laughborough, Leeds, and Montpellier. Alexei Shabat died on March 24, 2020.

A. Grothendieck
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Children’s Drawings (Dessins d’Enfants)
To make a dessin d’enfant (“child’s drawing”) we start by placing some red points on some surface
(a ball, for instance). We connect these points with red lines in such a way that the complement of
the red drawing is a disjoint union of open topological disks (figure on the left). In each open disk we
place a blue point and on each red line connecting two red points we place a green point (different
from the red points). Within each closed disk, we draw blue lines from the blue point to all possible
red points and green lines from the blue point to all possible green points. None of the lines should
intersect except at the marked points (second figure). The result is a decomposition of the surface
into abstract triangles, each with sides of all three colors (called a tripartite complex). Neighboring
triangles differ in the orientation of the three colors (third figure).

As a result of the Riemann mapping theorem, every triangle may be mapped conformally to the
upper or lower half plane, depending on its orientation, in such a way that the red side is mapped
to the interval [0, 1], the green side to [1, ∞], and the blue side to [−∞, 0]. In general, the functions
of two neighboring triangles will not agree on the common side. Surprisingly, it is possible to deform
the whole drawing in such a way that all mappings of the various triangles are compatible with each
other (figure on the right; only the red lines are drawn, the dashed line is on the back of the ball). The
entire mapping of the ball is then given by a single function, the Belyı̆ function (CB March 2016) of
the dessin d’enfant. For our example, this function is ([1], p.293)
f (z) =

2z (z + 9/16)5
.
27 (z − 3/128)3 (z − 1)2

Precursors of the dessins d’enfants were found by William Hamilton. Felix Klein used them for the
construction of covers of the sphere with special symmetry properties. Alexander Grothendieck coined the name and found sophisticated algebraic aspects of these drawings.
It is possible to generate conformal tessellations by iterating the Belyı̆ function.1,2 The picture of
the month is a phase portrait of f ◦ f ◦ f .

Alexander Grothendieck (1928 – 2014)
was born in Berlin. His mother was a German journalist and his father an anarchist of Hassidic origin,
living in Germany illegally. His youth was already shaped by flight and eviction: In 1940, the family
was held in a detention camp and in 1942, Alexander was able to escape.
After the war, Grothendieck studied mathematics and worked at various universities. Despite
his seminal results, it was not until 1959 that he obtained a permanent position at the renowned
Institut des Hautes Études Scientifiques (IHES). During his most productive years, he was a leading
researcher in algebraic topology. For his fundamental research he received the Fields medal in 1966.
Grothendieck was politically active his whole life, sticking to his views uncompromisingly. In 1970
he resigned from IHES and started to retreat from mathematics. He turned to political protest, ecology, philosophy, and esotericism. Between 1980 and 1990 he produced thousands of pages of manuscripts, among them also mathematical treatises. After 1991, he lived in almost complete isolation.
Grothendieck was one of the most creative mathematicians of the 20th century. It is impossible
to characterize him in a few lines. We refer to the short biography by Walter Scharlau3 and further
resources.4
1
2
3
4

K. Stephenson, Introduction to Circle Packing, Cambridge University Press, 2005. Chapter 23, p.293.
Ph. Bowers, K. Stephenson, Conformal Tilings I and II, Conformal Geometry and Dynamics, 21 (2017), 1–63 and 23 (2019), 52–104.
Winfried Scharlau: Vom Weltstar zum Eremiten. In: Spektrum der Wissenschaft. 2015, Heft 7, S. 52–60 (in German).
https://en.wikipedia.org/wiki/Alexander_Grothendieck.
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Asymptotic Self-Similarity
For a complex number c we define the function f c (z) = z2 + c. The orbit of a complex number a
(under f c ) , is the sequence ( a, f c ( a), f c2 ( a), f c3 ( a), . . .), where f cn means that the function f c is applied
n times. The set of all complex numbers with bounded orbit is the filled Julia set and its boundary
is the Julia set Jc (see CB July 2012). The functions f c , for all c, are used to define the Mandelbrot
set M. This set consists of all complex numbers c, such that the orbit of 0 under f c is bounded (CB
February 2013).
The sets Jc and M do not look alike. However, Tan Lei noticed that for some points, called Misiurewicz points, the two sets are locally essentially the same: A complex number c is a Misiurewicz
point, if the orbit of c under f c is preperiodic but not periodic, that is, only eventually periodic. The
number i is an example since its orbit under f i is (i, −1 + i, −i, −1 + i, −i, . . .). If c is a Misiurewicz
point, then the Julia set Jc is equal to its corresponding filled Julia set.
Tan Lei proved that for a Misiurewicz point c, both M and Jc are asymptotically self-similar. More
specifically, she showed that there is a complex number ρ, with |ρ| > 1, such that if the set Jc is
centered at c and multiplied by ρn , then as n → ∞ a limiting set K is approached locally. Thus,
after a while, every further magnification achieved through multiplication by ρ will not change the
image, meaning we have asymptotic ρ-self-similarity. Interestingly, the Mandelbrot set shows the
same behavior at the same Misiurewicz point c and the same magnification factor ρ, except that
the limiting set is λK for some complex number λ; that is, it is possibly scaled and rotated. As a
consequence of these results we get that the Mandelbrot set about the Misiurewicz point c and the
Julia set about c are asymptotically similar, up to multiplication by λ. The two inset pictures on the left
show the Julia set Jc (centered at 0) for a Misiurewicz point c (marked by a red dot), and a close-up
of Jc centered at c. The two pictures on the right show the Mandelbrot set with the same c (marked
in red) and a close-up of this set centered at c. The last picture is scaled and rotated to compare it
with the close-up of the Julia set.

This month’s cover shows a close-up of the Mandelbrot set near another point c which appears in Tan
Lei’s papers. We show the phase portrait of 270 iterations of the function. The coloration is chosen
so that larger moduli are lighter. The iterates of points outside the Mandelbrot set converge to infinity
and therefore disappear.

Tan Lei (1963 – 2016)
was born in Pingxiang, China, the daughter of two mathematicians. She grew up in frigid Chang
Chun, including two years when the family was sent to the country side for “re-education by the
farmers.” After graduating from Wuhan University, she went to the Université Paris-Sud XI - Orsay
where she completed her thesis under the direction of Adrien Douady (CB February 2017). After
several research positions, among them at the Max-Planck-Institut in Bonn, the University of Warwick
and the Université de Cergy-Pontoise, she became a professor at the Université d’Angers. She was
married to the mathematician Hans Henrik Rugh and the two of them raised two children.
Her substantial mathematical work is in complex dynamics and functions on the complex plane.
She was the thesis advisor of seven Ph.D. students. After her premature death due to cancer, two
large conferences in her honor were held, one in Beijing in 2016 and one at the Université d’Angers
in 2017. In Souvenirs de Tan Lei students and colleagues share memories giving a clear picture of
a passionate mathematician with a perpetual smile who was able to stir enthusiasm for mathematics
in her students and who was concerned and helpful with all aspects of their lives.
We thank Hans Henrik Rugh for the permission to use the portrait photo of Tan Lei.
J. H. Hubbard et. al. Souvenirs de Tan Lei, La Gazette des Mathématicien, 150, 68–73, (October 2016). Tan Lei, Similarity Between the Mandelbrot Set and Julia Sets. Commun. Math.
Phys. 134, 587–617 (1990). https://www.math.univ-angers.fr/˜tanlei/. https://www.imo.universite-paris-saclay.fr/˜rugh/tanlei.html.

